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A Statistical Theory of Order-Disorder Equilibrium at High Temperatures 


Puitrp SCHWED AND GERHART GROETZINGER 
Lewis Laboratory, National Advisory Committee for Aeronautics, Cleveland, Ohio 


(Received October 15, 1952) 


An expression for the free energy of a binary cubic alloy undergoing the order-disorder transition is de- 
rived by direct evaluation of the configurational partition function. 





HE problem of accounting theoretically for the 
behavior of an alloy exhibiting an order-disorder 
transition is usually taken as being equivalent to the 
problem of determining its configurational partition 
function f. In general, an approximate expression for f 
isobtained by considering solely the interaction between 
nearest neighbors. With this simplification, the expres- 
sion for f may in the case of a binary alloy A—B be 
written as 


frr n(Ajer¥/*?, (1) 


where 2(A) is the number of configurational states with 
anumber of bonds between unlike atoms equal to A, and 
V is given by 

V= (Vaat Vo») /2— V ab, (2) 


with Vaa, Veo, and Vaz being equal to the interaction 
energy associated with A—A, B—B, and A—B bonds, 
respectively. 

Although the problem is completely determined by 
the above representation in terms of the parameter X, 
inall the theories the behavior of the system is specified 
primarily by another parameter, the degree of long 
fange order s. For the definition of this quantity, the 
lattice is considered as being made up of two inter- 
lacing lattices 1 and 2, such that all the nearest neigh- 
bors of an atom on lattice 1 are located on lattice 2. 
Then if Ni4 and Nyg are the numbers of A and B 
atoms on lattice 1, respectively, and 2N the total 
umber of atoms present, s is given by 


s= (Nia—Nip)/N. (3) 


Itis easy to construct examples which demonstrate that 
the parameter s does not determine the energy of the 
Configuration. However, in the theory of Bragg and 


Williams! it was assumed that E could be expressed to 
a good approximation as a function of s alone. Kirk- 
wood’ has expressed the partition function in a form in 
which the quantity s is introduced explicitly without 
the assumption that it determines the energy. Specifi- 
cally, he writes the quantity f as 

f=L a(s); (4) 
if n(s, \) is the number of states of long range order s 
for a given value of \, then 


a=), n(s, A)er¥/*7, 
X 


(5) 


As far as the properties of the alloy are concerned, 
not f itself but the quantity logf is important, since 
the free energy F is given by 


= —hkT logf. (6) 


Thus if o(s) takes on a sufficiently strong maximum at 
some point s=So in the range of the summation, then 
logf can be replaced by loge (so) so that the behavior of 
the system is determined by o(so). By considering the 
first four terms of a power series in 1/kT for logo, Kirk- 
wood concluded that it possesses such a maximum 
throughout the whole temperature range so that it was 
possible to replace logf by loge(so). Furthermore, both 
these theories are characterized by the existence of a 
critical temperature JT, at which the specific heat has a 
discontinuity. Above this temperature so is identically 
zero, and below it so increases monotonically from zero 
to one as the temperature decreases. However, these 


1W. L. Bragg and E. G. Williams, Proc. Roy. Soc. (London) 
A145, 699 (1934); 151, 540 (1935); 152, 231 (1935). 

2 J. G. Kirkwood, J. Chem. Phys. 6, 70 (1938); H. A. Bethe 
and J. G. Kirkwood, J. Chem. Phys. 7, 578 (1939). 
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two theories differ in the value of JT, and the specific 
heat. In the Bragg theory this latter quantity vanishes 
above 7’, while in the Kirkwood theory (as in an earlier 
theory of Bethe’s*) it remains greater than zero. 

In spite of the fact that in Kirkwood’s theory the 
long-range order is introduced in an unobjectionable 
fashion, it certainly would be desirable to construct a 
theory without the intervention of the parameter s. The 
evaluation of the partition function without reference 
to this parameter is, of course, quite difficult. We have 
succeeded, however, in obtaining in this fashion an 
approximate expression which is valid for the case of 
high temperatures. 

A direct evaluation of logf would require the enumer- 
ation, for each value of A, of the number of possible 
arrangements of the A and B atoms over the lattice 
consistent with the value in question. In approximating 
the expression for the partition function, we shall at- 
tempt to characterize this distribution by a finite 
number of statistical parameters, which is equivalent 
to an expression in terms to these quantities. Krishna 
Iyer‘ has carried out an investigation of the distribu- 
tion of bonds in a binary cubic lattice of the type A— B 
and has shown that the problem of the determination of 
the jth cumulant is equivalent to the one of determin- 
ing the parameters for the distribution of bonds in a 
lattice containing 7 A-atoms and (2V—/) B-atoms. 
For small values of 7 this latter problem is much sim- 
pler than the original one so that he was able in this 
fashion to calculate the first four cumulants of the 
distribution of interest here. The most direct way of 
obtaining an approximation to the partition function 
involving these parameters is to make use of the defini- 
tion of the cumulants which permits us to write 


log/= 2 (s/f) (V/RT)#, (7) 


where x; is the jth cumulant. The four cumulants calcu- 
lated by Iyer as x:x=A/2, ko=A/4, xs=0, and xy= 11A/8, 
where A=6N is the total number of bonds may thus 
be used to obtain an approximation for logf good 
to the fourth power in 1/k7: 


logf= (A/2)(V/kT)+ (A/8)(V/kT)? 
+ (11A/192)(V/RT)*. (8) 
This expression obviously diverges badly at low tem- 


peratures as the result of putting «x; equal to zero for 7 
larger than four. Unfortunately, it is impossible to de- 


3H. A. Bethe, Proc. Roy. Soc. (London) A150, 552 (1935). 
4P. V. Krishna Iyer, Ann. Math. Statistics 21, 198 (1950). 
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duce from the few terms given in this equation the 
range of validity of the series but it would appear to be 
reasonably good for temperatures above 7,;= V/k. 

There are, of course, a large number of distributions 
available which have the same first four cumulants but 
which behave well at low temperatures as the result of 
satisfying certain auxiliary conditions following from 
the elementary properties of the lattice. The simplest 
of these latter requirements is that there be no contribu- 
tion from terms with \ >A. This can be assured, e.g., by 
approximating the distribution by a modified Gram- 
Charlier® series in terms of a set of Gaussians cut off at 
the point A=A. Such a procedure leads to an expression 
for logf which is well behaved throughout the whole 
temperature range and which even displays a critical 
temperature. However, the cut-off procedure, and there- 
fore the low temperature behavior deduced, are quite 
arbitrary, as such a procedure must necessarily be. The 
reason for this is that relatively improbable )’s have 
very little influence on the values of the early cumulants 
and conversely these latter fail to determine the behav- 
ior of the distribution for such values of \. Physically 
this means that the early cumulants only define the be- 
havior of the system at higher temperatures where the 
contribution of states with improbable )’s is unimpor- 
tant. For this reason all the valid information obtain- 
able on this approach is contained in the series given 
in Eq. (8). 

The corresponding specific heat per atom following 
from Eq. (8) is equal to 


Cy= 3k V2/(2RT)2+11V8/(2kT)* J. (9) 


The temperature 7, at which this expression becomes 
invalid is of especial interest since according to the 
usual theories there is a critical temperature 7, at which 
Cy Shows a discontinuity, and it would be expected that 
the series breaks down near this temperature. It is, of 
course, again not possible to give a good estimate of 7; 
on the basis of Eq. (9), but roughly it appears that 


T.~2T,~2V/k. (10) 


T, is thus a temperature in the vicinity of the critical 
temperature following from Kirkwood’s theory. 

The partition function and the specific heat following 
from our theory and those from Kirkwood’s theory 
show perfect agreement above the critical temperature. 
This fact is gratifying in view of the difference in the 
approach and the approximations involved in the two 
theories. 


5 See, e.g., M. J. Kendall, The Advanced Theory of Statistics 
(Chas. Griffin and Company, Ltd., London, 1947), Vol. 1, p. 1474. 
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Thermodynamic Functions from Mayer’s Theory of Ionic Solutions. 
I. Equations for Thermodynamic Functions* 


Jacques C. Porrrert 
Department of Chemistry, University of Chicago, Chicago, Illinois 
(Received November 26, 1952) 


For an ionic solute, Mayer has previously derived from statistical mechanics an analytical expression for 
a mean activity coefficient which, however, is not usually measured. From the partial molal free energy ex- 
pression defining Mayer’s activity coefficient, there are derived in this paper expressions for five usually 
measured thermodynamic functions. These are the change in partial molal volume with concentration; the 
change in apparent molal volume with concentration; the relative partial molal heat content; the relative 
apparent molal heat content; and the stoichiometric mean ionic molar activity coefficient. Formulas for 
these five functions involve the coefficients of thermal expansion and isothermal compressibility of the solu- 
tion and solvent; the solvent dielectric constant and its pressure and temperature derivatives; and readily 
computable analytic expressions arising from the theory. 





A. INTRODUCTION AND DEFINITIONS 


N the basis of the statistical mechanical theory of 

the thermodynamics of multicomponent systems,' 

an equation has been derived? for /*,? a mean activity 

coefficient of an ionic solute in solution at the absolute 

temperature 7, under a total external pressure P and 

at a concentration of c moles per liter at T and P. In 

this paper, we will restrict ourselves to two-component 

systems and will denote solvent quantities by the sub- 

script 1 and solute quantities by the subscript 2. The 
defining equation for /* is 


F.(c, P, T)=F.°.(p, T)+vRT In(f*cx). (1) 


Here F.(c, P, T) is the usual partial molal free energy ; 
F,°.(p, T) is the standard partial molal free energy, 
the subscript c indicating that it is measured on the 
molarity scale. It should be emphasized that the stand- 
ard state pressure in F.°.. is not that under which F, is 
measured ; this results from the fact that in the deriva- 
tion of the fundamental equations the partial molal free 
energy of the solvent does not vary with solute concen- 
tration, and hence the external pressure at any solute 


» concentration c must exceed the standard state pressure 


by the osmotic pressure of the solution. The symbol v 


_ tepresents the number of ions into which one molecule 


of the solute dissociates, and c, is the mean molar con- 
centration, defined by 


ce=cLvy?ty_"-}"”, (2) 


where vy, and v_ denote the number of cations and 
anions, respectively, produced in dissolving one mole- 


*From a thesis submitted in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy at the University 
of Chicago, Chicago, Illinois. 

tAtomic Energy Commission Predoctoral Fellow. Present 
address: Department of Chemistry, Yale University, New Haven, 


_ Connecticut. 


(194s) G. McMillan and J. E. Mayer, J. Chem. Phys. 13, 276 
5). 

? J. E. Mayer, J. Chem. Phys. 18, 1426 (1950). 

* The activity coefficient f* is identical with ys of reference 2. 
In this and the following paper, an effort has been made to con- 
form with the recommendations of the National Research Council 
regarding nomenclature of activity coefficients. 


cule of solute. Explicitly, f* is given by the following 
equation,‘ 


(—)*n,? 
+2 ——f.(9)— gu(¢) ], (3) 


No wu zo A* 


No3(vc)? A 


Inf*= — see 
OCo 


in which yw is a running index and ¢ is proportional to 
the square root of solute concentration, 


g=A (2nevc/Co)}. (4) 


The quantity A is proportional to the distance of 
closest approach a of oppositely charged ions and is 
defined by 


A=aKkT/é 
=a (in angstrom units)/7.137 (H2O, 25°C), (5) 


in which K is the dielectric constant of water at the 
standard state pressure p and temperature 7, & is the 
Boltzmann constant, and e« is the electronic charge. The 
set of quantities , is defined by 


Ny= Do Z6'Xs, (6) 


where Z, is the charge in protonic units on an ion of 
type s, and x, is the mole fraction of ions of type s in 
the solute. The quantity Cp is defined by 


Co= 1000. KkT/e}/2mNo, (7) 


where Vo is Avogadro’s number. The sets of functions 
f, and g, are defined by 


oe 
eo f euenye-ndy, (8) 
u! 1 


¢ 


4(u—1)! 


4 Equations (3) and (9) are Eqs. (72) and (71) of reference 2; 
the delta-function appearing in the definition of f, in reference 2 
has here been taken out of the summation and not included in the 
present definition Eq. (8). Instead the delta-function gives rise to 
the first terms of Eqs. (3) and (9) of the present paper. 


ly 
£u(¢) = f e~neuni—rdy, (9) 


965 





966 





in which the limit /,=0 for w< 2; 1,= © for 1.23. The 
osmotic pressure of the solution at the concentration c, 
the temperature 7, and the pressure P is given by 





Pa hs ee > (—)*n,? 
3(2Co)! 2meu20 A# 
XLfu(e)—2gu(¢)], (10) 
where the total ion density p is given by 
p= Novc/1000. (11) 


We will hereafter symbolize the first term of the right 
member of (3) by Inf*p, the last term of the right 
member of (3) by In/*s, the first two terms of the right 
member of (10) multiplied by pkT by Pp, and the last 
term of (10) by pkT by Ps. If the Debye-Hiickel x, 


k= (44No€novc/1000KkRT)}, (12) 
is used in Inf*p, there results the familiar form 
Inf* p= —n2e*x/2KkT, (13) 


and hence it is evident that Inf*>p is identical with the 
usually derived Debye-Hiickel limiting expression for 
the logarithm of the activity coefficient’ at infinite 
dilution, (though not identical at any finite concen- 
tration). Similarly Pp is the Debye-Hiickel osmotic 
pressure. 

The purpose of this paper is to derive, from these 
fundamental equations, equations for the change in 
partial molal volume with concentration; the apparent 
molal volume; the relative partial molal heat content; 
the relative apparent molal heat content; and the 
relation of {* to f, the usual stoichiometric mean ionic 
molar activity coefficient, defined by the equation 


F.(c, P, T)=F °.(P, T)+vRT In(fex), (14) 


in which the activity coefficient of an ionic solute in 
solution, under a pressure P and temperature 7 and at 
a concentration of c moles per liter measured under P 
and 7, is given with reference to a standard state at the 
same pressure P. In Sections B through F, thermo- 
dynamic transformations will be carried out to obtain 
equations for the above thermodynamic functions; 
Section G will then apply Eqs. (1)—(11) to the problem 
of evaluating these functions. The general plan is to 
consider the standard pressure p in Eqs. (1)-(11) as 
depending on the concentration in such a way that the 
total external pressure P remains independent of con- 
centration, then differentiation at constant P or with 
respect to P can be performed. In order to relate {* to 
f, one needs the difference between two standard partial 
molal free energies at different pressures; since this 

5 See, for example, MacDougall, Physical Chemistry (The Mac- 
millan Company, New York, 1949), revised edition, p. 507, where 
the stoichiometric mean ionic rational activity coefficient is de- 
rived. The corresponding molar activity coefficient contains the 


additional factor d/di+c¢(vM:—M?2)/1000d,, which, however, re- 
duces to unity at infinite dilutions. 


JACQUES C. 
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involves the partial molal volume, it is more convenient 
to consider first the change in partial molal volume with 
concentration. 


B. THE CHANGE IN PARTIAL MOLAL 
VOLUME WITH CONCENTRATION 


We take as independent variables the total pressure 
P, the temperature 7, and the numbers of moles of the 
various components #; and m2 [which should be readily 
distinguishable in context from members of the set », 
defined in (3) ]. In this and subsequent sections, partial 
derivatives with respect to one of the above variables 
keeping all others constant will be needed. These deriva- 
tives will be symbolized as in the following two 
examples: 

(OP osm/OP)ni,7= (Posm) P, 


(PF .°./dP?) nj, T= (F 2°.) pp, 


all quantities being evaluated at P and T. We begin 
by expanding F,.°,(p, T) in a Taylor’s series expansion 
about the total external pressure P, two terms being 
retained : 


F.°.(p, T)=F.°.(P, T)— Posm(F 2°.) p. (15) 


Since the partial molal volume is the partial derivative 
of the partial molal free energy with respect to the total 
external pressure P at constant temperature and mole 
numbers, when the equation resulting from using Eq. 
(15) in Eq. (1) is so differentiated, there is obtained the 
following equation: 


V.= (F.°.) p[1— (Posm)p|+ vRT{_(Inf*) p ‘ 
+ (Inc,.) p]—- Poon (F.°.) PP. (16) 


Introducing the coefficient of isothermal compressi- 
bility 8, defined by 


B=—V-—(V) p= (Inc) p, (17) 
we see from (2) that 
(Inc,) p=B. (18) 


Now if we let the number of moles of solute #2 ap- 
proach zero in Eq. (16), while keeping the total pressure 
P, the temperature 7, and the number of moles 0 
solvent 2; constant, the concentration c and therefore 
the osmotic pressure approach zero, (Poem) p approaches 
zero, the standard state pressure p becomes the total 
pressure P, In f* approaches zero, (Inf*)p approaches 
zero, the compressibility becomes that of the pure 
solvent at P and 7, and the partial molal volume ap 
proaches the partial molal volume at infinite dilution 
V.°. Consequently in the limit of infinite dilution 
Eq. (16) reduces to the following: 


V.e= (F.°.)P+ vRTB,. (19 


Substitution of (18) and (19) in (16) yields the final 
equation, 


V.—V.°=»RT[(Inf*)p+8—BiJ+B, = (20 
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where B contains the small correction terms, 


B= (Porm) pL vRTBi— V2) 
+ Poem vRT (B1)p—V2°)p ], (21) 


which may usually be neglected in a numerical calcula- 
tion since it contributes only a few tenths of one percent 
of the total value of the change in partial molal volume. 
The evaluation of B necessitates the evaluation of 
(V.°)p, which is not generally available, but which may 
be converted to a more convenient expression as follows. 
Equating the mixed third partials of the free energy, the 
identity, 

(V2) p= —V2B—V(B)n2, (22) 


is obtained, which in the limit of infinite dilution leads 
to the useful form, 


(V2°) p= —V2°Bi:— V1(B1) ne, 
where V; is the molar volume of the solvent. With (23) 
in (21), B can be computed from 
B=Posml V2°Bi+ Vi (Bi) no vRT (81) p | 
+ (Poom) pL vRTBi— V 2° ]=vRTBO(V2c/1000), (24) 


the order of O following from the fact that 1000P..m/ 
vRT is approximately unity, Eq. (10). 


(23) 


C. THE APPARENT MOLAL VOLUME 


Since a knowledge of the partial molal volume of a 
solute is usually derived from measurements of the 
apparent molal volume, an equation for this more 
directly measurable thermodynamic function is here 
given. The usual definition of the apparent molal 
molal volume is 


ov = (V—11V1)/no, (25) 


where V is the total volume of solution at c, P, and T. 
Since the volume is a homogeneous function of first 


order in the mole numbers, 
V= nV 1+n2V2, (26) 


where V; and V2 are the partial molal volumes of sol- 
vent and solute, respectively. Using Eq. (26) in (25), 
we obtain the equation 


év=Vet+ (2,V1/ne2) (Vi/V:—1). (27) 


If the partial molal volume of the solute at infinite 
dilution is known, then V2 can be calculated from (20); 


’ we shall assume that this has been done and that V2 is 


calculable. In order to obtain an equation for V,/Vi-1, 
appearing in Eq, (27), we proceed from the definition 
of the osmotic pressure P— 9p, 


Fy(c, P; T)=F (9, T), (28) 


where F;(p, 7) is the free energy per mole of pure sol- 
vent at p, the standard state pressure. Replacing the 
right member of Eq. (28) by the first two terms of its 
Taylor series expansion about the total external pres- 
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sure P, we obtain the equation 
Py(c, aA T)=F\(P, T)- V a come 


(29) 


where the equality of V; and (F;)p has been used. Differ- 
entiation of Eq. (29) with respect to the total external 
pressure P, holding the temperature and mole numbers 
constant, yields the following equation: 


V,= Vi{1 naa (Posm) pe ]— Posm(V1)p. (30) 


Using Eq. (17) for the pure solvent, (30) yields the 
equation _ 
V1/Vi—1=B Pom (Posm) P=G. 


The remaining factor in Eq. (27), namely, 2:V 1/2, is 
the volume per mole of solute if there were no change in 
volume of the solution and can obviously be expressed 
as the difference between the actual volume per mole 
of solute and the change in volume of the solution per 
mole of solute and the change in volume of the solution 
per mole of solute, 


21 V1/n2= 1000/c— dy. (32) 


Using Eqs. (31) and (32) in Eq. (27) and solving for 
gy, one obtains the final equation, 


ov = (V2+1000G/c) (1+G)"2V.+ 1000G/c, 


(31) 


(33) 


where the error resulting from the last approximation is 
usually less than a tenth of one percent of gy. 


D. THE RELATION BETWEEN /f* AND f 


The activity coefficient {* defined in Eq. (1) is not 
that measured experimentally. It is therefore useful to 
obtain the relation between f* and /, defined in Eqs. 
(14), from which the two other commonly used activity 
coefficients, the stoichiometric mean ionic molal ac- 
tivity coefficient and the stoichiometric mean ionic 
rational activity coefficient, are easily obtainable.® By 
comparing Eqs. (1) and (14), it is seen that the defining 
equations for f* and f differ only in that the standard 
state pressures are different. Therefore by equating the 
right members of Eqs. (1) and (14), one obtains the 
relationship 


Inf= Inf*—[F,.°.(P, T)—F.°.(p, T) \/vRT. (34) 


By using Eqs. (15) and (19), i.e., expanding F,°.(p, T) 
in a Taylor’s series about the total pressure P, retaining 
only the first two terms, we immediately obtain the 
desired relation, 


Inf=Inf*— Poem V2°/vRT—By ]. (35) 


E. THE RELATIVE PARTIAL MOLAL HEAT CONTENT 


We shall now obtain an equation for the relative par- 
tial molal heat content, Ls, defined by 


L.=H.—H,’, (36) 





6 See, for example, H. S. Harned and B. B. Owen, The Physical 
Chemistry of Electrolytic Solutions (Reinhold Publishing Corpora- 
tion, New York, 1943), first edition, p. 12. 
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where A is the partial molal heat content of the solute 
and may be defined by 


H.=F.—T(F.)r, (37) 


and H,° is the partial molal heat content of the solute 
at infinite dilution. It is more convenient to carry out 
transformations if, for F., Eq. (14) rather than Eq. (1) 
is used. Following the transformations, Eq. (35) can 
then be used to introduce those quantities which can 
be computed from the formulas of Section A. If Eq. (2) 
and the coefficient of thermal expansion a, defined by 


a=V- ( V) r=— (Inc) T> (38) 


are introduced when (14) is used in (37), the resulting 
equation is 


A.=F.— T (F°.) 7—vRT*[ (Inf)r—a@]. 


Letting m2 approach zero in Eq. (39) at constant P, 7, 
and m, the quantity F,°, and its temperature derivative 
are unaffected, being independent of concentration; the 
coefficient of thermal expansion approaches a, that of 
the pure solvent at P and 7; the derivative of Inf 
approaches zero; and the partial molal heat content 
approaches H7,°, yielding the equation 


H.°=F.°.—T (Fo?) r+vRT?an. (40) 


Using Eqs. (40) and (39) in (36), there is obtained for 
the relative partial molal heat content, 


L./vRT?= = (Inf) r+a— Q1. (41) 


Equation (35) may then be used in Eq. (41), but the 
temperature derivative of the correction term in Eq. 
(35) contributes only about one-half of one percent to 
the total value of LZ. and hence may usually be neg- 
lected. Thus, using (Inf*)7 for (Inf)7 one obtains the 
final equation, 


L./vRT?= — (Inf*)7r+a—ay. 


(39) 


(42) 


F. THE RELATIVE APPARENT MOLAL HEAT CONTENT 


Like the case of the corresponding volume quantities, 
the relative partial molal heat content of a solute is 
usually derived from measurements of the relative ap- 
parent molal heat content. Consequently an equation 
for this latter thermodynamic function is now given. 
The usual definition of the relative apparent molal heat 
content ¢, is 


oL= —#7,°+- (H— mH;)/no, (43) 


where H is the total heat content of the solution at c, P, 
and 7. Since the total heat content is a homogeneous 
function of first order in the mole numbers, we have 


H= mH +L». (44) 
Using Eq. (44) in Eq. (43) along with Eq. (36), we 
obtain the equation 


or=L2+m(Hi—A;)/n2. (45) 


JACQUES C. 


POIRIER, 


Now H, may be defined analogously to Eq. (37) by 
the following equation: 
A,=F,—T(F))r. 


A convenient form for (F;)r is obtained by differentia- 
tion of Eq. (29) with respect to temperature at constant 
total external pressure P and mole numbers »;; thus, 


(Fi) r= —Si— Vil (Posm) r+a1P osm], (47) 


where Eq. (38) for the pure solvent as well as the 
equality of —S; and (F)7 have been used. Substituting 
Eqs. (47) and (29) into Eq. (46), there is obtained the 
equation 


A,=F,+ TSi+ Vil Posm(aiT— 1) +7 (Posm) r |. 
Since the first two terms of the right-hand member are 
clearly H;, Eq. (48) may be used in Eq. (45) to give the 
equation, 

o.=L.+ (mV /n2){ Posm(ouT — 1)+ TCP aun) r |, (49) 
and replacing 7:Vi/2 by 1000/c (Eq. (32) in which ¢, 
is negligibly small) one obtains the final equation, 

op=L2t+ (1000/c)[ Posm(oaT— 1)+ T (Posm)r |. 


G. EXPLICIT EQUATIONS FOR FUNCTIONS 
AND SUMMARY 


(46) 


(48) 


(50) 


In the preceding sections, thermodynamic equations 
have been used to relate five thermodynamic functions, 
namely, Vo, dv, f, Ls, and gz, to Inf*, Posm, and their 
pressure and temperature derivatives at constant tem- 
perature or pressure, respectively, and mole numbers. 
In this section, equations will be given in explicit 
analytical form so that Inf*, Posm, and their derivatives 
may be computed given the following quantities: 4, 
the distance of closest approach parameter for the 
solute ; the solvent dielectric constant K and its pressure 
and temperature derivatives at the total external pres- 
sure P and temperature 7; the molarity c; and the com- 
pressibility and thermal expansion coefficients and their 
derivatives for the solution and the pure solvent. The 
final equations of the preceding sections will then be 
summarized in this explicit form for purposes of com- 
putation. 

It should be noted that the explicit theoretical equa- 
tions for the thermodynamic functions Inf* and Posm, 
Eqs. (3) and (10) respectively, are functions of the 
variables c, 7, and a, and K. However, the dielectric 
constant K to be used in (3) and (10) is the dielectric 
constant of the pure solvent at a pressure less than ? 
by the osmotic pressure. It therefore varies with the 
concentration if P, the total external pressure, is cot 
sidered to be fixed (at, say, one atmosphere) and inde 
pendent of the concentration. We prefer to introduce 
at this point the more readily computable quantity 
Inf’, given by Eq. (3) with the modification that in (3) 
K is now understood to mean the dielectric constant 
of the pure solvent at the total external pressure P and 
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temperature JT. While Inf’ is here introduced primarily 
as an aid in computation, it should be noted that it has 
thermodynamic significance. The value of Inf’ is the 
value of Inf* for a solute in solution under a total ex- 
ternal pressure P+P sm, at a temperature T and at a 
concentration of c moles per liter, measured at P+ Posm 
and 7. The defining equation is thus 


F.(c, P+ Pom, T)=F°.(P, T)+vRT In(f'cx). (51) 


The quantity to be used in Eq. (51) for Posm is to be 
computed from Eq. (10) using the solvent dielectric 
constant at the pressure P and is not identical with the 
quantity Posm used in the definition of Inf*. Both os- 
motic pressures are those of solutions of the same 
molarity c, but the total pressures on the solutions 
(under which the molarity is measured) are different. 
Again, the two osmotic pressures are not those of the 
same physical solution under different total external 
pressures, for the external pressure change would alter 
the molarity by changing the volume of the solution. 

The usefulness of Inf’ lies in the fact that Inf* may be 
expanded in a Taylor’s series about the dielectric con- 
stant at the total external pressure P, this dielectric 
constant being hereafter written simply as K. The 
expansion thus obtained involves only Inf’, its deriva- 
tives, and Posm. Actually, the Po.» used in the defini- 
tion of Inf’ and which we use for computation is the 
first term of a similar Taylor’s series expansion about 
K of the Posm defined by (1), but all further terms of this 
expansion may be neglected since the osmotic pressure 
enters into the equations of the preceding sections only 
in correction terms. In writing these expansions and in 
the rest of this section, we will need derivatives of func- 
tions with respect to the logarithm of one variable from 
the set of variables K, c, a, and 7, hereafter collectively 
referred to as the natural variables, keeping the other 
variables of this set constant. Such derivatives will be 
symbolized as in the following example: 


(0 Inf’/d Inc) x. a, r= {Inf’}., 


that is, braces indicate differentiation of the inclosed 
function with respect to the logarithm of the natural 
variable written as a subscript, keeping constant all 
other natural variables, while as before parentheses indi- 
cate differentiation of the inclosed function with respect 
to the thermodynamic variable written as a subscript 
with the other members of the set P, 7, and n; constant. 
Carrying out the Taylor’s series expansion of Inf* about 
K with the additional approximation that K(p, T)—K 
=—K Pm (InK)p, the following equation, correct to 
two terms, is obtained: 


Inf*=Inf’—Posm{Inf’} x (InK)p. (52) 


The order of magnitude of the error introduced by com- 
puting P,.m using K is seen from the corresponding ex- 
pansion of Posm to be the second (neglected) term, 
~Piem{ Posm} x (InK)p. Summarizing, numerical values 


Inf’ p= — (neve N e6/1000K*)'c(KT)-4, 
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of Inf* are computed from Eq. (52). The quantity In/’ 
is computed from Eq. (3) in which K(, 7) is replaced 
by K; Posm is computed from Eq. (10) with K(%, T) 
replaced by K; and {Inf’}x is computed from the equa- 
tion resulting from differentiating Eq. (3), with K(p, 7) 
replaced by K, with respect to InK. The derivation of 
the analytical form of this last equation [the sum of 
Eqs. (63) and (81)] is deferred until later, being most 
conveniently considered in connection with the next 
topic, the development of analytical expressions for the 
derivatives of Inf* and P.osm with respect to the thermo- 
dynamic variables. These derivatives can be found as 
sums of partial derivatives with respect to certain of 
the natural variables. A partial derivative with respect 
to P at constant T and n; involves only successive 
differentiation with respect to c (at constant K, a, and 
T) and K (at constant c, a, and 7). The equations 


(Pom) P= { Posm} K (InK) p+B{Posm}c, (53) 
(Inf*) p= {Inf’}x (InK)p+A{Inf’}., (54) 


result, where terms coming from the second term of the 
right-hand member of Eq. (52) are neglected. These 
neglected terms involve second derivatives or the prod- 
uct of two first derivatives and are smaller than the 
first two terms of Eq. (52) by a factor of about 10~*. 
The partial derivatives of Inf* and Posm with respect 
to T at constant P and n; involve successive differentia- 
tion with respect to all four’ natural variables in turn, 
the resulting equations being 


(Posm) r= { Posm} K (Ink) r— a{ Posm}c 
+ {Pom} (Ina)7+7-l{ Pom} 7, 


(Inf*) r= {Inf’}x (InK)r—a{Inf’}. 
+{Inf’}a (Ina)r+T~{Inf’} 7, (56) 


where again second derivatives or the product of two 
first derivatives, arising from the second term of the 
right-hand member of Eq. (52), smaller by a factor of 
about 10~ than the other terms of Eq. (56), are neg- 
lected. 

The problem of evaluating the equations of the pre- 
vious sections is now reduced to finding explicit formulas 
for the partial derivatives {Inf’}, and { Posm}z (where x 
represents any one of the natural variables) appearing 
in the right-hand member of Eqs. (53)—(56) from the 
explicit Eqs. (3)-(11) (in which K is to be used). We 
will split Eqs. (3) and (10) into two terms; the first 
(indicated by a subscript D) including the Debye term 
in the case of Inf’ and the classical and Debye terms in 
Posm. The second terms (indicated by a subscript S$) 
contain the higher corrections. Thus we have the follow- 
ing equations: 


Inf’=Inf’p+Inf’s, 


(55) 


(57) 
(58) 


7The reason for considering (Ina)p=0 but not neglecting 
(Ina) is discussed later. 
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(- 
Inf’s= ae (¢)—gu(¢)], (59) 
Posm=Ppt+Ps, (60) 
P= (NovckT/1000) (1+3 Inf’), (61) 
(—)*1,2 
Ps=—(NovckT/2000n:)A ¥ : 
XLhu(e)—2gu(¢) ]- (62) 


Differentiating Eqs. (57) and (60) term by term with 
respect to the logarithm of each of the natural variables, 
the terms indicated by a subscript D immediately yield 
from Eqs. (58) and (61) the derivatives 


{Inf’n}x=—3 Inf’p, (63) 
{Inf’n}-=2 Inf’p, (64) 
{Inf’p} r= —$ Inf’ p, (65) 
{Pp} x= (NovckT/1000) (—3 Inf’), (66) 
{Pp} -= (NovckT /1000) (1+ Inf’p), (67) 
{Pp} r= (NovckT/1000)(1—3 Inf’p). (68) 


The correction terms, Eqs. (59) and (62), involve in 
addition f,(¢), g.(¢), and A, functions of the natural 
variables. Differentiation of Eqs. (59) and (62) with 
respect to Ind merely introduces a factor of (1—y) 
into the summations, and {Ind}, may be found by 
differentiating Eqs. (5) to be the following: 


{InA}x={InA},={InA}r=1. 


The derivatives of f, and g, with respect to Ing are 
found by differentiating Eqs. (8) and (9) to be the 
following : 


df,/d ng=2f,—4g4, 


(69) 


(70) 


ue" 


4(u—1)! 


Integrating the last integral by parts, Eqs. (71) may 
be converted into the following form: 


dg,/d Inp= —g,—[ g’e**/4(u—1) !—gy J. (72) 


For the sake of brevity we shall adopt the following 
symbolism: f,—g, will hereafter be written as b,, and 
the quantity in the bracket of Eq. (72) will be written 
as h,; thus 





ly 
dg,/d np 34,— J eweuy-ndy, (71) 
1 


h,= g’e-*?/4 (u—1) l— gy. (73) 


By combining Eqs. (72) with (70) and using this new 
symbolism, the following equations are obtained: 


db,/d Ing=2b,—g,+h,, (74) 
d(b,—g,)/d Ing=26,+2h,,. (75) 
Finally by combining Eqs. (4), (5), and (7), the follow- 
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ing form is obtained for ¢g: 


g= (novrN oe/250k)'c8a(KT)-}, (76) 

from which {Ing}, are easily found to be the following: 
{Ing}x=—3, (77) 

{Ing}.=3, (78) 

{Ing}.=1, (79) 

{Ing} r=—3. (80) 


With the aid of Eq. (69) and Eqs. (74)—(80), the partial 
derivatives of Eq. (59) and (62) with respect to the 
logarithm of the natural variables are easily found to 
be the following: 




















A (—)*s,? 
{Inf’s}x=— 1 [2ub,—guthy |, (81) 
No » =O 
A (—)*n,? 
{Inf’s}.= in > [2b6,—guth,], (82) 
2n2 u 20 
(—)*n,? 
{Inf’s}a= “r ~~ 3) but gu— hy |, (83) 
Ny» » 20 df 
A (—)*n,? 
{Inf’ sjr=— DL —~— a guthy, |, (84) 
No » 20 A 
pkT A (—)+n,? 
{Ps}x= (ub, — (u—1)g. +h, ], (85) 
ZnNyg 420 
(—)*n,? 
{Ps}.= ———_ ‘ys ———[2b,-—¢g, +h, ], (86) 
2m. «20 8 A# 
pkTA — (—)#n,2 
(Ps}.=—_— 5 —— 
2m. u20 AH 
XL(u-3)b,.— (u— 1)g.— 2h, |, (87) 
pkTA (—)*n,? 
(Ps)r=—— 





2m. w>0 AP 
XC (u— 1)b,— (u—2)guth, ]. (88) 


Equations (81)-(88) may then be added to Eqs. 
(63)-(68) to yield explicit equations for {Inf’}, and 
{ Posm}z, Which may then be used in Eqs. (53)—(56) to 
yield the following explicit equations for the partial 
derivatives of Inf* and Posm: 














(Prem) P , 
—=8+3[B—(InK)p]Inf’p 
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BA (—)*n,? 

ae [2b,—g.th, ] 
2n2u20 A 
(InK)pA _ (—)#n,2 
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2m. «20 AP 


x [ub,— (u—1)g.+ h,), 
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porte (InK)p ] Inf’p 
(76) (—)“n,2 
ing: sane $058 fr “[2b, —guth, ] 
2n» #20 A# 
(77) 
(Ink) pA —)*n,? 
(78) + “[2uby—guthy]}, (90) 
(79) 22 = #20 
(80) (Posm) T : . 
rtial —=—a+T"'—3[a+ (InK)r—§T J Inf’p 
the al 
d to _ A (—)*n,? 
+le- nt} +e - [2b,—guth,] 
2mou20 = =A* 
(81) ; see 
+[(InK)7+ (Ina) t+ my 
No 
82 (— An, 
() XE [ub a 1) get hi] 
uw2o 
A (—)*n,? 
(83) ~[3(Ine)p—T-"J— : 
2n2u20 8©A# 
(84) XLb.+hJ, (91) 
(Inf*) 7 —$[a+3(InK)7+3T —] Inf’p 
5 A (—)#n,? 
” +[a—3(Ina)r}— 5 —— 
No w20 A 
(86) X[2b, atin r+ (Ina)r+T] 
(—)*n,? 
i ig “Ar “[2ub,— guth, |. (92) 
“ot w20 06 A# 
: Equations (89)-(92) may in turn be substituted into 
(87) the final equations of the previous sections, yielding the 
explicit formulas below for AV2, dy, Le, and oz. Each 
is preceded by the thermodynamic equation for that 
function (neglecting very small terms) repeated from 
(88) the earlier section for convenience: 
Eqs. V.-V.° . 
fa Pg net BB: (20) 
16) to —e 
ae $[8—3(InK) p ]In/’ 
=3[8—3(InK)>p |ln 
RT ms 
BA (—)*n,? 
—-— 2 (2b,—guthy] 
2n2»20 A# 
(InK) pA (—)+n,? 
+ x : 
2m. u20 A# 
xX [2ub,— ut hy |+B—6i, (93) 
(89) ov= V+ 1000[ 6: P osm— (Pann) p|/c,- (33) 











IONIC SOLUTIONS. I 971 
ov—V° 
Y__* 2 [8,— (InK)p] Inf’ 
vRT 
(InK) pA (—)*n,” 
LY ——[ub,t (u—2)gu] 
2n» u20 A 
B,A (—)*n, 
-— 5 ——fh,-e), (4) 
2m, 420 «=A 
L./vRT?= — (Inf*) r+a— an, (42) 
=4t[a+3(InK)p+37—] In/’p 
vR 
A (—)*n," 
—[a- 3(Ina)}— > —— 
2n2 u20 A# 
X [2b,— gut+h,J—[ (ink) r+ (Ina)r+ 7] 
(—)*n,? 
eae iy [2ub, —guth, | 
<a 
+a—a, (95) 


61 =L2+1000[Posm(arT—1)+T (Poem) Vc, (50) 





OL : 
_= [4a ;+ (Ink) 7+ Tt] Inf’p 
vRT? 


A 
—[(InK) r+ (Ina) 7+ T-" } 











2n2 
(—)*n,? 
x a [ub,+ (u— 2) gu] 
A (—)+n,? 
—[a:—3(Ina)7 }— > — 
2n» u20 A# 
XLbu—gu]. (96) 


The formula for the fifth thermodynamic function 
Inf, obtained by using Eq. (52) in Eq. (35), 


Inf=Inf’— Poem V2°/vRT+{Inf’} x (InK)p—B1], (97) 


is most Prem ag gd left in this form with Inf’ given by 
(57), Posm by Eq. (60), and {Inf’}x by the sum of 
Eqs. (63) and (81). 

The assumptions made in this paper about the varia- 
tion of the effective distance of closest approach a for 
any particular salt with factors such as pressure, tem- 
perature, and the nature of the solvent deserves some 
comment. The model of a solution used in deriving the 
theoretical formulas of Section A is that of hard sphere 
ions of distance of closest approach a in a continuum of 
dielectric constant K. This would lead to a zero deriva- 
tive of a with respect to such variables. However, al- 
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though the model is oversimplified, one may expect that 
if a is chosen to average out deviations of the actual 
interionic potential from a Coulombic one, it might give 
reasonably good answers. Therefore, if these factors 
affect the actual interionic potential, one would expect 
the derivative of a to be different from zero. The effect 
of a change in external pressure on a may be expected 
to be small, since in solutions there already exists an 
“internal pressure” which is very large compared to 
usual changes in external pressure. Hence in this paper 
(a)p has been assumed to be zero. There is no similar 
reason why the temperature derivative of a should be 
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negligibly small, and therefore terms arising from the 
variation of @ with temperature have been retained in 
the equations of this paper, though the evaluation of 
(a) r is somewhat problematical. Since further numerical 
work will be restricted to aqueous solutions, the rela- 
tion between a for any particular salt and the nature 
of the solvent has been ignored, but there is no reason 
to assume that the value of a for a salt would be inde- 
pendent of the nature of the solvent in which it is 
dissolved. 

The author is greatly indebted to J. E. Mayer, with 
whom the author had many invaluable discussions. 
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Thermodynamic Functions from Mayer’s Theory of Ionic Solutions. II. The 
Stoichiometric Mean Ionic*Molar Activity Coefficient* 
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The formula for the stoichiometric mean ionic molar activity coefficient of strong electrolytes in aqueous 
solution at 25°C arising from Mayer’s theory is compared with published experimental data. The agreement 
is good for sodium chloride to a concentration of about 0.4 molar; calcium chloride to a concentration of 
about 0.07 molar; zinc sulfate to a concentration of about 0.01 molar; and lanthanum chloride to a concentra- 
tion of about 0.017 molar. Tables facilitating the computations and practical methods for the determination 
of the parameter of closest interionic approach and of the activity coefficient are given. 


A. INTRODUCTION 


N the preceding paper, analytic expressions for five 

thermodynamic functions of ionic solutes in solution 
were derived from the statistical mechanical theory of 
multicomponent systems, developed by Mayer. The 
reader is referred to this for the development of these 
expressions and for all references to statistical mechani- 
cal theory. The purpose of this paper is to compare the 
results of the theory for one of the five functions, 
namely the stoichiometric mean ionic molar activity 
coefficient (hereafter referred to simply as the molar 
activity coefficient), with published experimental data 
for certain representative salts of ionic types I-I, II-I, 
II-II, and III-I, and to present tables greatly simpli- 
fying the computations. The comparison will be re- 
stricted to single salts in aqueous solution at 25°C and 
one atmosphere external pressure. 

Briefly summarizing the relevant equations of part I, 
the molar activity coefficient f for an ionic solute in 
solution at a concentration of c moles per liter, at the 
absolute temperature T, and under a total external 


* From a thesis submitted in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy at the University of 
Chicago. 

t+ Atomic Energy Commission Predoctoral Fellow. Present 
address: Department of Chemistry, Yale University, New Haven, 
Connecticut. 


pressure P is given by the expression 
In f=In f’— Posm[V2°/vRT+ {In f’} x(InK) p— BJ. (1) 


The second term of the right member will be referred to 
as the osmotic pressure correction. In Eq. (1), » repre- 
sents the number of ions into which one molecule of 
solute dissociates, R is the gas constant, (8; is the coeffi- 
cient of isothermal compressibility of the pure solvent, 
V;° is the partial molal volume of the solute at infinite 
dilution, and (InK)>p is the partial derivative with re- 
spect to pressure at constant temperature of the 
logarithm of the dielectric constant K of the pure sol- 
vent, all these quantities being measured at the tem- 
perature T and pressure P. The three remaining quar- 
tities in (1) are Inf’, the logarithm of an unusuil 
activity coefficient (the thermodynamic significance o! 
which is discussed in section G of the preceding paper); 


{In f’}x, the partial derivative of Inf’ with respect to J 


the logarithm of the solvent dielectric constant; and 
P.em, the osmotic pressure of the solution at c, 7, and 
P. In the explicit equation for each of these thret 
quantities, the first term is the sum of the classical and 
Debye contributions, here indicated by a subscript D. 
The remaining terms are expressed as sums of functions 
of a parameter ¢ (proportional to the square root 0 
concentration) defined by Eq. (12), and the functions 
are later tabulated. The sums also involve the paratl- 
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eter A, proportional to the distance of closest interionic 
approach [Eq. (11) ], as well as numbers m, determined 
by the ionic type [Eq. (10) ]. The explicit equation for 
Inf’ is the following: 


in, 
ean (2) 





A 
Inf’=Inf’p>—— ¥ 


No vw>0 A# 


with Inf’p identically the Debye-Hiickel limiting law 
(later used as a convenient parameter) : 


In f’ p= — neex/2KkT. (3) 
For {Inf’}x we have the equation 
(—)*n,’ 


(Inf’}x= {In f’) x+— iy 


Ny uo A* 
x [2ub,(e)—gule)+hu(e)], (4) 
where {Inf’p}x is given explicitly by the expression 


{In f’p} x= 3nse«/4AKRT. (5) 





The osmotic pressure is given by the following equation: 


{kT (—)#n,? 
ie (v)—g.(e)], (6) 


2n, ud0 


i sm — 


where Pp is given by the equation, 
Pp= pkT(1+3 Inf’p], (7) 
in which p is the total ion number density, 
p= Novc/1000, (8) 


where Vo is Avogadro’s number. In Eqs. (2)-(6), u isa 
running index, k is the Boltzmann constant, ¢ is the 
electronic charge, and x is the Debye-Hiickel « given by 


x= (44No€nyvc/1000KRT)!. (9) 


The set of quantities , is defined as follows: 


=> Z,"%,, (10) 


where Z, is the charge in protonic units on an ion of 
type s and x, is the mole fraction of ions of type s in 
one molecule of solute. The quantity A (further dis- 
cussed in section C) is defined by the equation 


A=aKkT/e, (11) 


where a is the effective distance of closest approach 

between oppositely charged ions in solution. The param- 

eter » is given by the equation 
g=Axée/KkT=ak, (12) 


the last equality following from Eq. (11). The sets of 
functions g,(y), b,(y), and h,(¢) are defined by the 


IONIC SOLUTIONS. II 973 


equations 


g tn 
eee f ee Uas — Hdy, (13) 
4(u— 1)! 1 


9 


¢ piu 
b(o=— | e~nevy?—H(1—ppy/4)dy, (14) 
ply; 


hu(¢) = g®e*"/4(u—1) !—ug,(¢), 


with the limit /,=0 for w<2 and /,=© for w>3. 

For computational purposes the numerical values 
used for the constants appearing in Eqs. (1)-(8) are 
those recommended by Birge:' «= 4.8025; 10~° abs. 
esu, R=8.31436X10"’ erg degree! mole, O°C 
= 273.16°K, No= 6.0228; X 108 mole, and k= 1.380474 
X10—* erg deg. In addition, the following constants 
for water at 25°C and one atmosphere pressure are 
used: K=78.54,? B:= 4.5645 10-"' (dynes/cm?)"",’ and 
(InK) p=5.854X10-" (dynes/cm*)—'.4 Using these nu- 
merical values, for aqueous solutions at 25°C and one 
atmosphere pressure the parameters ¢ and a take the 
following form: 


(15) 


g= 1.6579 9A (neavc)', (16) 
a (in angstrom units) = 7.1345sA. (17) 
Equations (3), (5), and (7) become, respectively, 
In f’ p= —0.82895n23(vc)}, (18) 
{In f’p} k= 1.2434 on23(vc)!, (19) 
Pp=2.4790X 10" vel 1—0.276317n21(ve)!]. (20) 


Since the computation of the functions b,(¢), gu(¢), 
and h,(¢) is quite laborious, these functions are here 
tabulated in Tables I-III, respectively, for convenient 
values of ¢.° Since solutions are electrically neutral, 1, 
is always identically zero, and it is not necessary to 
tabulate b,, gi, and /,” It may be seen from Eqs. (13) 
and (15) that go and fp are identically zero, and conse- 
quently these two functions are also not tabulated. The 
method of using Tables I-III in obtaining the summa- 
tion terms in Eqs. (2), (4), and (6) is discussed in the 
next section. 


B. DISCUSSION OF THE BASIC EQUATION 


Equation (1) is the basic equation by which activity 
coefficients as predicted by this theory may be com- 
pared with experimental data on activity coefficients. 


1R. T. Birge, Revs. Modern Phys. 13, 233 (1941). 

2 ——— Jr.,and E. N. Ingalls, J. Am. Chem. Soc. 60, 1182 
(1938). 

3R. E. Gibson, Am. J. Sci. 5, 35A, 49 (1938). 

4 The empirical equation from which (InK)> is obtained is that 
of B. B. Owen and S. R. Brinkley, Jr., Phys. Rev. 64, 32 (1943). 
The numerical values of the two parameters appearing in the 
equation are those of B. B. Owen and S. R. Brinkley, Jr., Ann. 
N. Y. Acad. Sci. 51, 753 (1949), and B. B. Owen, J. Chem. Ed. 21, 
59 (1944). 

5 For the method used in obtaining these tabulated values, see 
the appendix. 
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TABLE I. The function 10%b,(¢). 
re) bo(¢) 102b2( ¢) 10%b3( ¢) 104b4( ¢) 105ds(¢) 10®6(¢) 107b7(¢) 108bs( ¢) e 

0.01 — 0.000 033 — 0.004 939 0.045 273 0.034 447 0.037 056 0.041 428 0.044 177 0.043 781 0.0 
0.02 — 0.000 133 —0.019 508 0.137 326 0.116 819 0.138 763 0.148 604 0.157 400 * 0.154 614 0.0 
0.03  —0.000 300 —0.043 554 0.253 519 0.239 245 0.268 721 0.300 299 0.315 751 0.307 176 0.0 
0.04  —0.000 533 — 0.076 082 0.383 43 0.380 203 0.431 051 0.480 048 0.500 703 0.482 220 0.0 
0.05  —0.000 833 —0.117 48 0.520 52 0.534 446 0.609 117 0.675 111 0.697 587 0.665 328 0.0 
0.06 —0.001 200 —0.167 12 0.660 59 0.694 140 0.794 855 0.875 680 0.896 659 0.845 847 0.0 
0.07  —0.001 633 —0.224 71 0.800 544 0.859 069 0.981 491 1.074 299 1.090 580 1.016 414 0.0 
0.08 —0.002 133 —0.289 96 0.938 223 1.020 840 1.164 740 1.265 344 1.271 51 1.171 663 0.0 
0.09 —0.002 700 —0.362 57 1.072 019 1.178 440 1.340 70 1.444 755 1.435 94 1.308 343 0.05 
0.10  —0.003 333 —0.442 21 1.200 784 1.329 711 1.506 74 1.609 645 1.582 799 1.424 580 0.1¢ 
0.12 —0.004 800 —0.621 67 1.440 103 1.607 474 1.801 82 1.888 95 1.815 553 1.593 449 0.1: 
0.14 —0.006 533 —0.826 24 1.652 001 1.846 35 2.041 17 2.096 18 1.966 513 1.680 712 0.1: 
0.16 —0.008 533 — 1.053 92 1.835 04 2.043 43 2.222 24 2.232 08 2.040 950 1.696 036 0.1¢ 
0.18  —0.010 800 — 1.302 89 1.988 93 2.198 16 2.347 14 2.301 91 2.048 433 1.652 261 0.1 
0.20 0.013 333 — 1.571 45 2.114 51 2.312 19 2.419 49 2.313 52 2.000 368 1.562 944 0.2( 
0.22 —0.016 133 — 1.857 98 2.213 29 2.388 33 2.444 33 2.275 90 1.908 463 1.440 923 0.2. 
0.24 —0.019 200 —2.161 00 2.287 00 2.429 85 2.429 57 2.197 98 1.783 817 1.297 585 0.24 
0.26 0.022 533 — 2.479 08 2.337 70 2.440 49 2.379 65 2.088 47 1.636 399 1.142 536 0.2¢ 
0.28  —0.026 133 — 2.810 93 2.367 36 2.424 30 2.301 25 1.955 52 1.474 830 0.983 547 0.28 
0.30 —0.030 000 — 3.155 35 2.378 13 2.384 30 2.199 52 1.806 01 1.305 91 0.826 67 0.3¢ 
0.35 —0.040 833 — 4.064 04 2.335 44 2.205 67 1.879 90 1.395 76 0.886 93 0.469 968 0.35 
0.40 0.053 333 — 5.028 68 2.216 26 1.952 04 1.515 52 0.993 73 0.522 85 0.189 250 0.40 
0.45 —0.067 500 — 6.036 20 2.045 50 1.661 66 1.151 82 0.633 51 0.230192 —0.008 992 0.45 
0.50 —0.083 333 —7.075 73 1.843 22 1.362 90 0.817 56 0.335 81 0.015 386 —0.134 420 0.50 
0.55 —0.100 833 —8.138 42 1.625 16 1.074 85 0.526 49 0.104 53 —0.129642 —0.202746 0.55 
0.60 —0.120000 —9.216 95 1.403 26 0.809 59 0.285 18 —0.064620  —0.217732  —0.230093 0.60 
0.65 —0.140833  —10.305 33 1.186 29 0.573 97 0.093 37 —0.180251  —0.262550 —0.230401 0.65 
0.70 0.163333  —11.398 83 0.980 00 0.370 83 —0.053 349 —0.252340 —0.276476  —0.214408 J 9.70 
0.75 —0.187 500 — 12.493 60 0.788.64 0.200 85 —0.159 882 —0.290 741 — 0.269 892 —0.190 265 0.75 
0.80 —0.213333 —13.58670 0.614 6 0.061394  —0.232780 —0.304238  —0.250685 —0.162947 0.80 
0.85  —0.240833 —14.675 85 0.458 4 —0.049 186  —0.278463  —0.300232 —0.224760  —0.135871 fF 285 
0.90 —0.270000 —15.759 21 0.3217 —0.133 366 —0.302670 —0.284655 —0.196198 —0.110918 0.90 
0.95  —0.300833 —16.835 63 0.202 2 —0.197571  —0.311346 —0.262092  —0.168027  —0.088 998 0.95 
1.00 —0.333333 —17.90414 0.101 1 —0.242135  —0.306387 —0.235921  —0.140916 —0.070395 1.00 
1.10 —0.403333  —20.015 57 —0.056 9 —0.287 743 —0.275744  —0.181700 —0.095325  —0,042530 — 1.10 
1.20 —0.480000  —22.091 55 —0.161 0 —0.292921 —0.231341 —0.133112  —0.062188  —0.024767 1.20 
1.30 —0.563333 —24.133 60 —0.223 6 —0.274259 —0.185003  —0.094019 —0.039236  —0.014020 1.30 
1.40 —0.653333  —26.143 60 —0.254 9 —0.243 381 —0.142868  —0.064569 —0.024138 —0,007 755 1.40 
1.50 —0.750000 —28.12499 —0.263 9 —0.207997 -—0.107455  —0.043623 —0.014559 —0,004 209 1.50 
1.60  —0.853333 —30.081 52 —0.257 7 —0.172827 —0.079124  —0.028607  —0.008630 —0.002 250 1.60 
1.70 —0.963333 —32.01685 —0.242 5 —0.140485 —0.057270  —0.018575 —0.005050 —0.001 161 — 
1.80 —1.080000 —33.934 42 —0.221 5 —0.112193  —0.040839 -—0.011911  —0.002915 —0,000 616 
1.90  —1.203333  —35.83775 —0.197 6 —0.088 304  —0.028796 —0.007555  —0.001 667 dee 
2.00 —1.333333 —37.728 68 —0.172 5 —0.068 658 —0.020085 —0.004746 —0.000946 ; 
2.50  —2.083333 —47.085 56 —0.075 3 —0.017090 —0.002227 —0.000417 inte! 
3.00 — 3.000 000 — 56.389 36 — 0.027 6 — 0.003 682 — 0.000 382 plac 
3.50 — 4,083 333 — 65.704 80 — 0.009 4 — 0.000 200 | 
4.00 — 5.333 333 — 75.041 9 — 0.002 8 prac 
4.50  —6.750000  —84.3960 —0.000 9 the | 
5.00 — 8.333 333 — 93.760 1 pola 
5.50 —10.083 333 —103.1296 : 
6.00 —12.000000 —112.5022 IS SU 
6.50 —14.083333 —121.8761 Fc 
7.00 —16.333 333 —131.250 tens 
7.50 —18.750000 —140.625 

and 

para: 
Aside from V.°, which appears in the osmotic pressure Tables I-III. Using three neighboring round values o! §  variz 
correction and which is generally to be found in the g and the same A, me, and v, Eq. (16) gives the three from 
literature, four basic quantities are required for a de- corresponding values of c}. The entire summation term fore 
termination of the molar activity coefficient. These are is then computed for the round values of ¢ (and theit § for s 
the molarity c; the number » of ions per solute molecule corresponding values of c}) after which a nonlineat F spect 
and the set of numbers m,, both determined by the (Newtonian) interpolation is carried out to give the J conc 
ionic type of the salt; and the quantity A, which dis- summation term for the original g and c}. This pro — value 
tinguishes among salts of the same ionic type, and the cedure yields a value of the summation terms of Eqs. (2), F appr 
determination of which is discussed in the next section. (4), and (6) accurate to four decimal places. The value Fin Ex 
The most convenient way of computing the summations obtained by using only linear interpolation rarely F u=1 
in Eqs. (2), (4), and (6) is to calculate g from Eq. (16). differs by more than one or two digits in the fourth J wort! 
This value of ¢ will in general lie between two round decimal place from the value obtained by using three § the li 

curve 


values of ¢ for which },, g,, and h, are tabulated in 


points and nonlinear interpolation (the exception being 











8(¢) 


13 781 

4 614 
)7 176 
32 220 
95 328 
15 847 
16 414 
11 663 
8 343 
24 580 
93 449 
30 712 
96 036 
52 261 

62 944 
40 923 
97 585 
42 536 
83 547 
26 67 

69 968 
89 250 
08 992 
34 420 
02 746 
30 093 
30 401 
14 408 
90 265 
62 947 
35 871 
10 918 
88 998 
70 395 
42 530 
24 767 
14 020 
07 755 
04 209 
02 250 
101 161 
100 616 
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TABLE I—Continued. 











¢ 10%po(¢) 101b10( ¢) 10"dii(¢) 1012b10( ¢) 101313( ¢) 10'4b14( 9) 10%5d15(¢) 10'*b16( ¢) 
0.01 0.040 265 0.034 007 0.026 805 0.019 619 0.013 419 0.008 607 0.005 196 0.002 961 
0.02 0.140 230 0.117 605 0.091 707 0.066 309 0.044 798 0.028 381 0.016 919 0.009 521 
0.03 0.275 601 0.228 419 0.176 348 0.125 938 0.084 022 0.052 562 0.030 937 0.017 186 
0.04 0.427 857 0.350 582 0.267 699 0.188 780 0.124 348 0.076 789 0.044 610 0.024 458 
0.05 0.583 625 0.472 350 0.356 818 0.248 410 0.161 504 0.098 423 0.056 418 0.030 516 
0.06 0.733 410 0.586 282 0.437 855 0.300 849 0.193 000 0.116 033 0.065 603 0.034 993 
0.07 0.870 741 0.687 478 0.507 275 0.343 894 0.217 611 0.129 015 0.071 915 0.037 809 
0.08 0.991 477 0.772 77 0.563 244 0.376 610 0.234 977 0.137 319 0.075 426 0.039 064 
0.09 1.093 291 0.840 97 0.605 158 0.398 944 0.245 318 0.141 240 0.076 401 0.038 952 
0.10 1,375 17 0.891 81 0.633 269 0.411 424 0.249 213 0.141 273 0.075 204 0.037 712 
0.12 1.279 68 0.944 08 0.651 771 0.410 620 0.240 897 0.132 085 0.067 909 0.032 835 
0.14 1.312 04 0.939 40 0.628 856 0.383 172 0.217 003 0.114 611 0.056 615 0.026 219 
0.16 1.284 68 0.890 57 0.576 305 0.338 393 0.184 127 0.093 088 0.043 805 0.019 212 
0.18 1.211 719 0.811 22 0.505 184 0.284 382 0.147 605 0.070 706 0.031 233 0.012 679 
0.20 1.106 758 0.712 79 0.425 010 0.227 617 0.111 311 0.049 598 0.019 943 0.007 089 
0.22 0.981 919 0.605 35 0.345 921 0.172 193 0.077 780 0.031 639 0.010 467 0.002 624 
0.24 0.847 029 0.496 30 0.246 533 0.121 494 0.048 455 0.015 523 0.002 959 — 0.000 724 
0.26 0.710 120 0.391 221 0.175 056 0.077 052 0.023 963 0.003 238 —0.002 661 — 0.003 067 
0.28 0.576 991 0.293 824 0.111 993 0.039 583 0.004 363 — 0.006 028 — 0.006 608 — 0.004 567 
0.30 0.451 820 0.206 443 0.058 188 0.009 133 —0.010 646 —0.012 623 — 0.009 140 — 0.005 398 
0.35 0.189 319 0.035 699 — 0.036 549 — 0.039 531 — 0.031 639 — 0.020 218 —0.011 207 —0.005 582 
0.40 0.005 280 — 0.065 893 — 0.083 716 — 0.058 515 — 0.036 513 — 0.020 023 — 0.009 911 — 0.004 499 
0.45 —0.107 013 — 0.116 126 — 0.098 481 — 0.059 768 — 0.033 147 —0.016 559 —0.007 568 —0.003 197 
0.50 — 0.163 163 — 0.132 753 — 0.094 474 — 0.052 364 — 0.026 699 —0.012 391 — 0.005 294 — 0.002 100 
0.55 — 0.181 248 —0.127 843 —0.081 543 — 0.042 020 — 0.019 968 — 0.008 686 — 0.003 491 —0.001 305 
0.60 — 0.176 809 —0.112 467 — 0.065 850 —0.031 811 — 0.014 187 — 0.005 811 — 0.002 204 — 0.000 779 
0.65 —0.159 079 — 0.093 216 — 0.050 759 —0.023 092 — 0.009 703 — 0.003 754 — 0.001 347 — 0.000 451 
0.70 —0.135 972 — 0.074 288 — 0.037 792 — 0.016 235 — 0.006 444 — 0.002 358 — 0.000 801 — 0.000 254 
0.75 —0.112 090 — 0.057 313 — 0.027 387 —0.011 130 — 0.004 179 — 0.001 449 —0.000 467 —0.000 140 
0.80 — 0.089 616 — 0.043 146 —0.019 420 — 0.007 475 — 0.002 659 — 0.000 874 — 0.000 267 — 0.000 076 
0.85 — 0.070 140 — 0.031 841 — 0.013 353 — 0.004 935 — 0.001 664 —0.000 519 — 0.000 150 — 0.000 041 
0.90 — 0.053 904 — 0.023 116 — 0.009 280 — 0.003 212 — 0.001 027 — 0.000 304 — 0.000 084 — 0.000 022 
0.95 — 0.040 802 —0.016 539 — 0.006 286 — 0.002 065 — 0.000 627 — 0.000 176 — 0.000 046 — 0.000 011 
1.00 — 0.030 491 — 0.011 709 — 0.004 211 — 0.001 313 — 0.000 378 —0.000 101 — 0.000 025 
1.10 — 0.016 498 — 0.005 690 — 0.001 838 — 0.000 517 —0.000 134 — 0.000 032 
1.20 — 0.008 628 — 0.002 671 — 0.000 778 — 0.000 198 — 0.000 046 — 0.000 010 
1.30 — 0.004 393 —0.001 128 — 0.000 322 — 0.000 074 — 0.000 016 
1.40 — 0.002 187 — 0.000 553 — 0.000 130 — 0.000 027 
1.50 —0.001 071 — 0.000 117 — 0.000 052 


1.60 —0.000 516 








zinc sulfate at low concentrations, for which nonlinear 
interpolation is necessary for accuracy to three decimal 
places). In case Inf.xpt is known to only three decimal 
places, therefore, a linear interpolation suffices. Since 
the osmotic pressure correction is small, a linear inter- 
polation of the summation terms of Eqs. (4) and (6) 
is sufficient. 

For all ions of moderate size and for low or moderate 
concentrations, the osmotic pressure correction is small, 
and the variation of Inf with concentration and the 
parameter A is approximately that of Inf’. Since the 
variation of Inf’ with c and A is not readily apparent 
from its analytical form, the function Inf’ (and there- 
fore in a general way Inf) is shown in Figs. 1-4 where, 
for salts of ionic type I-I, II-I, II-II, and III-I, re- 
spectively, Inf’ is plotted against the square root of 
concentration for several values of A. The smallest 
value of A for which Inf’ is shown is, for each type salt, 
approximately the smallest A for which the summation 
in Eq. (2) converges satisfactorily using terms through 
4=16. The following features of these graphs are note- 
worthy. At moderate concentrations, the curvature of 
the lines is positive and larger the larger A becomes. The 
Curves show a minimum occurring at lower concentra- 





tions with larger A’s. As compared with the other three 
ionic types, the curves for II-II salts are very close 
together, or, in other words, Inf’ for II-II salts is a 
relatively insensitive function of the inter-ionic distance 
of closest approach. It has been noted® that the experi- 
mental activity coefficients of II-II salts have a rela- 
tively narrow spread of values. There is an interesting 
relation between Inf’ for I-I and for II-II salts. For 
such symmetrical electrolytes the numbers n, are zero 
for odd y, while for even yw they are the uth power of 
the charge on an ion. Consequently it follows from the 
form of the summation term in Eq. (2) and Eq. (16) for 
g that for a II-II salt having a parameter of closest 
approach A, and at the molarity c, the value of Inf’ will 
be identical with that for a I-I salt having a parameter 
of closest approach A/4, and at the molarity 64 c. 

For I-I salts the A =0.2 curve actually intersects the 
Debye-Hiickel limiting law line at about cl=0.25 and 
Inf’ is slightly less than In f’p at smaller concentrations, 
though the difference is too small to be shown on Fig. 1. 
The A=0.2 curve reapproaches the Inf’p line from 


6 H. S. Harned and B. B. Owen, The Physical Chemistry of Elec- 
trolytic Solutions (Reinhold Publishing Corporation, New York, 
1950), second edition, p. 426. 
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¢ 10°g2( ¢) 10%g3(¢) 104g4(¢) 10®g5(¢) 10®g6(¢) 107g7(¢) 108gs(¢) 
0.01 — 0.000 012 0.004 046 0.001 117 0.000 857 0.000 930 0.001 036 0.001 115 6 
0.02 — 0.000 097 0.015 694 0.006 756 0.006 001 0.006 703 0.007 545 6 0.008 034 8 
0.03 — 0.000 325 0.034 272 0.018 669 0.017 985 0.020 456 0.023 058 4 0.024 443 0 
0.04 — 0.000 758 0.059 130 0.037 578 0.038 209 0.043 989 0.049 562 4 0.052 271 4 
0.05 — 0.001 462 0.089 66 0.063 680 0.067 309 0.078 136 0.088 141 0.092 179 1 
0.06 — 0.002 494 0.125 291 0.096 861 0.105 412 0.123 049 0.138 321 0.143 057 4 
0.07 — 0.003 907 0.165 494 0.136 815 0.152 302 0.178 381 0.199 220 0.206 634 0 
0.08 — 0.005 756 0.209 768 0.183 113 0.207 456 0.243 466 0.270 92 0.279 045 4 
0.09 — 0.008 089 0.257 641 0.235 244 0.270 28 0.317 379 0.351 97 0.359 643 5 
0.10 —0.010 951 0.308 675 0.292 659 0.339 98 0.399 064 0.440 21 0.446 796 8 
0.12 —0.018 437 0.418 608 0.421 046 0.496 78 0.581 170 0.634 046 7 0.634 166 7 
0.14 — 0.028 522 0.536 659 0.563 687 0.671 16 0.780 505 0.841 172 5 0.828 584 3 
0.16 — 0.041 483 0.660 034 0.716 205 0.856 49 0.988 244 1.051 1427 1.019 2199 
0.18 — 0.057 555 0.786 710 0.874 600 1.046 847 1.196 583 1.196 582 7 1.197 502 8 
0.20 — 0.076 941 0.914 686 1.035 321 1.236 903 1.398 919 1.446 2150 1.357 188 3 
0.22 — 0.099 809 1.042 316 1.195 300 1.422 850 1.589 960 1.619 192 0 1.494 1764 
0.24 — 0.126 301 1.168 210 1.351 919 1.599 293 1.765 751 1.770 577 1.606 213 5 
0.26 — 0.156 534 1.291 177 1.503 031 1.765 139 1.923 430 1.898 304 1.692 551 3 
0.28 — 0.190 599 1.410 255 1.646 680 1.917 662 2.061 069 2.001 499 1.753 6140 
0.30 — 0.228 566 1.524 63 1.782 090 2.055 960 2.177 750 2.080 630 1.790 689 5 
0.35 — 0.340 824 1.786 14 2.076 211 2.329 933 2.377 19 2.178 301 1.791 7153 
0.40 — 0.478 019 2.007 97 2.301 560 2.502 27 2.454 05 2.151 680 1.692 135 6 
0.45 — 0.639 893 2.187 34 2.457 09 2.580 41 2.428 72 2.037 075 5 1.529 7569 
0.50 —0.825 753 2.324 28 2.546 89 2.577 31 2.325 68 1.864 664 9 1.336 502 5 
0.55 — 1.034 591 2.420 66 2.578 20 2.510 05 2.168 920 1.661 328 9 1.136 086 5 
0.60 — 1.265 151 2.479 52 2.559 62 2.394 02 1.979 390 1.447 7568 0.944 273 5 
0.65 — 1.516 029 2.504 57 2.500 26 2.243 936 1.774 121 1.238 577 5 0.770 292 5 
0.70 — 1.785 731 2.500 17 2.408 90 2.072 679 1.566 050 1.043 200 0.618 498 7 
0.75 — 2.072 690 2.470 31 2.293 361 1.890 448 1.364 440 0.867 021 6 0.489 933 9 
0.80 — 2.375 35 2.419 1 2.161 711 1.705 502 1.175 436 0.712 305 1 0.383 570 1 
0.85 — 2.692 11 2.350 7 2.019 190 1.524 069 1.002 661 0.579 322 3 0.297 238 6 
0.90 —3.021 54 2.268 0 1.871 230 1.350 544 0.847 874 0.466 999 5 0.228 271 4 
0.95 — 3.362 12 2.175 3 1.721 979 1.188 157 0.711 478 0.373 659 0.173 910 8 
1.00 — 3.712 46 2.074 4 1.574 731 1.037 881 0.592 925 0.296 619 0.131 553 3 
1.10 — 4,437 33 1.859 6 1.295 510 0.778 670 0.404 467 0.183 555 0.073 889 0 
1.20 — 5.186 69 1.639 4 1.046 161 0.572 865 0.270 358 0.111 404 0.040 637 0 
1.30 — 5.952 50 1.425 5 0.831 767 0.414 557 0.177 686 0.066 423 0.021 961 4 
1.40 — 6.728 06 1.2247 0.652 661 0.295 841 0.115 120 0.039 024 0.011 694 4 
1.50 — 7.507 99 1.041 5 0.506 366 0.208 646 0.073 678 0.022 646 0.006 148 9 
1.60 — 8.287 99 0.877 5 0.389 031 0.145 643 0.046 662 0.012 998 0.003 197 8 
1.70 — 9.064 79 0.734 3 0.296 331 0.100 757 0.029 275 0.007 391 0.001 646 3 
1.80 — 9.836 00 0.610 2 0.221 714 0.069 144 0.018 218 0.004 168 0.000 841 6 
1.90 — 10.599 90 0.503 6 0.168 213 0.047 127 0.011 257 0.002 333 
2.00 — 11.355 29 0.412 6 0.125 553 0.031 916 0.006 910 0.001 299 
2.50 — 14.993 31 0.143 9 0.027 065 0.003 977 0.000 557 
3.00 — 18.424 71 0.046 3 0.005 344 0.000 511 
3.50 — 21.715 40 0.014 3 0.000 417 
4.00 — 24.924 6 0.004 1 
4.50 — 28.090 4 0.001 2 
5.00 — 31.234 3 0.000 7 
5.50 — 34.368.2 
6.00 —37.496 9 
6.50 — 40.623 6 
7.00 — 43.749 6 
7.50 — 46.874 9 








below as the concentration approaches zero. In the case 
of II-II salts for small A’s this negative deviation from 
the limiting law at rather small concentrations is quite 
marked, as may be seen from Fig. 3, A=0.4. The curve 
A=0.6 also intersects the limiting law line at about 
c'=0.05, but the negative deviation for this curve is too 
small to be shown on Fig. 3. Salts of ionic type II-I and 
III-I show no negative deviation from the Debye- 
Hiickel limiting law. Negative deviations, larger in 
magnitude for smaller inter-ionic distances, and larger 
for II-II salts than for I-I salts are completely con- 
sistent with the results of the extended Debye-Hiickel 
















theory.” Whereas this effect is very small for I-I salts 
and indeed does not seem to be present for I-I salts 
whose A is 0.4 or larger (which includes most, if not all, 
actual I-I salts), the effect is pronounced for II-III salts 
in the range 0.6>A>0.4. This range probably in- 
cludes many real II-II salts; zinc sulfate has an A of 
about 0.5. This effect has been observed experimentally 
for zinc sulfate.* 

While the general behavior of Inf follows that of Inf’; 
for a numerical comparison with experiment the osmotic 


7 Gronwall, LaMer, and Sandved, Physik. Z. 29, 358 (1928). 
8 I. A. Cowperthwaite and V. K. LaMer, J. Am. Chem. Soc. 53, 


4333 (1931). 
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9 10°g9(¢) 10!°g10( ¢) 10g11( 9) 10'2g12( ¢) 1013g13( ¢) 1014g14( 9) 10%g15( 9) 101®g16(¢) 
0.01 0.001 110 0.001 027 0.000 868 0 0.000 684 1 0.000 502 0 0.000 344 2 0.000 221 4 0.000 134 0 
0.02 0.007 932 0.007 205 0.006 121 1 0.004 783 2 0.003 476 7 0.002 361 3 0.001 5040 0.000 901 5 
0.03 0.023 970 0.021 674 0.018 2440 0.014 112 2 0.010 160 8 0.006 835 2 0.004 311 8 0.002 559 3 
0.04 0.050 903 0.045 589 0.038 167 6 0.029 248 7 0.020 859 9 0.013 898 6 0.008 683 1 0.005 104 2 
0.05 0.089 108 0.079 285 0.065 807 9 0.049 959 6 0.035 293 5 0.023 290 5 0.014 410 6 0.008 388 9 
0.06 0.138 079 0.121 871 0.100 407 8 0.075 514 3 0.052 840 6 0.034 536 4 0.021 162 8 0.012 200 2 
0.07 0.196 719 0.172 100 0.140 813 2 0.104 910 5 0.072 713 6 0.047 069 9 0.028 564 7 0.016 307 6 
0.08 0.263 583 0.228 67 0.185 669 9 0.137 032 5 0.094 074 7 0.060 313 6 0.036 248 4 0.020 493 5 
0.09 0.337 012 0.289 85 0.233 564 2 0.170 760 7 0.116 1141 0.073 7289 0.043 882 8 0.024 568 8 
0.10 0.415 29 0.354 09 0.283 118 4 0.205 042 1 0.138 096 6 0.086 844 5 0.051 189 4 0.028 381 2 
0.12 0.579 79 0.485 75 0.382 233 5 0.271 626 4 0.179 466 6 0.110 700 0 0.063 993 4 0.034 793 6 
0.14 0.744 86 0.613 04 0.474 558 6 0.330 885 9 0.214 458 9 0.129 746 4 0.073 557 3 0.039 218 8 
0.16 0.900 63 0.728 10 0.554 210 5 0.379 129 2 0.241 040 8 0.143 027 2 0.079 520 7 0.041 576 2 
0.18 1.039 921 0.825 48 0.617 753 3 0.414 602 6 0.258 558 3 0.150 470 3 0.082 041 5 0.042 061 7 
0.20 1.158 021 0.902 59 0.663 960 8 0.437 3309 0.267 343 3 0.152 586 2 0.081 5849 0.041 015 3 
0.22 1.252 381 0.958 29 0.688 8149 0.447 273 6 0.268 351 6 0.153 242 4 0.078 757 5 0.038 824 1 
0.24 1.322 340 0.993 24 0.705 011 8 0.446 705 2 0.262 866 6 0.144 297 1 0.074 191 2 0.035 861 6 
0.26 1.368 389 1.008 880 0.703 295 4 0.437 120 2 0.252 282 4 0.135 810 5 0.068 472 6 0.032 453 0 
0.28 1.392 129 1.007 383 0.689 546 3 0.420 388 2 0.237 956 8 0.125 620 4 0.062 104 8 0.028 861 4 
0.30 1.395 710 0.991 171 0.666 088 0 0.398 317 9 0.221 120 3 0.114 471 8 0.055 398 1 0.025 286 1 
0.35 1.333 001 0.904 004 0.579 318 6 0.330 059 0 0.174 513 0 0.086 026 9 0.039 704 2 0.017 2220 
0.40 1.201 581 0.776 084 0.474 849 9 0.257 715 6 0.129 766 8 0.060 906 8 0.026 760 6 0.011 048 9 
0.45 1.036 440 0.637 464 0.372 125 1 0.192 365 3 0.092 234 1 0.041 2149 0.017 2379 0.006 774 2 
0.50 0.863 225 0.506 479 0.281 557 2 0.138 611 6 0.063 280 1 0.026 919 0 0.010 716 7 0.004 008 3 
0.55 0.699 228 0.391 061 0.207 096 6 0.097 090 4 0.042 200 1 0.017 088 6 0.006 475 3 0.002 305 0 
0.60 0.554 159 0.295 123 0.148 849 7 0.066 446 8 0.027 494 8 0.010 598 0 0.003 822 1 0.001 294 8 
0.65 0.430 754 0.218 451 0.104 943 4 0.044 603 6 0.017 569 5 0.006 445 9 0.002 2125 0.000 713.3 
0.70 0.329 541 0.159 212 0.072 792 4 0.029 455 1 0.011 044 3 0.003 856 6 0.001 259 8 0.000 386 5 
0.75 0.248 753 0.114 412 0.049 7922 (0.019 1809 0.006 845 6 0.002 275 1 0.000 707 2 0.000 206 5 
0.80 0.185 443 0.081 242 0.033 651 0 0.012 340 0 0.004 191 9 0.001 325 9 0.000 392 2 0.000 109 0 
0.85 0.136 865 0.057 091 0.022 504 2 0.007 855 4 0.002 539 8 0.000 764 5 0.000 215 2 0.000 056 9 
0.90 0.100 096 0.039 752 0.014 9109 0.004 954 2 0.001 524 5 0.000 436 7 0.000 117 0 0.000 029 4 
0.95 0.072 617 0.027 449 0.009 798 9 0.003 098 8 0.000 907 5 0.000 247 4 0.000 063 1 0.000 015 1 
1.00 0.052 303 0.018 824 0.006 392 4 0.001 924 1 0.000 536 2 0.000 139 1 0.000 033 7 
1.10 0.026 629 0.008 683 0.002 669 1 0.000 727 7 0.000 183 7 0.000 043 1 
1.20 0.013 272 0.003 917 0.001 090 6 0.000 269 3 0.000 061 5 0.000 013 1 
1.30 0.006 498 0.001 639 0.000 437 7 0.000 097 9 0.000 020 3 
1.40 0.003 134 0.000 760 0.000 371 1 0.000 035 0 
1.50 0.001 492 0.000 246 0.000 067 5 
1.60 0.000 702 














pressure correction cannot be neglected. The osmotic 
pressure correction is strongly dependent on V2° and 
hence varies from salt to salt, but its order of magnitude 
may be seen from Table IV, which gives examples of 
the computed osmotic pressure correction, Inf—In/f’, 
including the sign prefixed in Eq. (1). Two zinc sulfate 
entries are omitted because they are certainly invalid; 
the osmotic pressure as given by Eq. (6) is decreasing 
with increasing concentration at 0.3 molar and is nega- 
tive at 1.0 molar. 

When experimental values of Inf for ionic solutions 
of known molarities are available, then Eq. (1) may be 
directly compared with experimental data. In perhaps 
the majority of cases, however, the quantity determined 
experimentally is the stoichiometric mean ionic molal 
activity coefficient fm (hereafter called simply the 
molal activity coefficient), defined by the equation 


F.(m, P, T)=FP on(P, T)+vRT In(fmms.), (21) 


where F, is the partial molal free energy of the solute, 
F,°,, is the standard partial molal free energy on the 
molality scale, and m,, is given by the expression 


Ms = mi v."*y_?- }Y”, (22) 


where m is the molality of the solution, and », and v_ 
are the numbers of cations and anions produced in 
dissolving one molecule of salt. In these cases, the 
“experimental” value of Inf at the molarity c, with 
which Eq. (1) may be compared, may be obtained if 
both m and c for that solution can be found, by using 
the well-known equation 


In f=Infm+Ind,+In(m/c), (23) 


where d;, the density of water, is numerically 0.997079 
at 25°C and one atmosphere pressure. In finding both 
m and c for a solution, use may be made of empirical 
equations for m/c (or c/m) often found in the literature, 
or else a knowledge of the density of the solution or of 
the apparent molal volume of the solute suffices. 



















C. DETERMINATION OF THE PARAMETER A 


The present form of the summations in Eqs. (2), (4), 
and (6) contains only some of the terms arising from the 
basic theory. It is therefore to be expected that these 
equations will have a concentration limit of validity, 
above which the neglected terms will become prepon- 


® International Critical Tables (McGraw-Hill Book Company, 
Inc., New York, 1928), first edition, Vol. 3, p. 24. 
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TABLE III. The function 10“h,(¢). 











¢ 10°h2(¢) 10%h3( ¢) 104h4(¢) 105h5( ¢) 10*he6( ¢) 107h7(¢) 108hs(¢) 
0.01 0.000 047 —0.012 016 — 0.004 297 —0.003 292 —0.003 619 — 0.004 016 — 0.004 346 
0.02 0.000 386 — 0.046 142 — 0.023 946 —0.022 462 —0.025 435 —0.028 670 — 0.030 463 
0.03 0.001 285 —0.099 730 — 0.064 700 —0.065 720 —0.075 753 —0.085 417 — 0.090 192 
0.04 0.002 993 —0.170 295 —0.127 688 —0.136 463 —0.159 051 —0.165 925 —0.187 648 
0.05 0.005 752 —0.255 531 —0.212 078 —0.235 139 —0.275 895 —0.311 133 —0.321 808 
0.06 0.009 777 —0.353 321 —0.316 647 — 0.360 376 — 0.424 340 —0.475 462 —0.481 477 
0.07 0.015 269 — 0.461 728 — 0.439 246 —0.509 731 — 0.600 771 — 0.664 919 — 0.681 223 
0.08 0.022 419 — 0.578 960 —0.577 540 — 0.689 776 — 0.800 761 — 0.880 96 — 0.893 208 
0.09 0.031 401 —0.703 360 —0.729 057 — 0.867 201 — 1.019 225 — 1.115 67 — 1.117 013 
0.10 0.042 370 — 0.833 423 —0.891 335 — 1.068 082 — 1.251 025 — 1.357 203 — 1.345 560 
0.12 0.070 855 — 1.105 126 — 1.238 659 — 1.496 06 — 1.734 712 — 1.848 064 — 1.789 113 
0.14 0.108 892 — 1.384 609 — 1.601 664 — 1.936 38 — 2.212 805 — 2.312 327 — 2.187 645 
0.16 0.157 324 — 1.663 284 — 1.964 909 — 2.365 33 — 2.662 113 — 2.717 575 — 2.504 747 
0.18 0.216 832 — 1.935 330 — 2.315 592 — 2.764 325 — 3.053 410 — 3.042 148 — 2.726 042 
0.20 0.287 945 — 2.195 245 — 2.643 520 — 3.118 851 — 3.373 614 — 3.273 590 — 2.845 739 
0.22 0.371 060 — 2.439 018 — 2.940 944 — 3.422 155 — 3.613 810 — 3.408 199 — 2.866 440 
0.24 0.466 455 — 2.663 520 — 3.202 214 — 3.659 059 — 3.770 978 — 3.448 091 — 2.796 660 
0.26 0.574 302 — 2.866 412 — 3.423 656 — 3.836 090 — 3.846 098 — 3.400 057 — 2.648 677 
0.28 0.694 676 — 3.046 152 — 3.602 346 — 3.949 458 — 3.842 911 — 3.273 951 — 2.436 764 
0.30 0.827 579 — 3.201 72 — 3.739 925 — 4.004 262 — 3.768 441 — 3.084 117 — 2.175 791 
0.35 1.213 925 — 3.482 96 — 3.899 492 — 3.888 665 — 3.324 96 — 2.401 446 — 1.401 026 
0.40 1.674 965 — 3.614 34 — 3.822 335 — 3.488 97 — 2.628 56 — 1.548 440 — 0.826 962 
0.45 2.206 003 — 3.609 12 — 3.552 15 — 2.897 39 — 1.813 77 — 0.700 847 0.112 511 
0.50 2.801 129 — 3.486 41 — 3.138 84 — 2.198 37 — 0.988 71 0.053 849 0.664 402 
0.55 3.453 716 — 3.267 94 — 2.631 62 — 1.471 08 —0.229 278 0.663 810 1.043 462 
0.60 4.150 946 — 2.975 49 — 2.073 88 — 0.768 013 0.419 338 1.112 409 1.263 398 
0.65 4.903 159 — 2.629 71 — 1.502 14 —0.127 630 0.936 388 1.406 410 1.352 474 
0.70 5.686 031 — 2.250 20 — 0.944 82 0.425 879 1.319 287 1.566 274 1.343 515 
0.75 6.498 708 — 1.852 75 —0.421 811 0.882 710 1.577 126 1.617 642 1.267 649 
0.80 7.334 98 — 1.451 3 0.049 093 1.240 833 1.725 783 1.587 844 1.151 266 
0.85 8.188 98 — 1.058 0 0.462 974 1.504 677 1.784 379 1.501 382 1.014 933 
0.90 9.055 65 — 0.680 0 0.814 659 1.683 174 idi2ais 1.379 149 0.873 536 
0.95 9.930 15 —0.326 5 1.103 809 1.786 032 1.707 689 1.236 686 0.737 060 
1.00 10.808 29 0.000 2 1.332 592 1.829 290 1.606 518 1.089 924 0.611 575 
1.10 12.634 44 0.557 6 1.626 774 1.772 790 1.345 379 0.807 867 0.404 055 
1.20 14.292 40 0.983 7 1.740 779 1.597 430 1.065 561 0.569 375 0.255 424 
1.30 15.984 48 1.282 4 1.722 891 1.367 899 0.809 272 0.386 878 0.155 956 
1.40 17.627 69 1.469 4 1.617 250 1.127 258 0.594 769 0.255 162 0.092 566 
1.50 19.216 76 1.562 1 1.460 284 0.901 208 0.425 657 0.164 171 0.047 521 
1.60 20.750 03 1.581 1 1.279 603 0.703 093 0.297 980 0.103 491 0.030 510 
1.70 22.228 65 1.541 3 1.094 668 0.537 507 0.223 065 0.064 101 0.017 061 
1.80 23.655 80 1.462 0 0.927 348 0.403 995 0.138 546 0.039 107 0.009 392 
1.90 25.035 83 1.3579 0.757 398 0.299 166 0.092 437 0.023 549 
2.00 26.373 71 1.241 0 0.615 998 0.218 753 0.060 944 0.011 118 
2.50 32.618 63 0.648 5 0.187 313 0.040 770 0.006 616 
3.00 38.522 58 0.277 6 0.047 746 0.014 652 
3.50 44.408 22 0.104 7 0.013 187 
4.00 50.421 9 0.036 9 
4.50 56.461 9 0.012.0 
5.00 62.610 5 0.002 7 
5.50 68.805 9 
6.00 75.027 0 
6.50 81.262 7 
7.00 87.506 3 
7.50 


93.753 5 





derant; indeed, Eq. (6) yields a negative osmotic pres- 
sure for a one molar zinc sulfate solution. The quantity 
A, which is independent of concentration, must here be 
regarded as a parameter to be determined in some 
manner from experimental data, since there is no ade- 
quate theory from which a satisfactory value of A 
can be derived. At the same time, Eq. (1) can be made 
to reproduce any single activity coefficient datum, even 
at concentrations at which the present form of the 
equation is invalid, by suitably choosing the quantity A. 
The procedure followed has been to find, for a repre- 
sentative strong electrolyte of each ionic type here 
considered, the largest concentration Cmax at which an 








A can be found which, for all ¢< ¢max, yields values of 
Inf agreeing with the experimental data within experi- 
mental error. This ¢max is then approximately the cor- 
centration limit of validity for that ionic type, and the 
corresponding A is approximately the “best” A for that 
particular salt. This procedure is laborious, and hence 
the following practical method is presented. At a con- 
centration, fixed for each ionic type, not exceeding the 
concentration limit of validity for that ionic type 4s 
determined above, and at which experimental data are 
available for as many different salts as possible, Inf 
has been tabulated as a function of A (see appendix for 
details). These are Tables V-VIII, for I-I, II-I, II-Il; 
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¢ 10%h9(¢) 10!hi0( ¢) 10"hii(¢) 10!2h12(¢) 10'3h13(¢) 10%h14(¢) 10his(¢) 10'*hi6( ¢) 
0.01 —0.004322 —0.004036 —0.0033766 —0.0026543 —0.0019426 .—0.0013286 —0.0008523 -—0.0005144 
0.02 —0.029960 —0.026924 —0.0231567 —0.0179847 —0.0130028 —0.0087841 -—0.0055649 -—0,.003 3174 
0.03 —0.087931 —0.078941 —0.0669554 —0.0513685 —0.0366804 —0.0244701 -—0.0153068 —0.0090089 
0.04 —0.181271 —0.160334 —0.1358765 —0.1029555 —0.0725926 —0.0478112 -—0.0295227 —0.017 1500 
0.05 —0.307779 —0.270526 —0.2270372 —0.1698627 —0.1182331 -—0.0768588 —0.0468346 —0.026 8445 
0.06 —0.462245 —0.402026 —0.3353622 —0.2476871 —0.1701468 —0.1091350 —0.0656047 —0.037 088 6 
0.07 —0.637789 —0.547549 —0.4548266 —0.3315171 —0.2246849 —0.1421510 —0.0842658 —0.0469659 
0.08 —0.827002 —0.701 77 —0.579 2902 —0.4165788 —0.2784613 —0.1737031 —0.1014954 —0.055 7422 
0.09 —1.022310 —0.85658 —0.703 0281 —0.4986213 —0.3286029 —0.2020172 —0.1162895 —0.062 8962 
0.10 —1.21675 — 1.006 46 —0.8210433 —0.5741179 -—0.3728608 —0.2257958 -—0.1791629 —0.068 1148 
0.12 —1.579 60 —1.272 2 —1.0243858 —0.6953637 —0.4378984 —0.2568230 —0.1407855  —0.0723707 
0.14 —1.87771 — 1.468 6 —1.1674143 —0.7676554 —0.4675204 —0.2646826 —0.1397590 —0.069025 2 
0.16 —2.088491 —1.5837 —1.241 4315 -—0.7885888 —0.4627984 —0.2517279 —0.1272331 —0.059 8698 
0.18 —2.203132 —1.613 2 — 1.247 8617 —0.7628687 —0.4292067 —0.2226960 —0.1066539 —0.047 1091 
0.20 —2.222837 —1.5669 —1.1951294 —0.6997294 —0.3742807 —0.1831035 -0.0815849 —0.032 8123 
0.22 —2.155844 —1.4545 — 1.088 3274 —0.608 2921 —0.3059208 —0.1409830 —0.0551303 —0.018 6356 
0.24 —2.016051 —1.2927 —0.958 8160 —0.5003099 —0.2313226 —0.0923501 —0.0296765 —0.005 7379 
0.26 —1.817895 —1.095 25 —0.801 7567 —0.3846658 —0.1564151 —0.0488918 —0.006 8473 0.005 192 4 
0.28 —1.577715 —0.877246 —0.6343826 —0.2690484 —0.0856645 —0.0100496 0.012 4210 0.013 853 5 
0.30 —1.310463 —0.650720 —0.4662616 —0.1593272 —0.022 1120 0.022 894 4 0.027 699 1 0.020 228 9 
0.35 —0.605115 —0.120 33 — 0.086 897 8 0.066 011 8 0.095 982 2 0.077 424 2 0.049 630 2 0.027 555 2 
0.40 0.028 518 0.314 83 0.189 940 0 0.206 172 5 0.155 7201 0.097 450 9 0.053 521 2 0.026 517 3 
0.45 0.561 932 0.599 48 0.353 518 8 0.269 3114 0.170 633 1 0.094 794 3 0.047 404 1 0.021 677 4 
0.50 0.840 996 0.737 702 0.422 326 8 0.277 223 2 0.158 200 3 0.080 757 1 0.037 508 5 0.016 033 4 
0.55 1.014 125 0.773 696 0.424 548 0 0.252 4349 0.132 930 2 0.063 227 9 0.027 524 2 0.011 064 1 
0.60 1.061 565 0.737 391 0.387 009 2 0.212 6298 0.104 480 2 0.046 631 0 0.019 110 6 0.007 251 1 
0.65 1.027 061 0.659 972 0.330 571 6 0.169 493 9 0.078 184 2 0.032 874 3 0.012 7219 0.004 565 1 
0.70 0.939 464 0.562 683 0.269 332 0 0.129 602 6 0.056 326 0 0.022 368 2 0.008 188 6 0.002 782 8 
0.75 0.824 003 0.463 387 0.211 6169 0.095 904 5 0.039 362 5 0.014 788 1 0.005 127 6 0.001 651 8 
0.80 0.701 130 0.370 866 0.161 5250 0.069 103 9 0.026 828 0 0.009 546 1 0.003 137 8 0.000 958 9 
0.85 0.580 905 0.289 948 0.120 397 2 0.048 703 2 0.017 905 3 0.006 039 4 0.001 883 1 0.000 546 2 
0.90 0.471 162 0.222 285 0.087 974 1 0.033 688 6 0.011 738 3 0.003 755 5 0.001 1113 0.000 306 0 
0.95 0.375 344 0.167 640 0.063 202 6 0.022 931 3 0.007 577 5 0.002 300 6 0.000 646 4 0.000 169 0 
1.00 0.294 463 0.124 538 0.044 7469 0.015 392 5 0.004 826 1 0.001 391 0 0.000 371 1 
1.10 0.174 417 0.066 320 0.021 619 4 0.006 694 6 0.001 891 7 0.000 491 8 
1.20 0.099 738 0.033 975 0.010 033 9 0.002 800 7 0.000 7140 0.000 167 5 
1.30 0.054 499 0.017 822 0.004 508 7 0.001 135 4 0.000 261 3 
1.40 0.029 165 0.008 119 0.001 972 8 0.000 448 5 
1.50 0.015 261 0.004 653 0.000 844 2 
1.60 0.007 838 








and III-I salts at concentrations (hereafter called 
standard concentrations, c,) of 0.1, 0.05, 0.01, and 0.01 
moles per liter, respectively. A single experimental ac- 
tivity coefficient datum, at or about c,, together with 
these tables suffice to determine A for any particular 
salt as explained below. 

If the molar activity coefficient is known at the 
standard molarity for its ionic type the following pro- 
cedure is used. An approximate osmotic pressure cor- 
rection is first computed using only the first (Debye) 
terms of Posm and {Inf’p}x, i.e., Eqs. (20) and (19), 
which do not involve A. This approximate osmotic 
pressure correction together with the experimental value 
in Inf substituted into Eq. (1) yields a first approxima- 
tion for the value of Inf’, from which a first approxima- 
tion for A may be found by using the appropriate table 
from Tables V-VIII. Using this first value of A, a 
more exact value of the osmotic pressure correction is 
then obtained. Because the osmotic pressure correction 
is rather small at the standard concentrations, a suffi- 
ciently exact value results from using the Debye term 
and the terms n=0 and w=2 in Eqs. (4) and (6). These 
first three terms in the equations for {Inf’}x and Posm 


are then conveniently grouped and written as follows: 
{In f’} x(D-u= 2) 
= —In/f’ p.0.93750+ e"(0.56250 





—0.8750¢+0.250¢2)]; (24) 
Posm(D—u= 2) 
Ag’ 
= pkT} 1+——+In f’ p[(0.208333 
6n» 
+ e2¢(0.1250—0.250¢)]}. (25) 


This more exact osmotic pressure correction is then 
combined with the experimental value of Inf to give a 
second approximation for Inf’. Linear interpolation of 
the appropriate table (from Tables V-VIII) yields a 
second approximation for A which is entirely satis- 
factory. A repetition of the procedure, even using the 
complete expressions for Posm and {Inf’}x does not 
appreciably change the second approximation for A. 
Often the experimental datum from which A is to be 
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Fic. 1. The function Inf’ for I-I salts in aqueous solution at 25°C. 


determined is not a value of Inf for the salt in solution 
at the standard molarity cs, but instead is the value of 
Infm at a molality m numerically equal to cs. In this 
case Tables V-VIII may still be used if the molarity 
of the solution can be determined. In Eq. (23) the 
quantity Inf(c), where c is the molarity of the solution 
whose molality is numerically c,,.may be replaced by 
the first two terms of its Taylor’s series expansion 
about cs, resulting in the equation 


In f(cs) = In fn+Ind,+In(c,/c)+ {Inf} .(cs—c)/cs. (26) 


The symbol {Inf}, denotes the partial derivative of 
Inf with respect to the logarithm of c, and is to be evalu- 
ated here at c=c,. The quantity {Inf}, may be found 
by differentiating Eq. (1), but the terms arising from 
the osmotic pressure correction are small at any of the 
standard concentrations, and the following approxima- 
tion is sufficiently accurate for the purpose for which it 
is to be used: 


{Inf} <~{In f’}.. 


An analytic form for {Inf’}, is available as the sum of 


| A=10 


(27) 





°o @ @ @ Ow GO 


(moles /liter)”2 


o6 OF O8 ag 10 


Fic. 2. The function Inf’ for II-I salts in aqueous solution at 25°C. 
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POIRIER 


Eqs. (64) and (82) of the preceding paper: 
4 (—)*n,? 





{Inf’}.=4 Inf’>—— ¥ 


2n» uz0 A# 
X26, (¢)—gul¢)+Ay(¢) J. (28) 
Making the additional excellent approximation, 
In(c,/c) = —In(c/c,)~(cs—c)/Cs, (29) 
Eqs. (26), (27), and (29) may be substituted into 
Eq. (1) at c, to yield the equation, 
In f’= In fn +Indi+[1+ {Inf}. ](cs—c)/Cs 
+ Posml V2°/yRT+ {In f’} x(InK) p— Bi]. (30) 


Equation (30) may then be used in finding A as Eq. (1) 
was used in the preceding paragraph ; the last two terms 
of (30) being first approximated by the Debye terms to 
yield a first approximation for Inf’ and, through Tables 
V-VIII, for A. The quantity used in this step for 
{In f’}. is {Inf’p}., given by the equation 


{Inf’p}-=2 Inf’p. (31) 


Using the approximate A, a more exact value of the last 
two terms is computed, using in addition to (24) and 




















Moles /liter NaCl CaCle ZnSO.4 
0.01 —14xX10"* =-—1.5X10* 4xX10°° —1.5x10° 
0.30 —44x10% —5.4x10"3 wa —4.7X10% 
1.00 —1.7X107 —3.1X10° 


—2.7X10? 








(25) the following form for {Inf’}., which is the sum 
of the Debye term and the terms u=0 and p=2 in 
Eq. (28): 


{In f’}.(D—>p=2)= Inf’ p[0.31250-+e2#(0.18750 
—0.6250¢+0.250¢") J+A ¢?/3n2. (32) 


This more exact value of the last two terms of (30) 
leads to a more accurate Inf’ and, by interpolation in 
Tables V-VIII, to a value of A not further improved 
by a repetition of the process. 

The “best” value of A may also be determined from 
an experimental value of Inf for a salt in solution ata 
known molarity ¢ which is only approximately equal to 
cs. Here Inf (c) is replaced by the first two terms of the 
Taylor’s series expansion about c;, and approximation 
(27) is made. Combining these steps with Eq. (1), the 
resulting final equation, 


In f’=Inf(c)+ {Inf’} -(cs—c)/Cs 
+ PosmLV2°/yRT+ {In f’} x(InK) p— 1], (33) 


can be used as before to give A on the second approxi 
mation. 

Finally if the datum used to determine A is a value 
of Infm for the salt in a solution of molality m only ap- 
proximately numerically equal to c,, the following 








em 


coe 
fro 
dey 
the 
tiv 
the 
rec 
fur 
for 
me 





(28) 


(29) 


1 into 


(30) 


oq. (1) 
. terms 
rms to 
Tables 
ep for 


(31) 


he last 
+) and 


(32) 
f (30) 


‘ion in 
yroved 


1 from 
n ata 
jual to 
of the 
nation 
|), the 


(33) 
proxi- 
value 


ly ap- 
lowing 





THERMODYNAMICS OF 


method is satisfactory if the molarity c of the solution 
can be found. Combining Eq. (23), the expansion of 
Inf(c) in a Taylor’s series about cs, the approximation 
(27), the approximation of Eq. (29) with m replacing 
c,, and Eq. (1), the following equation is obtained: 


Inf’=Infm+Ind,+ (m—c)/m-+ {In f’} (Cs—c)/Cs 
+ PosmLV2°/RT+ {In f’} x(InK) p— Bi]. (34) 


Following the method of the above three paragraphs, 
the “best” value of A is obtained on the second ap- 
proximation. 


D. NUMERICAL COMPARISON 


The preceding sections have outlined the computa- 
tional method and the method of determining the 
parameter A, proportional to the distance of closest 
inter-ionic approach. In this section the numerical 
results of the theory will be compared with data, each 
ionic type being considered consecutively. The com- 
parison is not intended to be exhaustive, but rather to 
indicate the generally good agreement for the salts here 
considered, and the desirability of further work with 
this theory. 

The data used here are obtained primarily from 
emf measurements. T. F. Young has pointed out to the 
author that the “experimental” value of an activity 
coefficient obtained by this method, and especially 
from emf measurements on cells with transference, 
depends somewhat on the theory used in interpreting 
the raw data. The “experimental” values of the ac- 
tivity coefficients thus might differ significantly from 
the previously published ones used here if they were 
recalculated using this theory and the values of the 
fundamental constants used here. Perhaps this accounts 
for a part of the discrepancy here attributed to experi- 
mental error. 


I. I-I Electrolytes 


The salt chosen as representative of this type was 
sodium chloride. For sodium chloride V2° was taken to 
be 16.62 cm* mole~'.!° The experimental datum, 
Jn=0.778 at 0.1 molal (reference 6, p. 562) and an 
empirical equation for c/m (reference 6, p. 556) in 
conjunction with the procedure outlined in the third 
paragraph of section C and Table V yielded a best value 
of A of 0.5464;. Using this value of A, the concentration 
limit of validity of Eq. (1) for this salt was established 
as being about 0.4 molar, at which concentration the 
activity coefficient as given by Eq. (1) differed by about 
1.5 percent from the experimental value. The standard 
concentration for I-I salts was chosen to be 0.1 molar. 
Table IX compares experimental values of Inf with 
theoretical values computed from Eq. (1). The agree- 
ment is quite good. The entry in the fourth column of 
Table IX, multiplied by 100, is very nearly the percent 
error in f. The small percent error in the very dilute 


H. E. Wirth, J. Am. Chem. Soc. 62, 1128 (1940). 
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Fic. 3. The function Inf’ for II-II salts in aqueous solution at 25°C. 


solutions are probably the result of experimental error. 
In the most concentrated solutions considered in Table 
IX, the percent error in f (100 times the fourth column 
entry) is increasing, and probably reflects the beginning 
of a failure of the theoretical equation. In the case of 
sodium chloride, the approximations represented by 
Eqs. (24), (25), (27), and (32) involved in the determi- 
nation of A are sufficiently accurate to determine In/’ 
and the theoretical Inf to five decimal places. 


II. II-I Electrolytes 


The salt chosen as representative of this type was 
calcium chloride. For calcium chloride V2° was taken to 
be 18.25 cm*® mole“, (reference 6, p. 253). The experi- 
mental datum, f= 0.5834 at 0.050000 molar" and Table 
VI were used in the procedure in the second paragraph 
of section C to determine the best value of A of 0.7958». 
Using this value of A, the concentration limit of validity 
of Eq. (1) was established as being between 0.05 and 0.1 
molar; at 0.096540 molar ftheor differed by 3.7 percent 
from the experimental value. The standard concentra- 
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11 T, Shedlovsky and D. A. MacInnes, J. Am. Chem. Soc. 59, 
505 (1937). 









































982 JACQUES C. POIRIER 
TaBLeE V. The function Inf’ for I-I salts at 0.1 molar as a function of A. 

A Inf’ A Inf’ A Inf’ A Inf’ A Inf’ A Inf’ r 
0.30 —0.312 51 0.47 — 0.268 03 0.76 —0.179 61 1.10 —0.000 22 1.44 0.310 73 1.78 0.800 55 - 
0.31 —0.309 51 0.48 — 0.265 49 0.78 —0.171 81 1.12 0.013 95 1.46 0.334 14 1.80 0.835 90 0.4 
0.32 — 0.306 61 0.49 — 0.262 95 0.80 — 0.163 71 1.14 0.028 59 1.48 0.357 82 1.82 0.872 08 0.4 
0.33 — 0.303 80 0.82 —0.155 31 1.16 0.033 71 1.50 0.382 86 1.84 0.908 98 0.4 
0.34 —0.301 05 0.50 — 0.260 38 0.84 — 0.146 60 1.18 0.059 31 1.52 0.408 19 1.86 0.946 72 0.4 
0.35 — 0.298 39 0.52 —0.255 17 0.86 — 0.137 57 1.20 0.075 41 1.54 0.434 17 1.88 0.985 28 0.4 
037 029314 056 024442 090 —O11830 124 0.10912 138 048815192 Lostes |! 
0.3 —0.293 14 56 —0. d —0. ‘ ; : y 5 ‘ 1.064 86 5 
0.38 —0.290 58 0.58 — 0.238 83 0.92 —0.108 44 1.26 0.126 77 1.60 0.516 16 1.94 1.105 90 a 
0.39 — 0.288 04 0.60 — 0.233 08 0.94 — 0.098 01 1.28 0.145 10 1.62 0.544 86 1.96 1.147 79 0.5 
0.40 —0.285 52 0.62 —0.227 15 0.96 —0.087 21 1.30 0.163 68 1.64 0.574 27 1.98 1.190 54 0.5 
0.41 — 0.283 03 0.64 —0.221 04 0.98 — 0.076 02 1.32 0.182 96 1.66 0.604 38 2.00 1.234 16 0.5 
0.42 — 0.280 54 0.66 —0.214 72 1.00 — 0.064 44 1.34 0.202 79 1.68 0.635 22 0.5 
0.43 —0.278 15 0.68 —0.208 18 1.02 —0.052 45 1.36 0.223 18 1.70 0.666 79 0.5, 
0.44 —0.275 65 0.70 —0.201 41 1.04 — 0.040 04 1.38 0.244 17 Laz 0.699 10 0.5: 
0.45 —0.273 05 0.72 —0.194 40 1.06 —0.027 21 1.40 0.265 75 1.74 0.732 16 
0.46 —0.270 55 0.74 —0.187 14 1.08 —0.013 94 1.42 0.287 94 1.76 0.765 97 — 

TaBLE VI. The function Inf’ for II-I salts at 0.05 molar as a function of A. Py 

A Inf’ A Inf’ A Inf’ A Inf’ A Inf’ A Inf’ 

04 
0.45 — 0.671 35 0.62 —0.601 90 0.92 — 0.488 12 1.22 — 0.327 55 1.52  —0.086 73 1.82 0.262 14 0.84 
0.46 — 0.666 38 0.64 —0.594 72 0.94 — 0.478 98 1.24 — 0.314 33 1.54 —0.067 12 1.84 0.289 85 0.8¢ 
0.47 — 0.661 59 0.66 — 0.587 58 0.96 — 0.469 96 1.26 —0.300 74 1.56 —0.047 08 1.86 0.318 17 0.88 
0.48 — 0.656 95 0.68 — 0.580 45 0.98 — 0.460 71 1.28 — 0.286 80 1.58  —0.026 42 1.88 0.347 09 
0.49 —0.652 47 0.70 —0.573 29 1.00 — 0.451 20 1.30 —0.272 42 1.60 —0.005 32 1.90 0.376 62 0.9 
0.50 —0.648 11 0.72 — 0.566 10 1.02 — 0.441 44 1.32 — 0.257 67 1.62 0.016 29 1.92 0.406 78 0.94 
0.51 — 0.643 88 0.74 — 0.558 84 1.04 — 0.431 42 1.34 — 0.242 52 1.64 0.038 42 1.94 0.437 55 0.98 
0.52 — 0.639 74 0.76 —0.551 49 1.06 —0.421 10 1.36 — 0.226 95 1.66 0.061 08 1.96 0.468 96 —_ 
0.53 — 0.635 70 0.78 — 0.554 05 1.08 — 0.410 51 1.38 —0.210 97 1.68 0.084 26 1.98 0.501 02 
0.54 —0.631 74 0.80 — 0.536 49 1.10 — 0.399 63 1.40 — 0.194 57 1.70 0.107 99 2.00 0.533 72 + 
0.55 —0.627 85 0.82 —0.528 79 a are = ae a A "4 er -d as 
0.84 —0.520 94 L. —0. : —0. : , chi 
0.56 —0.624 02 0.86 —0.512 92 1.16 — 0.365 09 1.46 —0.142 71 1.76 0.182 50 less 
0.58 —0.616 50 0.88 —0.504 75 1.18 — 0.352 92 1.48 —0.124 52 1.78 0.208 47 A 
0.60 —0.609 14 0.90 — 0.496 36 1.20 —0.340 41 1.50 —0.105 86 1.80 0.235 01 pou 
wins dev 
as § 
tion for II-I salts was chosen to be 0.05 molar. Table into the equation, que 
X compares experimental values of Inf with theoretical d= (1000-+Mm)/(1002.94-+ mdy) (35) in 1 
values computed from Eq. (1). The agreement is fairly , : wot 
good, though the fourth column seems to indicate that where M is the molecular weight of zinc sulfate and $y fror 
in the region of concentration studied the curve In ftheor the apparent molal volume, yielding a series of values ther 
vs chas a smaller (positive) curvature than the corre- Of ¢v at various molalities. These values of dy were law 
sponding experimental curve. Again the small errorsat then plotted against the square root of molality and ee Tang 
very low concentrations are probably experimental pen gr to er ye ies, : ot 
errors. For calcium chloride, in determining the best > A om ss java © “—— 
A, the use of approximations (24) and (25) in the osmotic molal (reference 8), together with an empirically ob- intr 
. tg : ‘ tained value of c/m (see Table XI, note a) were used in plac 
pressure correction introduces an error only in the sixth : “oC with 
il ad Si : Id h the procedure of the third paragraph of Section C wit 
decimal place. Since an experimental datum at the Table IV to give a best A of 0.5245». Using this value of 
standard molarity was available, approximations (27) A, the concentration limit of validity of Eq.(1) was es T 
and (32) were not used ; but had a datum at 0.05 molal tablished as being about 0.01 molar; at the next largest lant 
been used, these approximations would have again concentration at which fm is experimentally known the chlo 
introduced an error only in the sixth decimal place. theoretical value of f differed by about 5.6 percent from p. 2 
III. II-II Electrolytes the experimental value. The standard concentration for tern 
‘ —_ II-II salts was chosen to be 0.01 molar. Table XI com- Sinc 
The salt chosen as representative of this ionic type pares experimental values of Inf with theoretical values fron 
was zinc sulfate. The value of V2° used, —7.9cm* mole, computed from Eq. (1). The agreement does not appear for 
was obtained as follows. Values of the density at 25°C as good as for I-I salts. The percent error in f (100 times Sect 
serie 


of solutions of known weight percent (and hence molali- 
ties) taken from reference 9, p. 65, were substituted 


the fourth column entry) is rather constant at about 
2 percent for concentrations less than 0.01 molal. This 
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TABLE VII. The function Inf’ for [I-II salts at 0.01 molar as a function of A. 


























A Inf’ A Inf’ A Inf’ A Inf’ A Inf’ A Inf’ 
0.470 —1.0902 0540 -0.9238 066  —0.8006 0.80 —0.73124 0.96 —0.68279 140  —0.590 33 
0475 —1.0735 0.545 —0.9160 0.67 —0.794 1 0.81 —0.72760 0.98 —0.67776 1.45 — 0.580 55 
0.480 —1.0577 0.68 —0.787 9 0.82 —0.724 07 1.00 —0.672 88 1.50  —0.57010 
0485 —1.0428 0.55 —0.9086 0.69 —0.782 0 0.83 — 0.720 65 1.02 —0.67050 ~=1.55 —0.560 73 
0.490 —1.0288 0.56 —0.8946 0.70 -—0.7763 0.84 —0.717 33 1.04 — 0.668 15 1.60 —0.550 59 
0495 —1.0155 0.57 —0.8816 0.71 —0.7709 0.85 —0.714 10 1.06 —0.665 82 1.65 — 0.540 24 
0.500 —1.0029 0.58 —0.8698 0.72 —0.765 8 0.86 —0.71092 1.08 — 0.654 60 1.70 —0.529 66 
0.505 —0.9911 0.59 —0.8589 0.73 —0.760 8 0.87 —0.707 82 1.75 —0.518 80 
0.510 —0.9799 0.60 —0.8489 0.74 —0.7561 0.88 — 0.704 78 110 —0.65026 1.80  —0.507 66 
0.515 —0.9693 0.61 —0.8395 0.75 —0.75154 0.89 —0.701 83 1.15 — 0.639 74 1.85 — 0.496 20 
0.520 —0.9592 0.62 —0.8308 0.76 —0.747 16 1.20 —0.629 54 190 —0.484 38 
0.525 —0.9497 0.63 —0.8225 0.77 —0.74296 0.90 — 0.698 94 1.25 — 0.618 86 1.95 —0.472 19 
0.530 —0.9407 0.64 —0.8145 0.78 —0.73892 0.92 — 0.693 34 130  —0.60977 2.00 — 0.459 61 
0.535 —0.9320 0.65 —0.8074 0.79 —0.73501 0.94 —0.687 97 1.35 —0.600 03 

TaBLeE VIII. The function Inf’ for III-I salts at 0.01 molar as a function of A. 

A Inf’ A Inf’ A Inf’ A Inf’ A Inf’ A Inf’ 
0.80 —0.599 40 1.02 —0.552 52 1.54 —0.425 27 1.72 — 0.366 34 1.90 —0.29671 
0.82 —0.594 83 1.06 —0.54415 1.38 —0.47006 1.56 —0.41920 1.74 — 0.359 16 1.92 — 0.288 24 
0.84 —0.590 37 110 —0.535 67 140 —0.464 81 1.58 — 0.413 02 1.76 —0.351 85 1.94 —0.279 61 
0.86 —0.58600 1.14 —0.527 03 1.42 —0.45946 = 1.60 — 0.406 72 1.78 — 0.344 40 1.96 —0.270 83 
0.88 —0.58171 1.18 —0.51819 1.44 — 0.454 01 1.62 — 0.400 30 1.80 — 0.336 81 1.98 —0.261 89 

1.22 —0.50914 146 —0.448 47 1.64 —0.393 76 1.82 —0.32908 2.00 —0.25279 
0.99 —0.577 47 1.26 — 0.499 82 148 —0.442 83 1.66 —0.387 10 1.84 —0.321 21 
0.94 —0.569 11 1.30 —0.490 22 1.50 — 0.437 08 1.68 — 0.380 31 1.86 — 0.313 19 
0.98 —0.560 82 1.34 — 0.480 31 1.52 —0.431 23 1.70 —0.373 39 1.88 —0.305 02 








is large compared to the same quantity for sodium 
chloride, but a 2 percent experimental error is perhaps 
less improbable in the case of zinc sulfate. It should be 
pointed out that in portions of the region where Inf 
deviates negatively from the limiting law, Inf is nearly 
as sensitive to A as it is at about 0.01 molar. Conse- 
quently a relatively small change of about 3 percent 
in the numerical value of Inf used in determining A 
would essentially eliminate the error in the deviation 
from the limiting law at the low concentrations. The 
theoretical values of the deviation from the limiting 
law are negative in the region within the concentration 
range of validity of Eq. (1). Throughout the concentra- 
tion range studied, the osmotic pressure correction is 
negligible. The use of approximations (27) and (32) 
introduces an error of one digit in the fourth decimal 
place of Inf’, which is sufficient accuracy in this case. 


IV. III-I Electrolytes 


The salt chosen as representative of this type was 
lanthanum chloride. The value of V2° for lanthanum 
chloride was taken to be 16.02 cm* mole™ (reference 6, 
p. 253). The experimental datum used for the de- 
termination of A was f=0.5495 at 0.010936 molar.” 
Since this concentration differs by about ten percent 
from 0.01 molar, chosen as the standard concentration 
for this ionic type, the procedure of paragraph 4, 
Section C, which retains only two terms of the Taylor’s 
series expansion of Inf, cannot be used. The method 





" T. Shedlovsky, J. Am. Chem. Soc. 72, 3680 (1950). 


adopted was to calculate Inf’ and the osmotic pressure 
correction for a molarity of 0.010936 and four different 
values of A, covering the expected value of A for lan- 
thanum chloride, and so chosen that the corresponding 
values of g given by Eq. (16) are successive round values 
listed as arguments in Tables I-III. In computing the 
osmotic pressure corrections, approximations (24) and 
(25) were adequate. From the four computed values of 
Inf, Lagrangian interpolation yielded the value 0.8957, 
as the “best”? A for lanthanum chloride. Using this 
value of A, the concentration limit of validity of Eq. (1) 
was found to be about 0.017 molar, at which concentra- 
tion the theoretical value of f differed by 1.8 percent 
from the experimental value. The standard concentra- 
tion for III-I salts, at which Table VIII is computed, 
was chosen to be 0.01 molar. Table XII compares ex- 
perimental values of Inf with theoretical values com- 
puted from Eq. (1). The agreement is rather good. 
Again it is felt that the rapidly increasing percent error 
in f (100 times the fourth column entry) at the two 
largest concentrations shows the beginning of a failure 
of the theoretical expression (1). 


E. THE DISTANCE OF CLOSEST APPROACH 


The effective distance of closest inter-ionic approach, 
a, is readily obtained from the parameter A by using 
Eq. (17). Table XIII compares the values in angstrom 
units obtained in this manner (first column) with other 
values derived from activity coefficient and crystal- 
lographic data. The second column gives the value 
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obtained for a if the particular experimental data used 
in this paper for the determination of A are used to 
determine a in the Debye-Hiickel formula: 


Ge? (d—0.001 Mc+0.018vc) 


log f=———-+ log-—--- — —--—--—_ 
1+ Bac} d, 





where G is numerically given by the expression, 


G=0.50891(v/2)!nz}, (37) 
while B is given by the expression, 
B=0.32858(v/2))n2!. (38) 


The third column lists for three salts the value of a 
obtained from several equations reproducing experi- 
mental data containing, in addition to the terms of 
Eq. (36), terms in ¢ or c loge. For zinc sulfate column 
three lists the value of a obtained using the extended 
Debye-Hiickel theory of Gronwall, LaMer, and Sand- 
ved (reference 7). The fourth column gives the crystal- 
lographic distance of closest approach. The values in 
the second column are, of course, unreasonable. The 
agreement between the a’s obtained from this theory 
and those listed in column three is rather good, though 
clearly no exact agreement is expected because of the 
difference in form of the equations. Undoubtedly it is a 
result of the fact that ions are hydrated in solution that 
these a’s are considerably larger than the sum of the 
crystal radii. 


TABLE IX. The quantity Inf for NaCl in aqueous solution at 25°C. 














Molarity In fexptl. In ftheoret. In fexptl. —In ftheoret. 
0.004984, —0.0744# — 0.0754 0.0010 
0.009967 9* —0.1016* —0.1025 0.0009 
0.019934, — 0.13634 — 0.1372 0.0009 
0.03985; —0.1798* — 0.1801 0.0003 
0.059762" —0.2084# — 0.2089 0.0005 
0.07965;* — 0.23078 — 0.2310 0.0003 
0.09952,» —0.249¢ —0.249 0.000 
0.1986, —0.306° — 0.309 0.003 
0.2974,» —0.337°¢ — 0.347 0.010 
0.39599» —0.3594 — 0.374 0.015 





® A. S. Brown and D. A. MacInnes, J. Am. Chem. Soc. 57, 1356 (1935). 
b’ Calculated from round molalities and an empirical equation for c/m 
(reference 6, p. 556). 

¢ Calculated from values of fm (reference 6, p. 562) and an empirical 
equation for c/m (reference 6, p. 556). 

4 Calculated from fm given by R. A. Robinson and R. H. Stokes, Trans. 
venatey Soc. 45, 612 (1949), and an empirical equation for c/m (reference 6, 
p. 556). 





TABLE X. The quantity Inf for CaCl. in aqueous solution at 25°C, 





Molarity® In fexptl.* Inftheoret. In Sexptl. —Infthecret 
0.0060915 —0.2555 —(.2491 — 0.0064 
0.0095837 — 0.3064 — 0.2970 — 0.0094 
0.024167 — 0.4286 —0.4174 —0.0112 
0.037526 — 0.4948 — 0.4875 — 0.0073 
0.050000 — 0.5389 — 0.5389 0.0000 
0.096540 — 0.6396 — 0.6765 0.0369 








“ Reference 11. 
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MATHEMATICAL APPENDIX 


The tabulated values of 6,(¢), gu(y), and h,(¢), 
Tables I-III respectively, were obtained as follows, 
The function f,(¢), defined by the equation, 


ge plu 
ihebee f e-veuy?-ndy, (39) 
ule; 


and g,(¢) were the basic quantities computed. It is ap- 
parent from Eqs. (13) and (14) that b,(¢) may be ob- 
tained as the difference, 


bu(e)= fule)—gul¢), (40) 


while ,(¢) was readily computed from Eq. (15) using 
computed values of g,(¢). The method of computation 
of f,(¢) and g,(y) was the following. The functions 
fo(v), fe(¢), and g;(¢) are immediately integrable, 
while go(¢) is easily integrated by parts, the integrand 


TABLE XI. The quantity Inf for ZnSO, in aqueous solution at 25°C. 














Molarity* In fexptl. Inftheoret. Infexpt!. —1n ftheoret 
0.0004985 — 0.248,» — 0.263; 0.015 
0.000997 ; — 0.357» — 0.376 0.019 
0.001994, — 0.498» —0.522 0.024 
0.004985 — 0.740» — 0.756 0.016 
0.00997, — 0.949» — 0.950 0.001 
0.01994, —1.211¢ — 1.155 — 0.056 
0.04986 — 1.600° — 1.508 — 0.092 








8 Reference 9, p. 65 gives the density of zinc sulfate solutions at 25°C. 
for round weight percent solutions, for which the molality is readily com- 
puted. The data at the two lowest concentrations were used to determine 
the constants in the empirical equation: d =0.99707 +0.169m —0.01 smi, 
from which the density of solutions as round molalities was found. From the 
molality and the density the molarity is easily obtained using the equation: 
c/m =1000d /(1000 +Mm). 

b Calculated from values of fm (reference 8) and values of c/m calculated 
as in note a above. 

¢ Calculated from the values of fm given by U. B. Bray, J. Am. Chem. Soc. 
49, 2372 (1927) (recalculated in reference 6, p. 426 to conform with the 
data in reference 8) and values of c/m calculated as in note a above. 


being grouped as y(e*¥dy). The functions f3;(¢) and 
ga(y), apart from the factors outside the integral, are 
simply the exponential integral, —EHi(—3qg) and 
— Ei(—4¢), where the exponential integral function is 
defined as follows: 


— Ei(—y)= f e'tdt= f e-vt-idt, (41) 
y 1 


and numerical values of which are available.” For 
values of the index » exceeding three, the functions 
fu(g) and g,(v) may be converted to a form suitable 
for computation by repeated integration by parts until 
the exponent of y in the integrand has been raised to 
minus one, i.e., until the exponential integral function 
is left. This procedure leads to the following formulas 


‘8 Mathematical Tables Project, Tables of Sine, Cosine, and 
Exponential Integrals (Federal Works Agency, Work Projects 
Administration for the City of New York, 1940). 
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used for computation: 








es 1 ue 
fh.(¢)= “ om - . - 
p! u—3 (u—3)(u—4) 
a | Tilt a 
(u—3)! (u—3)! 
(¢) ¢* | 1 ue 
.(¢) =———— fe #4], —___—_—_——- 
oe a Taek igo dane 
(—ug)**] ( ie 
a Bi(—we)]}. 9) 
(u—4)! (u—4)! 


These computations become more tedious with in- 
creasing values of the index yw. For n> 10, the following 
approximation was used: Regrouping the exponential 


TABLE XII. The quantity Inf for LaCl; in aqueous solution at 25°C. 














Molarity* In fexptl In ftheoret In foxptl. —In ftheoret. 
0.0006070 — 0.1926 —0.1835 — 0.0091 
0.0016628 — 0.2929 — 0.2836 — 0.0093 
0.0032179 — 0.3823 — 0.3719 — 0.0104 
0.004885 — 0.4485 — 0.4385 — 0.0100 
0.010936 — 0.5987 — 0.5987 0.0000 
0.017188 — 0.6949 — 0.7129 0.0180 
0.033333 — 0.8465 — 0.9249; 0.0784; 





® Reference 12. 


function in the integrand of f,(¢) and g,(¢), 

e eeu = eh (e-#Y) yl (44) 
and approximating y—1 by Iny, f,.(¢) and g,(¢) take the 
following form: 


9 nD 


ge 
—e HP y Meth tady, 
u! 1 


3 


f.le)= (45) 


anise 
4(u—1)! 


which may be immediately integrated to give the fol- 
lowing approximate expressions for f,(¢) and g,(¢): 


Sule)= ¢e**/u![u(e+1)—3], (47) 
ule) = ge*"/4(u—1) [u(g+1)—4]. (48) 
Equations (47) and (48) were used for computing /,(¢) 


gue) = ial ] gy Meriidy, (46) 
1 


IONIC SOLUTIONS. II ~ 985 


TABLE XIII. The effective distance of closest inter-ionic approach, 
a, for four strong electrolytes in aqueous solution at 25°C. 











This Debye- Modified 

Salt theory Hiickel Debye-Hiickel Xtal. 
NaCl 3.90A 6.89A 4.0A* 2. 78, Ad 
0.1 molal 
CaCl. 5.68A 5.41A 5.0A* 2.84A4 
0.05 molal 
ZnSO, 3.74A 0.37A°¢ 3.64A> 2.62A® 
0.01 molal 
LaCl; 6.39A 6.01A 6.8A* 3.00A> 
0.010936 
molar 








® Reference 12. 

b Reference 8. 

¢ The value, —0.31A, given in Table VI of reference 8 appears to have 
been obtained using the Debye-Hiickel approximation for the stoichiometric 
mean ionic rational activity coefficient, given by the first term only of 
Eq. (36), and experimental values of the molal activity coefficient. The 
procedure used in this paper to determine the Debye-Hiickel a does lead to 
negative values of a for zinc sulfate at concentrations less than 0.01 molal. 

d These are averages of the values given by L. Pauling, The Nature of the 
Chemical Bond (Cornell University Press, Ithaca, New York, 1939), ch. X, 
and V. M. Goldschmidt, Trans. Faraday Soc. 25, 253 (1929). 

e Calculated assuming tetrahedrz o structure of the sulfate ion with O—O 
contact; O—O distance =2.45A, S—O distance=1.50A, [O. K. Rice, 
Electronic Structure and Chemical Binding (McGraw-Hill Book Company, 
Inc., New York, 1940), p. 308], and the average of Pauling’s and Gold- 
sc hmidt’ s radii for zinc ion (see note d above). 


and g,(¢) for 11<u< 16. In this range of u, it is seen by 
substituting (48) into (15) that 4,(¢) is conveniently 
computed from the following form: 


hug) = (ug—4)g,(¢). 


Tables V-VIII were constructed in the following 
manner: The summation terms of Eq. (2) may be 
computed exactly (without interpolation) only for those 
values of ¢ listed in Table I. For each ionic type and 
standard concentration, Eq. (16) together with the 
round g’s of Table I determine the values of A for 
which Inf’ may be exactly computed. This was done 
for each ionic type. The “best” A for any salt could 
then be found from an experimental value of Inf’ by 
Lagrangian interpolation from these tables, but to 
simplify the procedure necessary to determine the best 
A another method was adopted. The tables of Inf’ 
versus nonround A’s for each ionic type were sub- 
tabulated using Newtonian interpolation to give 
Tables V-VIII, in which the entries are close enough 
together so that linear interpolation may be used. 
The value of A thus obtained differs negligibly from the 
value obtained by Lagrangian interpolation from the 
original exact tables of Inf’ versus nonround A’s. 

The author is greatly indebted to Professor J. E. 
Mayer for many valuable discussions covering all phases 
of this work. 


(49) 
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The trimethylaluminum dimer has a bridge structure with a skeletal symmetry of D2, within the accuracy 
of a structure determination by x-ray diffraction of single crystals. Bridge bonds, Al—C, equal 2.24A, vs 
Al—C bonds of 1.99A for the exterior, “normal” methyls. The bridge angle Al-C— Al=70°, the exterior 


angle C—Al—C=124°. 


It is shown that a simple model provides the right order of magnitude for the heat of dimerization and 
indicates the relative importance of Al—C and Al—Al bonds. It is suggested that the sharp bridge angle 
required for good bridge bonding leads to metal-metal repulsions which should increase as the size of the 
metal increases. This probably plays a role in the instability and nature of polymers of the heavier trialkyl- 


metal compounds. 





INTRODUCTION 


HE structure of the trimethylaluminum dimer, of 
interest because in it the number of chemical 
links must exceed the number of valence electron pairs, 
has previously been examined by electron diffraction,' 
and by use of Raman and infrared spectra.” The pub- 
lished results are inconclusive, even as to general con- 
figuration. Recent suggestions favor some sort of bridge 
structure. The structure of dimethylberyllium® and an 
unpublished electron diffraction study of the vapor‘ 
lend support to the bridge model. The number of inde- 
pendent parameters required to locate all heavy atoms, 
without recourse to assumptions concerning configura- 
tion, is so great that only an x-ray investigation of single 
crystals appeared likely to provide an adequate amount 
of data for a structure determination. 


EXPERIMENTAL PROCEDURES 
Preparation of Samples 


Trimethylaluminum was prepared from aluminum 
turnings and methyl iodide as described by Pitzer and 
Gutowsky.? The water-white liquid, freezing at 15°, 
was distilled in an all glass system into thin-walled 
glass capillaries, suitable for diffraction studies, directly 
from the fractionating column. Purity was checked by 
the melting point which is depressed considerably by 
traces of dimethylaluminum iodide, the chief impurity. 


TABLE I. Test for center of symmetry. 











N(s) vs (2), % 10 20 30 40 50 60 70 80 90 
Observed 27 «=—34 38 41 48 53 58 61 64 
Centric (Theory) 25 35 42 47 52 56 59 63 66 
Acentric (Theory) SS Bm SBD HS D Ss DP 








* Contribution No. 228 from the Institute for Atomic Research 
and Department of Chemistry, Iowa State College, Ames, Iowa. 
Work was performed in the Ames Laboratory of the U. S. Atomic 
Energy Commission. 

+ Present address: The Texas Company, P. O. Box 509, Beacon, 
New York. 

1L. O. Brockway and N. Davidson, J. Am. Chem. Soc. 63, 
3287 (1941). 

2 K. Pitzer and H. Gutowsky, J. Am. Chem. Soc. 68, 2204 (1946). 

3A. I. Snow and R. E. Rundle, Acta Cryst. 4, 348 (1951). 

4V. Schomaker, private communication. 


Low Temperature Techniques 


Methods developed in the laboratories of Fankuchen® 
and Lipscomb® were helpful in arriving at suitable low 
temperature procedures. The sample was cooled by a 
jet of cold air directed parallel with the x-ray beam. Air 
from a Pressovac pump was dried by passing it through 
a gallon can packed with copper turnings maintained at 
dry ice temperatures. Although one drying system would 
operate for some fifty hours without becoming clogged 
with ice, a tandem system was used and an interchange 
was made every twenty-four hours. This system, oper- 
ating continuously for a month, permitted the collec- 
tion of intensity data for eight reciprocal lattice levels 
by the Weissenberg technique from one single crystal. 
The dry air was cooled further by passing it through a 
copper coil immersed in a dry ice bath. Frosting of the 
sample was obviated by use of a jet tube with a wide 
diameter; the temperature range used, 0° to — 20°C, 
made more elaborate techniques unnecessary. Conven- 
tional crystallization techniques were used, producing, 
in nearly all cases, crystals whose c axis paralleled the 
capillary axis. 

Standard equi-inclination Weissenberg and preces- 
sion cameras were used, except that the film holder and 
screen of the Weissenberg were slotted for their entire 
length, permitting work without disturbing the crystal 
or cooling system supported by the pin hole system. 


X-Ray Data 


The following x-ray data were obtained. Oscillation 
and rotation photographs about both the 6 and c axis, 
(hkl) data for the reciprocal levels /=0 to /=7 by the 
Weissenberg method, and precession photographs of 
the (hOl) and (hil) levels. Weissenberg photographs 
were made by the equi-inclination technique using 
Ni-filtered CuK radiation, \=1.542A, and multiple 
films, while precession photographs were made with Zr- 


5H. S. Kaufman and I. Fankuchen, Rev. Sci. Instr. 20, 733 
ang Post, Schwartz, and Fankuchen, Rev. Sci. Instr. 22. 218 
(1951 

6 Abrahams, Collins, Lipscomb, and Reed, Rev. Sci. Instr. 21, 
396 (1950). 
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STRUCTURE OF TRIMETHYLALUMINUM DIMER 987 
1er* (Table I). Adopting the centric space group, C2/c, re- 
quires a dimer molecule to have either a center of 
symmetry or a twofold axis. 
Atomic Positions 

Simple considerations show that aluminum and all 
carbon atoms must be placed in the general eightfold set 
of positions, 000, 330+[ x, y, z; x, 9, +2]. Conventional 
Patterson and Harker projections and Harker-Kasper 
inequalities were disappointing, leading to an erroneous 
trial structure. The “sharpened” Pattersons,” P(xz) 
and P(xy), however, gave clear indication of the correct 
structure. (See Figs. 1 and 2.) Dimer molecules with a 
center of symmetry seemed to be required. The struc- 
ture was refined by Fourier methods, using, in the last 
stages, the synthetic Fourier method of Booth™ to 
— correct for series termination. Peaks were located by 
chen Booth’s method. The most useful projections, p(xz) 

eg and p(yz), can be seen in Figs. 3 and 4. 

Ae Structure factors were calculated using atomic scat- 
Air — wes tering factors from a recent compilation’? and were 
ough Ss = corrected by the usual empirical temperature factor 
ona (2 <)G with B=3.9A.2 A comparison of observed and calcu- 
se = cm lated values are given in Table II. The reliability index, 
lange h 
oper | ES) eS 
ollec- 
levels CS ZIG 
ystal. PS cE 

BSS aa 
igh a ” 
f the Q. 

wide Fic. 2. “Sharpened” Patterson projection, P(xy). 
20°C, 
nven- filtered MoK radiation, \=0.7107A, and timed ex- 
icing, posures. 

d the Intensities, estimated. visually, were corrected for 

Lorentz-polarization effects by the methods of Lu? and 

reces- of Evans et al.8 Absorption corrections were made by 

r and Albrecht’s method,’ and intensities from different levels 
entire § Were correlated by oscillation photographs. 
_ STRUCTURE DETERMINATION 

Unit Cell and Space Group 
Trimethylaluminum is monoclinic with a=13.0, 





lation § =6.96, c=14.7A, B=125°. Using the density of the 
- axis, liquid at 20°, 0.752, the number of monomers per unit be 
y the cell was calculated to be 6.8, and assumed to be 8, so 
ae that the x-ray density of the solid at ~—10° is 0.887 
g/cc. Reflections (hkl) appear only when h+k=2n, and 











raphs ; 
we (101) only when 4= 2n, /=2n. The space group is, then, 
Itiple either Cy,8—C2/c or Cs'—Cc. The latter is made im- 
n* probable by the distribution of intensities which follows 
th oF closely the expected distribution for a centric crystal!®"! Fic. 4. Fourier projection, p(yz). 
an lla ee 

), 733 "C. Lu, Rev. Sci. Instr. 14, 331 (1943): 2 A. L. Patterson, Z. Krist. 90, 517 (1935). 
2, 218 *Evans, Tilden, and Adams, Rev. Sci. Instr. 20, 155 (1949). 8 A. D. Booth, Proc. Roy. Soc. (London) A188, 77 (1946). 

AG Albrecht, Rev. Sci. Instr. 10, 221 (1933). 4 A, D. Booth, Fourier Techniques in Organic Structure An- 
str. 21, *A. J. C. Wilson, Acta Cryst. 2, 318 (1949). alysis (Cambridge University Press, Cambridge, 1948), pp. 62-65. 


" Howells, Phillips, and Rogers, Acta Cryst. 3, 210 (1950). 15 (), Ogrim and H. Viervoll, Acta Cryst. 2, 277 (1949). 




















TABLE II. Comparison of observed and calculated structure factors for trimethy 
section are, from left to right, the 4 index, the observed, and the calculated structure 
signs of the calculated factors are positive. 
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laluminum.* The three columns comprising each 
factors, respectively. Unless noted otherwise the 
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STRUCTURE OF TRIMETHYLALUMINUM DIMER 989 
TABLE II.—Conlinued. 
h24 h h25 h6o5 h h27 
2 < sts =O 2 67 ~63 6 00 0.6 2 21 1.7 6 40 4.7 
4°77 -60 $27 —t3 4 89 —13 4 00 0.9 4 5.0 4.2 4 59 6.5 
6 47 -33 626 +41 6 99 —15 2 00 2.5 6 3.1 2.7 2 34 3.2 
“SY 3.2 4 00 -1.8 $ o8 —~32 0 00 0.7 0 3.3 3.0 
2 18 22 | 10 49 -60 - hS6 . 
2 12 29 —0O8 hod 3 3.6 2.6 h27 
h34 a _ 2 31 —38 1 5.6 6.0 2 7.7 8.0 
316 27 104 h35 ‘ st. a 4 12 06 
11 10 26 0 25 3.0 9 26 3.1 ey eee h56 6 43 8&5 
2 43 3.8 7 59 6.0 a ; ; 1 45 6.0 } “i 
9 0.0 0.1 . = i ae vd . te ay 8 3.6 3.7 
7 00 00 4 47 4.7 5 70 3.3 3 54 48 
5 00 1.4 6 26 3.3 i: ATs 5 44 48 h37 
3 5.3 3.2 . 1 0.0 1.5 5 23 1.7 7 19 2.0 
3.5 = : “ h66 5 
172 -75 h74 h35 7 23 1.3 7 5 46 5.5 
9 13 —0.7 ' a. ete 2 27 24 3 58 65 
7 15 —2.2 nun -@ h16 . 5.5 i 39 -38 
ast 5 09 -25 | § 11 -12 3 61 55 6 7 
1 35 —3.6 3 09 12 7 a Ohh a ie h66 h3i 
3 «0.0 1.2 5 23 3.0 9 78 —12 » 2 3.3 3.5 1 58 —65 
h74 : ’ 6 3.6 5-5 § 17 —33 
7 ” h45 1 67 —8.5 7 £5 4-88 
h ee 8 44 46 3 81 —10 hi6 9 18 —25 
10 1.5 —1.6 = 6 3.6 2.4 5 14 —16 3 1.5 0.8 
8 3.9 —2.7 h84 4 00 =< 7 6.4 —8.5 1 3.0 4.7 hA7 
6 00 —0.6 2 18 2.7 2 00 0.4 od 6 1.3 1.2 
4 41 3.0 , 0 26 —17 h26 h76 4 45 3.9 
2 09 1.3 h15 +“ : 2 4/7 —42 1 3.3 4.9 2 42 48 
. 2 1.8 _ has 0 63 -7.5 3 3.0 2.3 6 46 5.0 
hae 7 3.2 3.8 2 44 —10 . 5 29 3.2 
: P 5 16 13 4 75 —60 h26 7 24 3.4 hi 
0 00 -0.9 3 29 —38 6 64 —3.2 2 42 45 2 5.7 6.5 
2 2.6 2.2 1 2 ~48 8 68 —7.0 4 73. —55 h86 
6 1 4 2.4 3.0 
4 4.1 3.7 10 58 —8.5 674 —-% 0 24 4.2 . 62 tm 
/ hi5 12 26 —3.0 8 40 —4.7 183 . 42 (eS 
h54 120 —1.7 h55 —_ . 
11 20 —3.0 3 16 —09 aa _ 136 2 24 2. hs7 
9 32 —25 5 32 —29 5 23 09 1 5.6 —6.0 5 24 22 
7 43 -~30 7; $@ -55 3 00 25 . _ pfll 3 35 40 
5 00 00 9 38 —3.7 1 16 3.7 h36 5 25 2.4 1 25 3.1 
3 4.5 44 = 1 6.9 —7.0 3 2.8 Ry = 
1 39 41 i hSS 3 21 16 1 2.5 1.5 h57 
te h25 145 —42 5 0.0 1.0 i eo 1.8 
8 44 6.0 3’ t8 ~95 7 68 —6§4 Wi7 3 09 0.3 
h54 6 71 7.0 $ £7 «SS 1 7.0 7.5 
1 5.5 2.9 4 5.3 2.7 7; 7 =Ze h46 3 60 10 h67 
3 42 4.0 2 23 0.7 9 5.7 —70 2 29 2.3 5 09 0.1 4 14 1.5 
> 2 2.5 0 00 0.5 i if =e 0 00 1.0 ; 26 =< - So 1.6 
R, (=D ||Fovs| — | Featel|/o|Fovs|) is 0.23 if unob- low energy orbitals in bond formation, even when these 





served reflections are not included, 0.25 with them 
included. The relatively high value is no doubt due in 
part to the omission of hydrogen, which contributes 
25 percent to the electron density. Crude attempts to 
include hydrogen positions resulted in marked decreases 
of R, but they were not pursued. 

Parameter values for the heavy atoms are listed in 
Table III, while important intramolecular distances and 
angles are shown in Fig. 5. Errors, estimated by Cruick- 
shank’s method,!® were about +0.02A for bond dis- 
tances and +2° for bond angles. Intermolecular van 
der Waals distances between methyl groups range from 
4.0 to 4.3A. An idea of the packing can be obtained from 
Fig. 6. 

DISCUSSION 


That delocalization of bonds in electron-deficient 
compounds results from a tendency of metals to use all 


*D. W. J. Cruickshank, Acta Cryst. 2, 65 (1949). 


exceed in number the valence electrons,'’ is no longer 
seriously questioned. Detailed structural information is, 
however, necessary for a detailed understanding of the 
nature of the delocalization, since otherwise there is 
not general agreement, even in simple cases, as to which 
bonds should be electron-deficient. The recent discus- 
sion by Gillespie'* is, for example, very different from 
other approaches to the subject. The resemblence of the 
bridge bonds in dimethylberyllium® and trimethylalu- 
minum are similar enough to warrant an attempt at 
understanding the bonding in these cases. 

In the trimethylaluminum dimer C—AI distances 
outside the bride are 1.99A, nearly equal to the sum of 
the covalent radii,’ 2.03A, while the bridge C—AlI 


17R, E. Rundle, J. Am. Chem. Soc. 69, 1327 (1947); R. E. 
Rundle, J. Chem. Phys. 17, 671 (1949). 

18 R. J. Gillespie, J. Chem. Soc. 1952, 1002. 

LL. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, New York, 1945), second edition, p. 179. 
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TABLE III. Parameters. 











x y 2 
Al 0.028 0.073 0.091 
Ci 0.121 0.148 0.006 
C2 0.148 —0.072 0.230 
C3 —0.056 0.317 0.084 








distances are 2.24A, approximately the length expected 
for half-bonds, 2.21A, using Pauling’s rule.” Bridge 
Be—C bonds in dimethylberyllium are also long.? In 
both trimethylaluminum? and dimethylberyllium, the 
spectra of which we have recently examined, C—H fre- 
quencies are normal, suggesting that the electron defi- 
ciency resides entirely in the M—C bonds, contrary 
to the suppositions of Gillespie.'* 

Bridge angles, C-M—C, are 70° in the aluminum, 
66° in the beryllium compound. The sharp bridge 
angle requires an Al—Al distance of 2.55A, approxi- 
mately the single bond distance, 2.52A. The exterior 
C—AI—C angle is 124°, surprisingly large, but about 
equal to that in BoHg.”" 

Two equally good ways to describe the bonding 
present themselves. First, a bridge electron pair can be 
pictured as occupying a molecular orbital formed by 
linear combination of one tetrahedral orbital from each 
of the aluminums, directed toward the bridge carbon, 
and a single tetrahedral orbital of the bridge carbon 
directed equally between them. This picture has proved 
useful in understanding the sharp bridge angle and its 
change in going to a halide bridge.*” Alternately, the 
bridge can be thought of as a ‘“‘methylated double bond”’ 
with methyls sitting in the z-bonds. In this case the 
short Al—Al distance seems natural due to an Al—Al 
a-bond, and the exterior C—AI—C angle is expected 
to be large, as observed. Energetically, however, Al—C 
interactions must be more important than Al—Al 





Fic. 5. Molecular structure of the trimethylaluminum dimer. 


2” L. Pauling, J. Am. Chem. Soc. 69, 542 (1947). 

21W. C. Price, J. Chem. Phys. 15, 614 (1947). 
( osm) E. Rundle and Paul H. Lewis, J. Chem. Phys. 20, 132 
1952). 
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interactions, and the tetrahedral orbitals of the bridge 
carbons would have to be thought of as overlapping the 
Al—Al o-bond, and in the end the picture would lead 
to an electron distribution like that of the first view 
presented. Likewise, in the first view, some importance 
to the overlap of aluminum tetrahedral orbitals can be 
expected, so that the Al—Al bonding, though less 
prominent may not be negligible (see below). 

In this regard, the first picture allows an understand- 
ing of the large, exterior C—AI—C angle, since the 
exterior Al bonds which contain an electron pair, make 
more complete use of the aluminum orbitals than do the 
bridge orbitals. Hence if the exterior orbitals have a 
disproportionately large s character, the promotional 
energy for the bridging will be less. The C— Al—C angle 
at 124° suggests that the s character in the exterior 
aluminum orbitals exceeds one-third. In addition, for 
these “‘bent bonds,” geometrical considerations (Fig. 7) 
would suggest that greater overlap is achieved if the 
aluminum orbital is not along the bond but is directed 
more toward the carbon orbital. This would lead to 
more # character in the bridge, more s character in the 
exterior orbitals, and a wider C—AI—C exterior angle. 

A rough molecular orbital treatment of this picture 
of the bridge bond leads to reasonable, semiquantita- 
tive estimates of the heat of dimerization. We have 
made the assumptions described below. 

For the reaction 


CH; CH; CH; 
s FF *N 
2(CH3)3Al | Al Al 
\ Fr ™ 
CH; CH; CH; 


the nonbridge AlI—C bonds and all C—H bonds are 
taken to be unaffected. Thus, though we ignore any 
change from trigonal to tetrahedral bonding, we must 
take into account some promotional energy. If, as the 
exterior angles of the dimer indicate, the s character in 
the exterior bonds exceeds one-third, say 0.4, then form- 
ally counting one electron per pair bond and one-half 
an electron per bridge half-bond, it is easily seen that 
0.1 electron per aluminum is excited from 3s to 3p. 
Spectroscopically the difference in levels is 82.5 kcal 
mole, or for exciting 0.2 electron/dimer, the promo- 
tional energy is about 16.5 kcal/dimer. (This assumes 
the ‘“‘valence state’ for the monomer and dimer are 
about equally promoted from 2P and ‘P, respectively.) 

We shall calculate the heat of dimerization in terms 
of an Al—C bond, and set the “normal’’ overlap i- 
tegral fwWaiHycdr equal to B, where both aluminum 
and carbon orbitals are directed along the bond. For 
“bent bonds” in the bridge we shall use Spitzer’s ap- 
proximation,” that the coefficient of 8 should be pro- 
portional to the component of the angular part of the 


3 R. Spitzer, Ph.D. thesis, California Institute of Technology; 
1941. 
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STRUCTURE OF TRIMETHYLALUMINUM 


atomic wave function along the bond direction. (The 
carbon tetrahedral orbital makes an angle of 35° with 
the bond in the dimer, so that f=3+-3 cos@= 1.727 vs 2.0 
for a “normal” bond, or a ratio of 0.86.) We can set up 
two molecular orbital treatments, ignoring Al— Al inter- 
actions (secular Eq. I; below) or considering them 
(Eq. II). In the latter case, considering both aluminum 
orbitals to make an angle of 55° with respect to the bond 
and estimating /wWaiHWaidr=46, the coefficients for 
these terms are obtained. The Coulomb integral for 
carbon is taken as Qai+n6 where, in view of the ex- 
perience of others,“ m is probably between 3 and 2. 
Otherwise, the secular equations below represent the 
crudest sort of molecular orbital treatment of three 
atoms, each furnishing one atomic orbital to the final 
molecular orbital. The treatment applies to one-half 
the bridge and is thus a localized molecular orbital: 








O-—W 0.868 0 
0.868 Q+nB—W 0.868 | =0, I 
0 0.868 O-—W 
O—W 0.868 0.238 
0.868 QO+nB—W 0.866 |=0. II 
0.238 0.868 O-—W 
“Normal” Al—C bonds are found from the equation 
O-—W B 7 
8 0-+nB—W 0. Ill 


The extra stabilization in going from one normal bond 
to one bridge bond is given as a function of n, both 
without and with aluminum contributions considered, 
in Table ITI. 

The energy to break a normal Al—C bond is esti- 
mated by means of Pauling’s electronegativity table 
and rules?® as 67.445 kcal/bond, where D(C—C) 
=58.6, D(Al—Al) is estimated to be 30.0410 kcal/ 
bond, and the electronegativity difference correction is 
23 kcal/bond. From this we obtain the values for the 
heat, AE, of dimerization as given in Table IV. 

These calculations, though crude, are satisfactorily 
close to Laubengayer and Gilliam’s experimental value 
of —20.2 kcal for AH of dimerization,”* especially near 
the more probable values of ”, near one. They strongly 
Suggest that the contribution of highly excited struc- 
tures involving 3d orbitals of carbon, such as suggested 
by Gillespie,!* is negligible. In addition they illustrate 
certain interesting points. 

First, the calculations indicate that though Al—C 
interactions predominate, Al—Al interactions are not 
negligible, in partial agreement with a suggestion of 


Schomaker?’ that metal-metal interactions and exces- 
A 

4 Coulson, Valence (Oxford University Press, London 
1952), p. 242. 

*® See reference 19, pp. 45-64. 

*A. W. Laubengayer and W. F. Gilliam, J. Am. Chem. Soc. 
63, 477 (1941). 

*'V. Schomaker, J. chim. phys. 46, 262 (1949). 
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Fic. 6. Packing in trimethylaluminum crystals. Molecules are 
projected onto (001) along a normal to (001).*Methyl groups of 
molecules in the first level are shown in solid heavy circles, and 
bond directions are indicated for the lower left-hand molecule only. 
Methyl] groups of molecules in the second level are shown by 
lighter dashed circles, with all bond directions indicated by heavy 
dashed lines. Molecules in the third level are indicated only by 
light dashed bonds. Radii of circles drawn for methyl groups are 
approximately { of the van der Waals radii of 2A. Within each 
level there are six molecules about any other molecule. There are 
also three in front and three in back in a manner approximating 
cubic closest packing. Molecules in alternate levels are, however, 
rotated 180° about 6, so that the layer of molecules in front of the 
first level shown would lie approximately over the third level 
shown, but rotated about ), like in the second level shown. 





Fic. 7. Schematic representation of bonding 
atomic orbitals in the bridge. 





rs 





H. 














TABLE IV. Calculation of dimerization energy. 
n 0 1 2 
No Al—Al contribution 

Bridge bond 20+2.448 20+3.648 20+5.158 
Normal Al—C 220+28 20+3.248 20+4.838 
Coulomb term 20 20+1.08 20+28 
Res. E/bridge bond 0.448 0.408 0.328 
AE® (dimerization) —13.1 —7.5 +1.1 kcal 


Al—Al contributions included 


Bridge bond 20+2.648 20+3.88 20+5.248 
Normal Al—C 20+2.08 20+3.248 20+4.838 
Coulomb term 20 20+1.08 20+2.08 
Res. E/bond 0.648 0.568 0.418 

AE® (dimerization) —26.5 —17.2 —3.1 kcal 








® Assuming D(Al —C) =67.4 kcal/bond and correcting for a promotional 
energy of 16.5 kcal/dimer. 


sively high coordination numbers are important fea- 
tures of electron-deficient compounds. (That they are 
not general features is illustrated by the structure of 
tetramethylplatinum,”* where Pt—Pt distances are too 
large for bonding, and the coordination number of 
platinum is a normal six.) 

Second, both total energy of dimerization and the 
relative importance of metal-metal interactions become 
less important as the difference in electronegativity 
(greater 7) increases. Finally, the whole effect of di- 
merization is proportional to the strength of metal- 
nonmetal bonds. All of these points having interesting 
application to hydrides, etc., where similar treatments 
may apply. 

The above treatment ignores repulsions arising from 
dimerization. As Longuet-Higgins and Bell”’ point out, 
the main repulsions arise from interactions of filled 
shells and are probably not large in B2H¢. We believe, 
however, that there is an indication that Al—Al re- 
pulsions are beginning to become important in the 
aluminum compound, and that metal-metal repulsions 
may have something to do with the odd behavior of the 
third group trialkyls. 

The bridge angle Be—C—Be in dimethylberyllium 
is 66°, and even with this small angle the Be—Be dis- 
tance is somewhat greater than the single bond dis- 
tance.* With only 1s electrons below the valence shell 
there is probably little Be—Be repulsion at this dis- 
tance. In trimethylaluminum the Al—C—AlI angle is 
70°, and this slightly larger bridge angle still leaves the 
Al—Al distance essentially equal to the single bond dis- 


28R. E. Rundle and J. H. Sturdivant, J. Am. Chem. Soc. 69, 
1561 (1947). 
29H. C. Longuet-Higgins and R. Bell, J. Chem. Soc. 1943, 250. 
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tance. Recent discussion of the lessened tendency for 
double bond formation in this and higher rows of the 
periodic table depend in part upon inner shell repul- 
sions for distances shorter than single bond distances,” 
It is probably this factor that leads to a larger bridge 
angle in the aluminum than in the beryllium compound. 
For gallium and indium this effect should be increased. 
According to literature reports,?**" which contain dis- 
crepancies, it seems likely that trimethylgallium forms 
a weak dimer at low temperatures, but is essentially 
completely dissociated at higher temperatures. Tri- 
methylindium has been reported to be a tetramer at 
low temperatures and a monomer at higher tempera- 
tures. It seems possible that the bridge geometry 
becomes rather unstable for trimethylgallium and 
completely unstable for trimethylindium. Since use of 
all low energy orbitals through delocalization of bonds 
should still be energeticall, profitable, another geometry 
requiring a tetramer may be found. It is noteworthy 
that these considerations suggest that methyl bridges 
of the type discussed above should always become 
unstable for metal atoms of large radii and large inner 
shell repulsions. It is noteworthy that tetramethyl- 
platinum uses bridging methyl groups in another man- 
ner, forming a tetramer.”® 

The structure as found explains quite well the failure 
of Pitzer and Gutowsky’ to find a dimer for trialkyl- 
aluminum molecules in which there was less than two 
hydrogens on the bridge carbon. Models show that the 
best possible arrangement in such cases would put 
carbons of the bridge alkyl groups within 1.8A of non- 
bridged alkyl groups. Other interactions also become 
very unfavorable. The effect is entirely understandable 
from steric considerations. 

Pitzer and Gutowsky’ pointed out that Raman data 
indicate a loss in symmetry in going from the aluminum 
trichloride dimer to the trimethylaluminum dimer. Our 
data indicate that within our experimental error the 
skeletal structure of the methyl dimer has Dz, sym- 
metry, the highest possible symmetry for this molecule. 
To have this symmetry all methyl groups would have 
to be rotating or statistically arranged so as to achieve 
this symmetry. Nothing is known about barriers to 
rotation of bridge methyl groups, and it is quite possible 
that Pitzer and Gutowsky could be right about the 
lower symmetry without the skeletal structure being 
involved. 


%*®K.S. Pitzer, J. Am. Chem. Soc. 70, 2140 (1948). 

31. M. Dennis and W. Patnode, J. Am. Chem. Soc. 54, 182 
(1932); Dennis, Work, Rockow, and Chamot, J. Am. Chem. So. 
56, 1047 (1934). 
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The Reactions of Methyl Radicals with the Hydrogen Isotopes 


E. Wuittte* anp E. W. R. STEACIE 
Division of Pure Chemistry, National Research Council, Ottawa, Canada 


(Received November 25, 1952) 


The photolysis of acetone has been studied in the temperature range 130-420°C. Measurements have 
been made of the rates of most of the possible reactions of CH; and CD; radicals with hydrogen, deuterium, 
and deuterium hydride. The following activation energies for the abstraction of a hydrogen or deuterium 
atom have been found: CH;+acetone, 9.7; CD;+d acetone, 11.6; CH;+Ds, 11.8; CD;+Hb, 11.1; CH; 
+HD-—-CH,, 10.0; CH;+HD-CH;D, 11.3; CD;+HD-—-CD3;H, 10.7; CD;+HD-—-CD,, 10.7 kcal. The 
steric factors are all of the order of 10~*. The results are discussed in terms of isotope effects with particular 


reference to the deuterium hydride reactions. 





INTRODUCTION 


T is now well established that in the photolysis of 
acetone between 125°C and 300°C the formation of 
methane and ethane occurs in the following manner: 


CH3;COCH;—2CH;+CO (1) 
CH;+CH;—-CoHs (2) 
CH;+CH;COCH;—CH,+ CH2COCH:s. (3) 


If the concentration of methyl! radicals does not change 
during the reaction, it can be shown that 


ky (RcH4)3 
hod Reous![Ac]} 





where (RcH,)3 is the rate of production of methane by 

reaction (3) and [Ac] is the concentration of acetone. 
If the photolysis is carried out in the presence of 

hydrogen, methane is also produced by the reaction 


CH;+-H.—CH,+-H (4) 


so that 


k, (Rew), 


kot Reottg[ Ho] 
(Roxy), is found from the equation 
Rew, (total) = (RcH4)4+ (RcCH,)s. 


(Ren,)3 is calculated from data obtained for the 
photolysis of acetone alone. If deuterium is used we 
have, instead of reaction (4), 


CH3+D.:—>CH;D+D. (5) 


The rate of production of CH;D can be found by sub- 
tracting (RcH,)3; from the total methane or can be 
estimated directly by means of mass spectrometric 
analysis, in which case 


ks ks Rouwgp [Ac | 


ke! ko! Rony [Do] 





The two procedures will henceforth be called Method I 


einai d, 


* National Research Council of Canada Postdoctorate Fellow, 
1951-1952. 
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and Method II, respectively, and should not be con- 
fused with the two methods referred to by Trotman- 
Dickenson and Steacie.! The Method I of these authors 
is identical with that used here, but their Method II 
refers to the use of heavy acetone instead of ordinary 
acetone. The reactions mentioned above have been 
studied by Majury and Steacie,? and we have extended 
their work and also studied the reactions of deuterium 
hydride. In this case the methyl radical may react in 
two ways, 


CH;+HD—-CH,.+ D 
CH;+HD—-CH;D+ H. 


(6) 
(7) 
(Rcusp); is found directly by mass spectrometric 
analysis and (Row). is obtained by Method I. 


Materials 


The purification of the acetone and preparation of 
the deuterated acetone have been described previously.” 
The composition of the latter was determined by the 
mass spectrometer with the following results: 


93.7 percent CeDsCO, 3.5 percent C2D;HCO, 
2.8 percent C2D4H.CO. 


Commercial cylinder hydrogen and deuterium were 
purified by passage through a palladium thimble. The 
deuterium contained 5 percent HD. The deuterium 
hydride was prepared from lithium aluminum hydride 
and heavy water as described ‘by Fookson, Pomerantz, 


TABLE I. The photolysis of acetone at high temperatures. 








Molecules Products in molecules/cc/ 
f 














Temp Time acetone, sec X 1078 % % 

Run °K (sec) cc X1078 CO CHa Cofraction CoHe CoH, 
100 558 1200 1.78 740° 8.75 1.04 100 0 
101 600 1230 = 1.64 7.68 10.4 0.556 67 33 
102 628 1200 1.52 8.61 12.0 0.530 . 
103 662 1200 1.48 9.79 14.0 0.630 . 
104 688 905 1.42 11.0 16.5 1.00 20 =80 

1A. F. Trotman-Dickenson and E. W. R. Steacie, J. Chem. 


Phys. 19, 163 (1951). 
2T. G. Majury and E. W. R. Steacie, Disc. Faraday Soc. 
(to be published); Can. J. Chem. 30, 800 (1952). 
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TABLE II. The photolysis of acetone in the presence of deuterium. 





STEACIE 














Tne Time —— —— Molecules/cc/sec X10~'3 CH:D ks/kot X1018 

Run °K (sec) 10718 x<10-!2 co Methane CoHe CH, Method I Method II 

10 cm acetone 5 cm deuterium 
16 411 1800 2.33 1.16 5.62 1.19 4.41 0.0622 0.843 
15 413 1800 2.28 1.16 5.86 1.27 4.63 0.0635 0.891 
17 450 1800 2.45 1.09 5.55 2.48 3.33 0.0816 3.07 
18 480 1800 2.04 1.16 5.62 3.95 2.40 0.108 7.09 
19 522 1800 1.85 0.914 5.85 5.95 1.24 0.102 19.7 
20 522 1800 1.95 0.972 5.96 6.49 1.16 0.104 17.8 
21 563 1800 1.81 0.776 5.81 7.38 - 0.107 40.7 

10 cm acetone 20 cm deuterium 
27 410 1800 2.38 4.80 5.25 1.38 3.92 0.266 1.15 0.917 
26 411 1800 2.35 4.80 7.46 1.40 4.00 0.231 1.10 0.812 
25 462 1740 2.05 4.30 7.15 3.62 2.32 0.331 4.73 4.22 
24 512 1800 1.89 3.65 6.92 5.92 0.985 0.411 13.7 15.6 
22 564 1800 1.74 3.45 6.82 7.44 0.494 0.599 see 48.8 

5 cm acetone 10 cm deuterium 

32 408 1800 1.15 2.42 3.26 0.503 2.51 0.262 0.781 0.882 
28 409 1800 1:37 2.38 3.22 0.513 2.61 0.239 0.892 0.852 
29 456 1800 1.08 2.42 3.24 1.40 1.87 0.352 3.01 4.46 
37 505 1800 0.984 1.96 3.38 2.81 0.978 0.383 14.2 13.3 
30 508 1830 0.936 1.88 3.36 2.91 1.01 0.431 11.6 15.9 
31 560 1800 0.886 1.74 3.29 4.22 0.378 0.515 33.4 


46.9 








and Rich.’ Several samples were made and the average 
composition was found to be 94 percent HD, 4 percent 
Ho, and 2 percent De. 


EXPERIMENTAL 


Details of the apparatus and method of analysis 
have been given previously.? Most of the large excess 
of hydrogen was removed from the gaseous reaction 
products by compression of the mixture on to a pal- 
ladium thimble at 370°C. In the experiments with ace- 
tone plus deuterium, one analysis (run 37) was made 
using liquid hydrogen to condense all the gases but 
deuterium, which was then pumped off. No change in 
the results was observed. 

The mass spectrometer analyses were done under 
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Fic. 1. Acetone plus deuterium. To avoid confusion the values of 
108/T have been increased by 0.1 unit for the points marked [7]. 


3 Fookson, Pomerantz, and Rich, J. Research Natl. Bur. 
Standards 47, 31 (1951). 





the direction of Dr. Lossing of these laboratories. The 
analyses for the CD4,—CD;H—CD2H2 mixtures were 
computed assuming equal sensitivities for the isotopic 
molecules and using the spectra of the deuterated 
methanes given by Dibeler and Mohler.‘ 

Nearly all the experiments were carried out to a 5 
percent conversion of acetone or less. The activation 
energies were obtained directly by Arrhenius plots. The 
steric factors were then calculated by subtraction of 
1RT from the activation energies, the mean tempera- 
ture being taken as 490°K. The collision diameters used 
for the various molecules were acetone 5.5A, CH; 3.5A, 
and He 2.8A. 


The Photolysis of Acetone 


The photolysis of acetone was examined in the tem- 
perature range 135-300°C and at pressures of 20 and 
100 mm. The results obtained were in full agreement 
with those of previous workers; the value of E;—32: 
was found to be 9.7 kcal. 

The photolysis was also studied in the temperature 
range 300-420°C, since very few experiments have 
been carried out in this region. The results are given 
in Table I. It was found that ethylene begins to form 
at temperatures higher than 300°C, and at 420°C it 
accounts for almost all the C2 hydrocarbon produced. 
The ethylene could be formed by the photolysis of 
ketene, since the latter was found by Ferris and Haynes’ 
in the high temperature photolysis of acetone. It seems 
clear that the photolysis becomes complicated above 
300°C and that experiments which utilize acetone as 4 
source of methyl radicals should preferably be carried 
out below this temperature. 

*V. H. Dibeler and F. L. Mohler, J. Research Natl. Bur. 
Standards 45, 441 (1950). 


®R. C. Ferris and W. S. Haynes, J. Am. Chem. Soc. 72, 89% 
(1950). 
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METHYL RADICAL REACTIONS WITH HYDROGEN ISOTOPES 


The Photolysis of d Acetone 


The principal reactions occurring during the photol- 
ysis of d-acetone are 


CD;+CD;—-C2Ds (8) 
CD;+CD;:CO-CD;>CD,+CD2:CO-CD;. (9) 


The photolysis has been studied by Majury and Steacie? 
who found that H,—}H#3;=10.6 kcal. We have per- 
formed further experiments using a new sample of d- 
acetone and from an Arrhenius plot it is found that 

ky 2530 
13+ log—= 6.20——_. 
, T 


8 


It follows that Ey—3H3;=11.6 kcal and P,/Ps!=3.3 
X10-*, where P denotes the steric factor for a reaction. 

The value of Ey—3£;=10.6 kcal given by Majury 
and Steacie was based on an Arrhenius plot which 
tended to curve at lower temperatures. In the present 
work no such curvature was obtained, and so the higher 
value is felt to be somewhat more reliable. In the upper 
part of the temperature range, both sets of results 
agreed very well. 


The Photolysis of Acetone with Deuterium 


It was mentioned in the introduction that the rate 
of production of CH;D by the reaction 


can be determined by two methods. The results calcu- 
lated by the two methods together with the experi- 
mental data obtained are given in Table II and are 
shown graphically in Fig. 1. A correction has been made 
for the presence of 5 percent HD in the deuterium. No 
CH2D»2 could be detected. In the experiments in which 
10 cm acetone and 5 cm Dp» were used, the calculation 
by Method I has not been given since the results are 
quite unreliable owing to the fact that the CH, pro- 
duced by reaction (3) represents about 90 percent of the 
total methane. 

The lines obtained from the Arrhenius plots have the 
following equations: 


Method I Method II 
ks 2340 ks 2570 
13+ log—= 5.69 -—— 13+- log —=6.22———_ 
ot T kp} T 


Es—}E2= 10.7 kcal 
P;/P2$=1.0X 10 


E;- 1E,= 11.8 kcal 
P;/P3=3.5X 10 
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Fic. 2. d-acetone plus hydrogen, 


The value of E;—3E, found by Method II is identical 
with that found by Majury and Steacie.? 


The Photolysis of d-Acetone in the 
Presence of Hydrogen 


The methane formed in this system consists of CD, 
from reaction (9) and CD;H from the reaction 


CD;+H:—CD;H+H (10) 


so that the rate constant can again be calculated in 
two ways. The results are given in Table III, and the 
Arrhenius plots are shown in Fig. 2. The equations of 
the lines are 


Method I Method II 
Rio 2220 Rio 2420 
13+ log—=6.10——— 13+ log—=6.44-—-——— 
? 7 ky? T 


Eyo- 5 E3= 10.1 kcal 
P10/Ps*= 1.84 10-* 


Eyo- + E3= 11.1 kcal 
Po/Ps'=4.10X 10-° 


We have described how the rate constants for the 
reactions CH;+D.2 and CD;+He2 may be calculated 
by two methods. In both cases the use of Method I 
leads to lower steric factors and activation energies 
than Method II. It seems likely that Method II is the 
more reliable since it depends on a direct determination 
of the CH;D/CH, ratio, whereas the ratio is calculated 


TABLE III. The photolysis of d-acetone in the presence of hydrogen. 








Molecules 





Temp Time —. > Molecules/cc/sec X 10-8 % CoDe kio/kst X 1018 
Run °K sec X10—18 = K 10718 co methane ethane % CDs %CD3sH %CD2He inethane MethodI Method II 
_ 10 cm d-acetone, 10 cm H: 
‘9 424 1800 2.27 2.37 3.48 1.18 2.59 21.1 69.9 9.1 96.3 7.22 5.34 
76 487 1800 1.95 2.07 3.52 3.62 1.28 21.9 68.5 9.7 95.8 36.8 29.4 
77 «§73 1890 1.60 1.77 3.73 tee 0.294 234 674 9.2 vee vee 159 
18 570 1862 1.58 1.76 3.63 6.16 0.272 24.7 73.2 2.1 158 157 


———— 
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TABLE IV. The photolysis of acetone in the presence of deuterium hydride. 
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Molecules 


Molecules 








Temp Time acetone/cc HD/cc Molecules/cc/sec X 107" CHsD ke X1013 Fe sous 
Run °K sec 10718 X10718 co methane C2He CH, ka kt 
10 cm acetone, 10 cm HD 
43 408 1200 2.42 2.40 5.60 1.48 4.09 0.0624 0.531 
86 418 1200 2.30 2.34 3.39 1.27 2.23 0.0718 0.812 
47 424 1200 2.30 2.35 4.45 1.70 2.85 0.0722 0.988 
45 454 1200 2.18 ye 8 | 4.70 2.91 2.19 0.0805 2.13 
51 469 1200 1.02 1.01 2.43 1.59 1.07 0.0816 3.93 
50 472 1200 2A% 2.09 4.36 3.69 1.34 0.0906 4.33 
52 474 1200 2.18 1.02 | 2.06 0.927 0.147 4.29 
53 478 1200 2.03 2.03 4.11 3.66 1.17 0.0918 4.79 
84 503 1214 1.94 1.92 3.51 4.07 0.626 0.0946 7.68 
41 503 1200 1.95 1.83 5.77 5.49 1.20 0.0978 8.03 
48 527 900 1.84 1.89 4.42 5.78 0.533 0.108 14.0 
49 564 1200 1.71 1.66 4.33 6.58 0.268 0.130 30.2 
42 569 1200 1.72 1.57 6.10 8.00 0.405 0.114 27.1 
88 569 1200 1:73 1.70 3.64 5.56 0.178 0.113 26.2 
4 cm acetone 16 cm HD 
80 413 1800 0.942 3.67 1.81 0.572 1.24 0.183 1.51 0.714 
87 414 2430 0.937 3.61 1.76 0.585 1.25 0.180 1.66 0.747 
107 442 1800 0.860 3.50 3.63 1.56 2.27 0.226 o21 1.82 
90 471 1835 0.819 3.38 1.66 1.47 0.535 0.241 6.60 3.87 
85 504 2400 0.756 3.06 1.78 2.17 0.315 0.254 152 8.54 
96 506 2400 0.776 E 1.54 1.95 0.230 0.239 13:7 8.27 
91 538 1800 0.730 2.89 1.94 2.62 0.166 0.270 23.9 16.0 
89 569 2400 0.677 2.67 1.88 2.97 0.112 0.287 30.9 24.8 
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indirectly in Method I. The difference in the results of 
the two methods implies that the data obtained on the 
rate of reaction (3) from the photolysis of acetone alone 
are not strictly correct if other substances are present. 
It is known that the ratio k3/k,' varies slightly with 
pressure and this is one possible explanation of the 
discrepancy. 

In the determination of the rate constant for the 
reaction 


CH;+HD—>CH,+D (6) 


we wish to know (Rcuy,); as accurately as possible in 
order to calculate the value of (RcH,)s. We therefore 
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Fic. 3. Acetone plus deuterium hydride. The values of 108/7 have 
been decreased by 0.05 unit for the points marked A. 








need to know the rate of reaction (3) in the presence of 
deuterium hydride. It is reasonable to suppose that, if 
the acetone photolysis is affected slightly by the pres- 
ence of deuterium, it should be changed to about the 
same extent by the presence of deuterium hydride. 
From experiments on the photolysis of acetone with 
deuterium, we can find (RcH,); by mass spectrometric 
analysis and hence carry out an Arrhenius plot of 
k3/ks'. Because of the discrepancy between Method I 
and Method IT, the line obtained with a given pressure 
of acetone mixed with deuterium is not the same as the 
line obtained from acetone alone. Expressing the 
equations in the form 13+logk;/k:}= A — B/T, we have 


A B 
5 cm acetone 6.02 2120 
5 cm acetone+10 cm Ds 5.92 2080 
10 cm acetone 5.96 2110 
10 cm acetone+20 cm D» §.72 1990 


The same procedure has been used with d-acetone, 
but in this case the results obtained in the presence of 
hydrogen are used. The equations are 


ky 2530 

13+ log—=6.20————_ 10 cm d-acetone, 
kg} T 
kg 2350 


13-+log—= as 10 cm d-acetone+ 10 cm H:. 


8 


The corrected data given here have been used in the 
calculation of the results of the deuterium hydride 
experiments. 
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METHYL RADICAL REACTIONS WITH 


The Photolysis of Acetone in the 
Presence of Deuterium Hydride 


In this case, methane is produced by reaction (3) 
and by two other processes which are 


CH;+HD—CH,+D (6) 
CH;+HD—CH;D+H. (7) 


The results of the experiments are given in Table IV. 
No CH2D» was found in the methane. The rate of pro- 
duction of CH;D is determined unambiguously by mass 
spectrometer while (RcH,)¢ is obtained by sybtracting 
(RcH,4)3 from the total CH, which is also found by mass 
spectrometer. The correction (RcH,); is quite large and, 
as expected, the values of ks/k:’ show considerable 
scatter. Corrections have been applied for the products 
of the reaction of methyl radicals with the small 
amounts of H»2 and Dz, present in the HD. 

Two series of experiments were carried out, one using 
10 cm acetone and 10 cm HD, and the other with 4 cm 
acetone and 16 cm HD. From the first series only the 
rate constants for reaction (7) have been calculated, 
since (RCH4)¢ is small and cannot be reliably estimated. 
The Arrhenius plots are shown in Fig. 3, and the equa- 
tions of the lines are given below. Using 10 cm acetone 
+10 cm HD 


k; 2520 t7—4Ko= 11.5 kcal 
13+log—=5. 92———— 
ko} T P; (8) 
——= 1.53 10-3, 
P,} 


Using 4 cm acetone and 16 cm HD, 
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Fic. 4. d-acetone plus deuterium hydride. 


CD3H are (9), and 


CD;+HD-—CD;H+D (12) 
CD;+HD—-CD,+H. (13) 


(Rcp4)13 is calculated in the usual way using Method I. 
(RcD3H)12 is found by subtracting from the total CD;H 
the small amount formed by reaction (11) which can 
easily be estimated. The experimental results are given 
in Table V, and the Arrhenius plots for ki2/ks! and 
ki3/kst are shown in Fig. 4. From the graphs it is 
found that 


ky 2340 ky; 
13+-log—=5 $.86-—— 


2340 
13+ log—= 5.63-——— 

















. , 2 al } ray 
sits 2180 Es—1E>=10.0 kcal ks? 1 ks I 
13+ log—= 5.48——— (9) —_ ae Pe 
ko} T Ps /P»! ~ 0.55X 10-3 Ey 3s 10.7 kcal E43 aks 10.7 kcal 
Pyo/P;}= 1.26 10-3 P3/P;'= 0.75X 10, 
bl 2430 E;—3Es=11.1 kcal 
+log—=5.73-—-—— The CD2zHsz is produced by the reaction 
ho! T  P;/P:3=0.98X10-, (10) ee y 
CD.H+HD—CD.H.+D. (14) 
The Photolysis of d-Acetone in the Th . . . 
“ : e relative rates of reactions (12) and (14) are given b 
Presence of Deuterium Hydride (12) ( S y 
‘ies . is (Rep 3H) 12 kyof CD s LHD J 
rhe photolysis produces methane containing CD,, = 
CD3H, and CD2H». The reactions forming CD, and (Revels) 14 kul CDs H]-HD] 
TABLE V. The photolysis of d-acetone in the presence of deuterium hydride. 
Molecules Molecules 3 ‘ 
Temp Time d couane? HD/ce Molecules/cc/sec X 107" % C2De Rit so kis 1013 
Run °K sec cc X10718 )=—K 10-18 co methane ethane %CDs %CD3H % CD2Heinethane ks? kd 
10 cm d acetone, 10 cm HD 
106 410 1205 2.33 2.45 6.99 0.783 6.28 50.0 43.3 6.7 — 1.44 0.757 
74 423 1800 2.21 2417 3.94 0.752 2.74 mY a | 44.9 2.9 96.5 2.38 1.30 
64 448 1200 2.14 2.21 3.76 2.94 50.9 42.2 6.9 96.6 4.02 1.70 
65 477 1200 1.99 1.93 4.00 25% 2.28 52.3 40.7 7.0 96.5 9.08 4.98 
67 502 1229 1.88 1.90 3.89 3.53 1.52 §1.5 41.7 6.8 96.2 17.1 9.20 
69 534 1200 1.74 1.72 4.27 4.89 1.19 54.4 39.8 5.8 95.7 31.1 19.0 
72 537 1860 1.71 1.73 3.97 4.22 0.830 54.9 40.0 5.1 95.0 28.7 15.7 
‘1 572 1200 1.63 1.64 4.04 5.96 0.423 S2.1 42.0 5.9 94.2 66.5 34.7 
13 572 1800 1.65 1.61 4.00 5.43 0.416 55.4 39.2 5.5 56.7 32.7 


93.0 




















TABLE VI. 

ka/kp* X10" Pa/Pst Ea—tEp 
Reaction 130°C 210°C 290°C X10% kcal 
(3) CH3;+CH;COCH; 5.35 39.4 164 1.8 9.7 
(9) CD;+CD;COCD; 0.822 9.04 50.2 3.3 11.6 
(5) CH:+D:-CH;D 0.689 7.85 449 3.5 11.8 
(4)* CH;+H2 3.3 22 87 1.6 10.0 
(10) CD;+H:-CD;H 2.68 265 137 4.1 11.1 
b CD;+D, 0.9 8.9 46 2.0 10.9 
(6) CH;+HD—-CH, 1.16 9.12 40.0 0.55 10.0 
(7) CH;+HD-CH;D 0.497 5.09 27.0 1.2 11.3 
(12) CD;+HD—-CD;H 1.15 104 S12 13 10.7 
(13) CD3;+HD—-CD, 0.655 6.00 29.3 0.75 10.7 








* Majury and Steacie’s value corrected as indicated below. 
b Majury and Steacie's value. 


From the ethane analysis we can estimate that CD;/ 
CD.H=95/5 so that 


Ry 6 95 


—=—X—=255. 
ky 40 5 
This result implies that CD2H radicals abstract hydro- 
gen from HD more readily than do CD; radicals pro- 
vided that the rates of the recombination reactions 


CD3+CD;—-C2D¢ 
CD3+ CD.H—-C.D;H 


are not appreciably different. This enhanced reactivity 
of CD2H radicals was also observed by Majury and 
Steacie, when hydrogen abstraction from the molecules 
H; and CD3;-CO-CD; was involved. 


DISCUSSION 


Before discussing the results which have been ob- 
tained, it is necessary to establish the validity of the 
reaction mechanism which has been assumed. In par- 
ticular it is necessary to consider the possibility of ex- 
change reactions. It is found that no exchange occurs 
if a mixture of D2 and CH, is left in contact with a 
palladium thimble at 370°C for two hours or if the 
mixture is heated to 300°C in a furnace. Deuterium 
hydride rapidly equilibrates in contact with a hot 
palladium thimble but does not exchange with CH. 

The fate of the hydrogen atoms produced by re- 
actions such as (6) and (7) is of great importance. It 
is assumed that they are removed by the reactions 


H+CH;COCH;—H2+CH2COCH; (15) 
D+CH;COCH;—~HD-+ CH2COCH:s. (16) 


The accumulation of Hz from reaction (15) is pre- 
vented by the use of small conversions. The hydrogen 
atoms could also bring about equilibration of the HD 
if their stationary concentration were sufficiently high. 
This may actually occur to a small extent since the 
average composition of the gas before a run was 94 
percent HD, 4 percent He, 2 percent De and after a 
run was 90 percent HD, 8 percent He, and 2 percent Do. 
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Serious complications would occur if the hydrogen 
atoms reacted with the radicals present; for example, 


CH;+D—CH.D+H (17) 
CH;+D—CH;D. (18) 


If reaction (17) occurred, some of the CH2D radicals 
produced would eventually form CH;CH2D, but no 
trace of this was found in experiments with acetone 
and D2 or HD. The possibility of the occurrence of re- 
action (18) was considered by Majury and Steacie? 
They suggested that the reaction would probably re- 
quire a third body and demonstrated that no change 
occurred in the photolysis of d acetone with hydrogen 
if carbon dioxide were added. It is also possible to elimi- 
nate reaction (18) from considerations of the stationary 
concentrations of the species observed. We wish to 
prove that all the hydrogen atoms react with acetone 
rather than methyl radicals and therefore require the 
relative rates of the two processes. To take the most 
unfavorable case, it is assumed that reaction (18) occurs 
at every collision and does not require a third body. It 
is easily seen that 


(RuD)i6 isl Ac | 
(RcH3D)1s kis CHs] 





The value of [CH;] can be roughly estimated from the 
fact that RcsHs=h[_CH; }, and recent work indicates 
that k is of the order of 2X 10-" cc/molecule/sec. ky 
can be estimated from the data of Harris and Steacie‘ 
assuming a low steric factor, since this is least favorable 
to our argument. It is found that at 130°C, Rie/Rs 
~ 300 and at 300°C the ratio is several thousand. Al- 
though this calculation is only approximate, it shows 
fairly conclusively that reaction (18) does not occur. 

The results obtained for the various reactions are 
summarized in Table VI together with additional data 
obtained by Majury and Steacie. ka, Ea, and Pa refer 
to the reaction between a methyl radical and the mole- 
cules concerned, while kg, Az, and Pz refer to the re- 
combination of methyl radicals. 

All the activation energies which have been measured 
are found to lie within the range 10-12 kcal, and the 
steric factors are of the order of 10-*. There has re- 
cently been considerable discussion’ as to whether the 
reaction of methyl radicals with hydrogen has an 
activation energy of about 14 kcal and a steric factor 
of 10— or an activation energy of about 10 kcal anda 
steric factor of about 10-*. The latter value is favored 
by the present work. Majury and Steacie have measured 
the activation energy for the reaction CH;+H.—CH: 
+H and obtained a value of 9.2 kcal. This is based 01 
a Method I type of calculation, and consequently their 


results may perhaps be about 1 kcal low. A value of I! 


6G. M. Harris and E. W. R. Steacie, J. Chem. Phys. 13, 54 
(1945). 
7 Discussions Faraday Soc. (to be published). 
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kcal would be more consistent with the present work, 
since it is unlikely that the two reactions CH;+ He and 
CH;+D: have a difference in activation energies which 
is greater than the difference between the zero-point 
energies of H2 and D». If the activation energy of 10 
kcal is accepted, then the value of P4/P ,' becomes 
1.6X10~%. 

Further evidence for an activation energy of 10 kcal 
is provided by the work of Phibbs and Darwent® on 
the photolysis of mercury dimethyl in the presence of 
hydrogen. From their results it is possible to plot 
logks/ke' against 1/T and thus correct for variations in 
the stationary concentration of methyl] radicals. It is 
found that E,—3£,=9.9 kcal and P,/P:!=0.6X 10-, 
which are in excellent agreement with the data given 
in Table VI. 

Majury and Steacie found that the rate constants for 
reactions involving methyl radicals and He or De were 
changed very little if CH; were replaced by CD3. For 
example, the following ratios of rate constants at 
210°C were found: 


CH;+H:2 
—————=0.71 
CD;+H:e 


CH;+ De 
——=0.74. 
CD;+ De 


We have observed a similar phenomenon in the case of 
deuterium hydride where the corresponding ratios are 


CH;+ HD—-CH, 


CD;+HD-CD;H 


CD;+HD—-CD, ~ 








0.85. 


A comparison of the rates of the various deuterium 
hydride reactions reveals the interesting fact that 
hydrogen abstraction is about twice as rapid as deu- 
terlum abstraction. This is shown by the following ra- 
tios of rate constants at 210°C: 


CH,+HD—>CH, CD;+HD—CD;H 
CH;+HD—>CH;D CD;+HD—-CD, — 








1.79. 


A similar conclusion was reached by Farkas and 


*M. K. Phibbs and B. de B. Darwent, Trans. Faraday Soc. 
45, 541 (1949). 
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Farkas? in their work on the reactions of hydrogen and 
deuterium atoms with the hydrogen isotopes. 

In the case of CH; radicals this difference in rates of 
hydrogen and deuterium abstraction appears as a dif- 
ference in the activation energies; if CD; radicals are 
used, we find different steric factors and identical 
activation energies. The discrepancy is probably due to 
experimental error, since it is unlikely that there is 
really such a difference in behavior of the two radicals. 
For this reason we have compared rate constants rather 
than activation energies or steric factors. 

It is interesting to compare the rates of reactions 
(6) and (7) in terms of the transition state theory, 
since the treatment is simplified by the fact that the 
initial reactants are the same in each case. Some of the 
terms in the partition functions of the transition states 
CH3;—H—D and CH;—D—H such as the translational 
contributions are also identical. In view of the large 
frequencies involved, the vibrational partition func- 
tions of the two complexes should be almost equal; if a 
difference does exist it should be in a direction favoring 
CH;D formation. The rotational contributions of the 
two states, however, are not the same, since the mo- 
ment of inertia of the structure CH;---H--- D is obvi- 
ously larger than that of CH;---D---H. The ratio of 
the two moments can be calculated approximately by 
means of the transition state dimensions given by 
Glasstone, Laidler, and Eyring.” It is found that 


1(CH;---H---D) 


=1.5. 
1(CH;---D---H) 





The ratio is surprisingly large and almost completely 
accounts for the preferential formation of CH. 

These considerations suggest that the difference in 
rate constants for hydrogen and deuterium atom ab- 
straction is mainly due to a difference in steric factor 
rather than activation energy. If this is so, it implies 
that the two transition states have almost identical 


zero-point energies. 


A. Farkas and L. Farkas, Proc. Roy. Soc. (London) A152, 
124 (1935). 

1 Glasstone, Laidler, and Eyring, The Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., New York, 1941), p. 257. 
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Under intense ultraviolet illumination with an A-H6 mercury arc, benzene solutions in rigid glass at liquid 


air temperatures are decomposed. If the solvent molecules contain hydrogen, hexatriene is formed (almost 
certainly identified by absorption spectrum and chemical behavior). In a solvent (perfluoro-2-methy] 
pentane) containing no hydrogen, the benzene decomposes to an entirely different product, not as yet 


certainly identified. 





AUMAN! found. that when a sample of benzene 
in E.P.A. (5 parts ether, 5 parts isopentane, 
and 2 parts ethanol) was exposed to ultraviolet light 
at —195.8°C for a period of an hour or longer, one 
could notice a decrease in the phosphorescence intensity 
with time. He further found that when the sample was 
brought to room temperature, refrozen, and again 
exposed to the ultraviolet radiation, the phosphores- 
cence had gone back to its original intensity. It is the 
purpose of this paper to present the results of work 
which has been done in an effort to determine the cause 
of this decrease in the intensity of the phosphorescence 
of benzene. 

It was necessary at the outset to repeat and confirm 
Nauman’s observations on the behavior of benzene 
upon exposure to ultraviolet radiation. For this purpose 
experiments were performed in which a sample of 
benzene in E.P.A. was exposed to ultraviolet radiation 
at —195.8°C, and the intensity of phosphorescence 
observed over a considerable time interval. The observa- 
tions thus made showed that the phosphorescence 
intensity decreased as the time of exposure increased. 
Melting the sample at room temperature and then 
refreezing in liquid nitrogen brought the phosphores- 
cence back nearly, but not quite, to its original intensity. 
Repeated exposures with intermittent returns of the 
sample to room temperature, showed a steady decrease 
in the maximum value of the phosphorescence intensity. 
This procedure was repeated with different concentra- 
tions of benzene in E.P.A., and it was found that the 
difference between the original intensity and the 
intensity after exposure, melting, and re-exposure 
was greater with more dilute solutions. The results of 
these experiments indicated that a definite change 
occurred during the exposure of benzene, and probably 
that some of the benzene was being converted to another 
compound, a compound which does not phosphoresce, 
and which is stable at room temperature. Furthermore, 
it could be deduced that the reaction which was occur- 
ring was an irreversible one. 

In an effort to explain the change in the phosphores- 
cence intensity on melting and refreezing the sample, 
it was reasoned that the photochemical reaction pro- 


'R. V. Nauman, Communication in a Seminar on Phosphores- 
cence and the Chemical Constitution of Aromatic Compounds, 
University of California, 1944. 
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duced a region of nearly opaque material on the front 
surface of the sample tube, and thus prevented the 
ultraviolet radiation from any further excitation of the 
benzene molecules in the solution. On melting, the new 
substance formed was distributed throughout the bulk 
of the solution, and the intensity returned to almost its 
original value, the small permanent change being due 
mainly to the decrease in the benzene concentration. 

One more experiment of this type was performed in 
which a sample of benzene was again exposed to the 
ultraviolet radiation until the phosphorescence intensity 
had dropped quite noticeably, and the sample was then 
kept at liquid nitrogen temperature for 1} hours 
without further irradiation. At the end of this time, 
the sample was exposed to the ultraviolet light just long 
enough to measure the phosphorescence intensity, and 
it was found that the intensity had not changed during 
this time. 

Since a definite change seemed to have taken place 
in the composition of the solution during the exposure, 
it became desirable to compare the ultraviolet absorp- 
tion spectra of this solution before and after esposure. 
Another sample of benzene in E.P.A. was exposed to 
the radiation at liquid nitrogen temperature; it was 
twice melted by bringing to room temperature and was 
refrozen. The phosphorescence intensity was observed 
throughout the run; at the end of three exposures 
the sample was brought to room temperature, and its 
spectrum was determined with a Cary Spectrophotom- 
eter. The comparison of this spectrum with that of the 
original solution showed that a definite change had 
occurred in the solution (see Fig. 1), since the extinction 
coefficient had increased enormously and the structure 
of the spectrum had changed completely. 

The absorption spectrum of this solution was 
measured at liquid nitrogen temperature with the 
Hilger Medium Quartz Spectrograph, photographing 
the absorption spectrum by replacing the exciting 
mercury A-H6 arc with a Beckman Hydrogen Arc as@ 
light source. It was thus possible to obtain the absorp 
tion spectrum of the original solution and then, after 
exposure to the ultraviolet radiation, to photograph the 
absorption spectrum again and determine the changé 
which had taken place during exposure. Two such 
experiments were made; one using a solution of benzene 
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PHOTOCHEMICAL DECOMPOSITION 


in IM, (4 parts methylcyclohexane and 1 part isopen- 
tane) and the other using a solution of benzene in 
E.P.A. Both of these solvents have been found to form 
a transparent glass at liquid nitrogen temperature. 
The same results were obtained with either solvent, 
the spectra showing the same difference before and 
after exposure to the ultraviolet radiation. In addition 
to an increase in the extinction coefficient, there 
appeared two new bands in the near-ultraviolet region 
of the spectrum which could not be attributed to 
benzene. 

A solution of benzene in E.P.A. was now exposed to 
the radiation at room temperature; the spectrum of 
this solution was compared with the original spectrum, 
and no change was found to have taken place. It was 
also shown that exposure of the solvents to ultraviolet 
radiation at room temperature and liquid nitrogen 
temperature produced no change in their absorption 
spectra, and thus the observed change could not be 
attributed to a reaction which was taking place with 
the solvent alone. 

In order to obtain the absorption spectrum of the 
new compound formed in the absence of the absorption 
due to benzene, another sample of benzene in IM, was 
exposed to the ultraviolet radiation for three hours with 
intermittent melting and refreezing, and the spectrum 
of this solution was measured at room temperature 
using the Cary Spectrophotometer. The original 
solution of benzene in IM, was used as a blank. Thus 
the benzene absorption was subtracted out by the 
instrument, and the resulting curve was the spectrum 
of any material which had been formed during the 
reaction. The only error would be the small amount of 
benzene which had been converted in the reaction, 
estimated to be less than 10 percent. The curve thus 
obtained showed the presence of three maxima: one at 
275mu, one at 264mp, and one at 255mp. This work 
was repeated using solutions of benzene in E.P.A. 
and benzene in ethanol; in each case the spectra were 
identical. 

Although the spectrum thus obtained had some of the 
characteristics of the spectra of various substituted 
benzene derivatives, it was found that the extinction 
coefficient was much too high for any of these com- 
pounds. A calculation in which the assumption was 
made that all the benzene had been converted to the 
hew substance showed that the compound would then 
have a maximum extinction coefficient of 371. It had 
previously been indicated that less than 10 percent of 
the benzene had been converted, hence the maximum 
coefficient would be much higher. This ruled out the 
substituted benzenes as possible products of the reac- 
tion, and another solution had to be found. It was next 
shown that oxygen and water were not responsible for 
the photochemical reaction which was taking place. 
A sample of benzene in IM, was prepared, free from 
both oxygen and water, and this solution was exposed 
‘o ultraviolet radiation in a similar manner to the 
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Fic. 1. Absorption spectrum of benzene in E.P.A. before irradia- 
tion (lower curve), and after irradiation (upper curve). 


previous samples. The results of this experiment were 
identical with all the previous ones. 

An attempt was next made to prepare a larger 
amount of the new substance in order to be able to 
identify it, so a number of samples of benzene in IM, 
were exposed to the ultraviolet radiation for 14 hours 
each, being melted and refrozen twice during this 
time. This solution was then distilled at atmospheric 
pressure to half its original volume, and the spectrum 
of the distillate showed that only benzene and solvent 
had been distilled from the solution. The distilland was 
again distilled to half its original volume, and the 
spectrum of this distillate showed the presence of 
benzene and a little of the new substance, which could 
be detected due to its absorption at 275myp. The 
residue was again distilled to half its original volume; 
this time the distillate contained no benzene but only 
solvent and the new substance. The spectrum of this 
solution was essentially identical with the spectrum 
obtained previously. A small amount of the residue 
from the last distillation was diluted with methyl 
cyclohexane, and the absorption spectrum of this 
solution was also identical with the others. Another 
sample of the residue was heated on a watch glass to 
remove all the solvent, and a small amount of oily 
material remained on the watch glass. A small amount 
of this oily material in solution gave the same spectrum 
as before while, after standing in contact with the air 
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for three weeks, this same substance had lost all its 
absorption. 

A portion of the distillate containing the new sub- 
stance was next treated with bromine to test for 
unsaturation. It was found that the substance absorbed 
bromine instantaneously and that the resulting solution 
had lost all its absorption. This meant that the new 
compound was an unsaturated molecule whose absorp- 
tion was due to this unsaturation, and no longer to 
aromaticity. An investigation of various unsaturated 
molecules and their respective absorption spectra 
indicated that the compound was possibly a conjugated 
polyene, and the study of the spectra of various such 
polyenes showed that they have a characteristic 
spectrum which is very similar to that of the spectrum 
of the compound resulting from the photochemical 
decomposition of benzene. 

On comparing the spectrum with those of divinylace- 
tylene and the hexatrienes, it was found that the 
compound had a spectrum which closely resembled 
that of 1,3,5-hexatriene.2 The major discrepancy 
between the two spectra was that the entire spectrum 
of 1,3,5-hexatriene is shifted 7.5muz away from the 
visible region as compared with the spectrum of the 
decomposition product. The structure of the curve 
and the distance between maxima was the same, and 
the maximum extinction coefficient was of the same 
order of magnitude as that estimated for our compound. 

In an attempt to find a reasonable explanation for 
the difference between the two spectra, it was found 
that in conjugated polyenes geometric isomerism has 
an effect on the position of Amax 4S well as on the max- 
imum extinction coefficient.’ It is therefore reasonable 
to assume that the 1,3,5-hexatriene whose spectrum 
was published by Woods and Schwartzman? might 
contain the cis isomer, whereas the product of the 
photochemical decomposition of benzene is the /rans 
isomer which absorbs at higher wavelengths and has a 
higher extinction coefficient. 

The possibility that the decomposition product is 
1,3,5-hexatriene explains a number of observations 
which had heretofore been inexplicable. The molecule 
is highly unsaturated and would adsorb bromine 
readily. Hexatriene is known to polymerize on exposure 
to the air, and this would explain why the sample which 
was left exposed to the air lost all its absorption. 
Furthermore, one can now explain why the same 
product was formed regardless of which solvent was 
used for the reaction, while the solvent is still an 
essential part of the reaction. 

The role of the solvent in this reaction seems to be 
as a contributor of hydrogen. Any solvent which has 
hydrogens in it and is capable of forming a glass at 
liquid nitrogen temperature seems to be able to cause 


2G. F. Woods and L. H. Schwartzman, J. Am. Chem. Soc. 70, 
3394 (1948). 

’Pinckard, Wille, and Zechmeister, J. Am. Chem. Soc. 70, 
1938 (1948). 
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the reaction to proceed. This was checked by using 
a solution of benzene in perfluoro-2-methylpentane, a 
solvent which formed a relatively good glass if cooled 
slowly. The glass was exposed to the ultraviolet 
radiation as before, and the spectrum of the resulting 
solution was obtained at room temperature on the 
Cary Spectrophotometer. It was shown that a change 
had occurred but that this new spectrum in no way 
resembled that of spectra obtained when IM, and 
E.P.A. had been used as solvents. The spectrum thus 
obtained had certain characteristics of the biphenyl 
spectrum, a fact which would fit in with the work which 
has been done on the photochemical decomposition of 
benzene vapor in the far ultraviolet, which is thought 
to go to biphenyl.‘ Thus it was shown that in the absence 
of hydrogen in the solvent, the decomposition goes by a 
different path and results in the formation of a product 
different from that obtained with a solvent containing 
hydrogen. 

It was now necessary to postulate a mechanism for 
this reaction, in accord with the findings which have 
been reported. One could postulate that the first step 
is the breaking of one of the aromatic bonds in benzene 
which would result in the formation of a biradical. 
This biradical could then remove two hydrogens from 
any solvent molecule, resulting in the formation of 
1,3,5-hexatriene. A competing reaction would be the 
removal of a hydrogen from benzene forming a pheny! 
radical, but such a radical could regain a hydrogen atom 
from any surrounding solvent molecule which would 
convert it back to benzene. The latter is probably the 
path of the formation of biphenyl, both in the vapor 
state and possibly in solvents which do not contain 
hydrogen. For bipheny! to be formed in the solid state 
it would be necessary to have the phenyl radical 
collide with a molecule of benzene. This is highly 
improbable both because the concentrations used through- 
out the experiments never exceeded 0.0025 M in benzene, 
and because the molecules are held in place in a rigid 
medium. Certainly the probability of a collision between 
a phenyl radical and a benzene molecule would be 
extremely small as compared with the probability of a 
collision between the radical and a solvent molecule, 
which would convert the radical back to benzene. 

It has been shown that benzene on exposure to ultra- 
violet radiation at liquid nitrogen temperature, under- 
goes a photochemical decomposition to a new compound 
which is stable at room temperature. It has further 
been shown that a solvent containing hydrogen 1 
necessary for this reaction to occur, and that the 
resulting product has an absorption spectrum which 
is very similar to that of 1,3,5-hexatriene, and may be 
the ‘rans isomer of this compound. A mechanism fot 
the reaction has been postulated. Attempts have bee! 
made to determine the rate of this reaction, but these 
have not been successful to date. It would be desirable 


‘G. I. Krassina, Acta Physicochim. U.R.S.S. 10, 189 (1939). 
N. A. Prilezhaeva, Acta Physicochim. U.R.S.S. 10, 193 (1939). 
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PHOTOCHEMICAL DECOMPOSITION OF BENZENE 


to obtain the order of the reaction with respect to light 
quanta. The high intensities needed to induce the 
reaction and the absence of decomposition at room 
temperature suggest that the reaction may be second 
order in the quanta, which would be the case if a 
molecule of benzene in an excited triplet state is a 
necessary intermediate. 

It would be exceedingly useful to discover a method 
for producing large amounts of the decomposition 
product in order to characterize it definitely as to 
composition and structure. In order to establish 
definitely the geometric configuration of synthetic 
1,3,5-hexatriene and of our product, one might expose 
a sample of our material to ultraviolet radiation in the 
presence of I, catalyst® and compare its spectrum 
before and after such exposure, or use some other 
method to induce the cis-irans equilibration. 


EXPERIMENTAL 
Purification of Chemicals Used 


Benzene: C. P. benzene (thiophene free) was distilled 
and was further purified by five recrystallizations. 
Diethyl Ether: Absolute ether was twice distilled from 

sodium metal. 

Isopentane: C. P. isopentane was purified by passing 
through a four foot silica gel column. 

Ethanol: 100 percent ethyl alcohol was twice distilled 
from a small amount of sodium metal. 

Methyl Cyclohexane: C. P. methyl cyclohexane was 
first distilled from sodium metal and was then 
passed through a silica gel column. 

Perfluoro-2-methyl pentane: This was a sample free 
from hydrocarbons for which we are indebted to 
Professor George H. Cady. While not a pure isomer it 
contained almost entirely molecules of the empirical 
formula CeFi4. It was further purified immediately 
before using by means of a silica gel column. 


Measurement of Phosphorescence Intensity 


The apparatus used for measuring the phosphores- 
cence intensity of benzene consisted of a quartz Dewar 
vessel which housed a quartz test tube containing the 
sample. Liquid nitrogen was placed in the Dewar 
vessel to bring the sample to — 195.8°C. An A-H6 high- 
pressure mercury arc was used as a source of ultraviolet 
radiation and the phosphorescence was picked up by a 
photomultiplier and the intensity measured on an 
oscilloscope. A shutter was placed between the sample, 
the arc, and the photomultiplier in such a manner that 
it was possible to shield the photomultiplier while the 
sample was being irradiated and to cut off the light 
from the arc when the photomultiplier picked up the 
Phosphorescence from the sample. 
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tie 4) Sandoval and L. Zechmeister, J. Am. Chem. Soc. 69, 553 
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Fic. 2. Absorption spectrum of a solution in methy! cyclohexane 
of the purified photo-decomposition product of benzene. 


Photography of the Absorption Spectra of 
Unexposed and Exposed Benzene Solutions 


The same apparatus as that used for the phosphores- 
cence measurements was used, except that the shutter 
was removed and the photomultiplier was replaced by 
a Hilger Medium Quartz Spectrograph. The sample 
was exposed to ultraviolet radiation from the A-H6 
arc for a period of time. At the end of this time a 
Beckman Hydrogen Arc replaced the mercury arc, and 
served as a light source for photographing the absorp- 
tion spectrum of the decomposed benzene solution. 


Measurement of Absorption Spectra at 
Room Temperature 


All spectra which were taken at room temperature 
were measured on a Cary Automatic Recording 
Spectrophotometer. Figure 1 shows the spectrum of 
benzene before and after exposure to the A-H6 arc. 
Curve 1 is the original benzene solution (concentration 
0.00225 M benzene in IM,), and curve 2 is the same 
solution after 1} hours exposure to the A-H6 arc. 
Figure 2 shows the spectrum of the new substance, 
obtained either by subtracting out the spectrum of 
benzene or from the distillation which removed the 
benzene completely. 


Preparation of a Solution of Benzene Free from 
Oxygen and Water 


The apparatus used consisted of two test tubes 
joined in the fashion of an inverted “U” which could be 








1004 GIBSON, 
connected to a vacuum line, separated from it by a 
magnetic valve and a trap. To one of the test tubes 
was connected a small tube containing clean potassium 
metal, while the other tube contained a solution of 
benzene in IM,, kept frozen with liquid nitrogen. The 
potassium was distilled into the test tube by careful 
heating, thus forming a mirror of metallic potassium 
on its surface. The small tube which contained the 
potassium originally was then removed, and the 
system was evacuated by opening the magnetic valve. 
After the valve was closed, the liquid nitrogen was 
removed from the benzene solution and was placed 
around the test tube containing the potassium mirror. 
This allowed the solution to distill into the test tube 
containing the potassium metal. The sample was then 
allowed to melt so that any water in it could react 
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with the potassium. This procedure was repeated three 
times, and at the end of this time the benzene solution 
was distilled back into the original test tube. The 
sample was frozen, and the system was evacuated to 
remove as much air as possible. Then with the valve 
closed, the sample was allowed to melt, liberating any 
oxygen dissolved in the solution. This was repeated 
until the pressure in the system was constant, indicating 
that no more gas was dissolved in the solution. At that 
point, the sample tube was sealed, still under vacuum, 
and was removed from the rest of the apparatus. The 
solution was now ready for exposure to the mercury 
arc, and the results obtained with this solution were 
identical with others containing water and oxygen, 
thus showing that these two materials have no influence 
on the path of this reaction. 
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The Magnetic Susceptibility of Certain Organic Compounds. Part IV. 
The Constitution of Ortho, Meta, and Para Nitroanilines 


H. MIxkHAIL 
Faculty of Science, Fouad I University, Giza, Cairo, Egypl 
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Magnetic susceptibilities of o-, m-, and p-nitroanilines have been measured by the Gouy method. The ex- 
perimental results showed that for a strong repelling group such as the amino group, the values for the 
op-derivatives are lower than the corresponding m-derivative. This was attributed to the fact that there isa 
tendency for the amino group to conjugate with the benzene nucleus in the case of o- and p-nitroanilines, ac- 
companied by a lowering in their diamagnetic susceptibility values. 


1. INTRODUCTION 


EVERAL investigators have determined the mag- 
netic susceptibilities of different isomerides. Bhat- 
nagar' and his collaborators concluded from results ob- 
tained on a series of liquid isomers that the value of 
x is maximum for the ortho compounds while those of 
the meta and the para, like their other physical proper- 
ties, are close together. They attributed this to the fact 
that the carbon atoms in a substituted benzene nucleus 
are not exactly alike as a result of the polar character 
of the substituent group. Cabrera and Fahlenbrach? 
have concluded that, contrary to Bhatnagar’s observa- 
tions, the values of x for the m-nitrotoluene are the 
highest, whereas those of the p-nitrotoluene are the 
lowest. French? deduced from work on disubstituted 
benzene series that if the substituents are op-directing, 
the m-compounds have the highest susceptibility. She 
also noticed that if the nitro group is one of the con- 
stituents an apparently anomalous effect was observed. 
Recently, Baddar and Sugden‘ reported, from work on 
the contribution of the nitro group to the magnetic 
1 Bhatnagar, Mathur, and Mal, Phil. Mag. 10, 101 (1930); 11, 
914 (1931). 
2 B. Cabrera, and H. Fahlenbrach, Z. Physik 89, 697 (1934). 
3C. M. French, Trans. Faraday Soc. 41, 676 (1945). 


‘F. G. Baddar, and S. Sugden, J. Chem. Soc. (London) 1950, 
308. 


susceptibility of aliphatic and aromatic nitro com- 
pounds, that the difference between the magnetic sus- 


ceptibilities of the —C— NO, and the —C—H group is 


highest in the case of m-substituted nitro compounds. 
They attributed this to the fact that resonance as 
Type VIII(d) is impossible in the m-derivative. 
Similar conclusions were also reported, adopting 
other physical constants. Tamamushi® found that m- 
nitroaniline is adsorbed more strongly by Al,O3; in 
benzene and more weakly by charcoal in MeOH than 
is the o-isomer. He attributed this to the fact that the 
m-derivative is a polar adsorbent and has a tendency 
to adsorb a more polar solute in a more nonpolar me- 
dium. Vandenbelt® classified the interaction of groups 
in band displacement from work on ultraviolet absorp- 
tion spectrum of benzene derivatives into electron con- 
tributing (op-directing) and electron repelling (m-di- 
recting) types. He found that the NH» group, being 4 
strongly repelling group, produces a greater displace- 
ment in the absorption of benzene bands than do single 


5B. Tamamushi, Sci. Papers Inst. Phys. Chem. Research 
(Tokyo) 38, 446 (1947). 
( eae and J. M. Vandenbelt, J. Am. Chem. Soc. 69, 2714 
1947). 
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MAGNETIC SUSCEPTIBILITIES OF 


groups. Singh’ found also a higher dipole moment for 
the m- than the o-nitroaniline and a similar result for 
the total polarization. 


2. EXPERIMENTAL 


The Gouy method was employed in our measure- 
ments of the magnetic susceptibilities. The apparatus 
consists essentially of an electromagnet of the Weiss 
type and a sensitive Oertling balance (sensitivity 0.05 
mg). The field strength was of the order of 13 000 
oersteds in a gap of 1.1 cm. The temperature was kept 
nearly constant during the observations. 

The balance was mounted on a platform one meter 
above the electromagnet to avoid any direct influence 
resulting from the magnetic field on any part of the 
balance. The balance is fitted with special pans at the 
central bottom of which a micrometer screw adjust- 
ment is attached for the exact location of the specimen 
tube in the gap between the pole pieces. 

The tube was made of Monax glass fitted with a glass 
stopper and was suspended by a fine copper wire 
(British S.W.G. 50) from the fine micrometer screw. 
Two tubes were chosen for our measurements, which 
we shall call (A) and (B), respectively, with approxi- 
mate diameters of 0.6 cm. Sets of readings were taken 
for the empty tube as well as with the tube filled with 
the material under test up to a fixed mark. 

Purified distilled water freed from air was taken as a 
standardizing substance whose xw between 20° and 
25°C was taken to be —0.72X10~-®. The purified ma- 
terial was finely powdered and was uniformly packed 
in the specimen tube following the method adopted by 
Hoare.* Precautions were also taken with regard to the 
exact location of the inside flat bottom of the specimen 
tube centrally in the gap between the pole pieces. 

The equation used for evaluating x¢ is 


W—-—C dS W dS 
Xs= =~ xxw+(1/0-——x1/4), 
S dW S dW 





where C is the meniscus correction which should be 
introduced so that both solids and liquids might have 
the same volume. This correction was found to be 
0.0298 and 0.0301 for the tubes (A) and (B), respec- 
tively. The other symbols have their usual meanings. 

Typical results for — xX 10° for the three isomerides 
at 25°C are shown in Table I. Typical values of dW/W 
for tubes A and B were taken to be 189.03 and 182.62, 
respectively. 

Purification of materials: The solvents used for 
crystallization were purified as usual according to 
Proskauer.® 

0-nitroaniline: Pure Kodak material was twice crystal- 
lized from ligroin to give orange-red crystals, 76.8-77°. 

m-nitroaniline: Pure Kodak material was three times 


mses 


aoannney? Beri, Sarna, and Singh, J. Indian Chem. Soc. 26, 329 
°F E, Hoare, Proc. Roy. Soc. (London) 147, 88 (1934). 
* A. Weissberger and E. Proskauer, Organic Solvents (1935). 
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TABLE I. 
Ss —dS S Meanof ao Mol 
Tube g g dS S/dS g/ml wt xs XM 
o-Nitroaniline 
A 4.3825 0.01561 280.75 1.442 138.12 0.481 
4.2142 0.01501 280.76 280.66 66.47 
4.1679 0.01486 280.48 
B 4.1517 0.01532 271.00 1,442 
3.9927 0.01472 271.24 271.04 138.12 0.481 66.48 
3.8412 0.01418 270.89 
m-Nitroaniline 
A 3.2122 0.01206 266.35 
3.0243 0.01136 266.22 266.79 138.12 0.508 70.17 
2.7879 0.01041 267.81 
B 2.8794 0.01118 257.55 1.398 
2.7574 0.01072 257.22 257.59 138.12 0.507 70.01 
2.6627 0.01032 258.01 
p-Nitroaniline 
A 3.9323 0.01400 280.88 437 
3.8271 0.01365 280.37 280.84 138.12 0.481 66.42 
3.6874 0.01311 281.27 
B 3.6778 0.01358 270.82 1.437 
3.5583 0.01312 271.21 271.18 138.12 0.481 66.43 
3.4808 0.01282 271.51 
TABLE II. 
Calculated 
Experimental values* . values*® 
Substance (1) (2) (3) (4) (5) (6) (7) 
o-Nitroaniline 66.47 69.3 | 68.39 69.89 66.05 
at 73 
m-Nitroaniline 70.09 69.4 68.82 69.89 70.00 
p-Nitroaniline 66.43 66.5 66.85 69.89 66.05 








®(1) Author's values. (2) Bose’s value in the molten state (see reference 
10). (3) Bose’s value for a single crystal, and also by Krishnan (see reference 
11). (4) Garssen (see reference 12). (5) Baddar and Sugden (see reference 
4). (6) Pascal's data. (7) Gray and Cruickshank (see reference 13). 


crystallized from alcohol in yellowish flakes, mp 115.8°. 

p-nitroaniline: Pure Kodak material was _ twice 
crystallized from alcohol to give yellow prismatic 
needles, mp 153.0°. 

Table II include the present results as well as the 
results of other investigators for comparison. 

Referring to Table II, it will be seen that the author’s 
value for o-nitroaniline differs from those of Bose and 
of Sugden. In the first place, this is because the value 
quoted by Bose was taken for the material in the molten 
state. He concluded from his series of measurements on 
crystalline and molten states of some compounds that 
the diamagnetic susceptibility is independent of the 
physical state of the compound. This statement does 
not seem to be invariably true as some materials show 
a decrease while others show an increase in their 
susceptibility values on melting (see reference 14). On 
the other hand, the values quoted by Baddar and Sug- 
den were deduced from the additivity law of solutions 
assuming the law to be linear. Such an assumption does 

10 A. Bose, Phil. Mag. 21, 1119 (1936). 

1K. S. Krishnan and S. Banerjee, Trans. Roy. Soc. (London) 
A234, 265 (1935). 

2 J. H. Garssen, Compt. rend. 196, 541 (1933). 

13 F, W. Gray, and J. H. Cruickshank, Trans. Faraday Soc. 31, 
1491 (1935). 

4S. S. Bhatnagar, and R. N. Mathur, Physical Principles and 


A pplication of Magnetochemistry (MacMillan and Company, Ltd., 
London, 1935), p. 310. 
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not always hold as molecular association may occur, 
and thus, a deviation from linearity may exist. In 
particular, Garssen (see reference 12) found from work 
on a mixture of acetone and p-nitroaniline a deviation 
amounting to 17 percent. The same solvent was used 
by Baddar and Sugden in their measurements. 

In the Gouy method random orientation might be 
‘ assumed if good powdering and even packing were 
followed. The results obtained from adopting such a 
procedure gave consistent diamagnetic susceptibility 
values. Nevertheless, the descending order of the 
author’s values agrees with those of Baddar and 
Sugden values, namely, meta> ortho or para isomers. 

To explain the experimental results for picric acid, it 
was suggested in Part II by Baddar and Mikhail’*® that 
the coplanar structure must contribute to the actual 
state of the molecule. To gain more evidence for the 
effect of substituents on the contribution of the co- 
planar structure to the normal state of the nitro com- 
pounds, the study was extended to include several 
other aromatic substituted and unsubstituted nitro- 
and polynitrobenzene derivatives of the following types: 


Oy, po Oo. Ao 0° 
N 
wR 
R 
R 
1 mr ” 
P “04-4 
0.,,0 A ‘ 
a 
MN - R Oh 
O | 
+ 
R + 
Ww v - 


where R=OH, OCH3, CHs, or NHe group. 
16 F. G. Baddar and H. Mikhail, J. Chem. Soc. 1949, 2927. 


H. MIKHAIL 





Such structures as IV, V, and VI are not so stable as 
I, II, and III, respectively, as they involve an unstable 
separation of charge. They are, therefore, expected to 
make a significant, though small, contribution to the 
normal state of the molecule. For a group such as the 
NH: group, which is a strong electron-repelling group, 
the resonance effect is stronger than the inductive effect, 
and an increase in contribution is thus expected. 

The slight experimental differences between the m-, 
and the o-, or p-isomerides may, therefore, be attributed 
to the fact that structures VII(b) and VIII(b), which 
possess low calculated diamagnetic susceptibility values, 
contribute to the actual state of the o-, and p-nitro- 
aniline molecules, respectively. 


r) . - a wer 
a Xo yy 
NM, ok NH, 
-~ Or = O 
Sa 
(a) (b) (ce) 
Mw 
QA Wo 4/0 
- O - OC 
NH a NH 
2 H 2 
(2) + by (c) 
wr 


Such structures are impossible in case of metanitro- 
aniline (see Formula IX). 
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The Nonadditivity of the Repulsive Potential of Helium* 


Puitie ROSEN 
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The repulsive energy of three helium atoms is calculated using the valence bond method. A great reduc- 
tion of the required number of exchange integrals is found to be possible using group theoretical arguments. 
It is found that the effect of nonadditivity is negligible for the internuclear distances involved in most 


physical problems. 





N the past in developing the properties of matter 

using statistical mechanics or kinetic theory, it has 
been assumed that the potential energy of a system of 
molecules or atoms is simply the sum of the potential 
energy between all pessible pairs. It is, therefore, of 
importance to investigate the validity of this assump- 
tion. The potential is obviously nonadditive, when it is 
possible to form additional paired electrons as is the 
case in H;. However, the problem which is of interest 
in statistical mechanics is the additivity of potential 
energy for chemically saturated structures. 

There have been several investigators who have 
studied certain aspects of this problem. London? and 
Margenau® have shown that Van der Waal’s dispersion 
forces are additive only up to the second-order perturba- 
tion. Axilrod* has considered the dispersion forces be- 
tween three atoms using third-order perturbation 
theory, and he finds that nonadditivity introduces small 
errors. However, none of these investigators consider 
the first-order forces (chemical forces), although Mar- 
genau feels that these should be responsible for any 
important nonadditive effects. More recently Léwdin*® 
has developed an expression for the energy of a system 
of atoms using the molecular orbital method in which 
only two-center integrals are involved. He finds that 
nonadditivity is important in crystals. In this work we 
prefer to use the valence bond method which is useful 
for simple systems. 

The simplest problem that can be solved to test the 
additivity of chemical forces is the system of three 
helium atoms. The importance of helium in low tem- 
perature physics makes this choice an interesting one. 
However, because of the complexity of the problem, 
it is necessary to use the simplest possible atomic wave 
functions. 

Let us consider three helium atoms, a, 6, c; with 
electrons 1 and 2 attached to nucleus A, electrons 3 and 
4 attached to nucleus B, and electrons 5 and 6 attached 
to nucleus C. The Hamiltonian for this system can be 





*Supported by the Bureau of Ordnance, U. S. Navy, under 
Contract NOrd 7386. 

‘For example, see J. E. Mayer and M. G. Mayer, Statistical 
Mechanics (John Wiley and Sons, Inc., New York, 1940). 

*F. London, Z. physik. Chem. B11, 222 (1930). 

*H. Margenau, Revs. Modern Phys. 11, 1 (1939). 

*B. M. Axilrod, J. Chem. Phys. 19, 719 (1951). 

*P. O. Léwdin, J. Chem. Phys. 19, 1396, 1570 (1951). 

*P. O. Léwdin, thesis, University of Uppsala, Uppsala, 
Sweden, 1948, 
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written symbolically as 
A=H,4-4.t+A+ Vaot Vact V ve, (1) 


where H,, is the Hamiltonian for atom a which satisfies 
the equation, 


[vetttabadrn= E,. 


Wa. is the normalized atomic wave function of atom a, 
E, is the energy of atom a and similarly for the other 
atoms. Vas, Vac, and V,, are the interaction operators 
between any two atoms. 

The total wave function VY can be written as 


=2 (—1)Prwhab we, (2) 


where P) is any permutation operator of the symmetric 
group of permutations on 6 particles, which is com- 
posed of 720 elements, and X is even or odd for even or 
odd permutations, respectively. Since Wa, Yo, He are 
antisymmetric with respect to exchanges between elec- 
tons belonging to the same atom which we label the 
intra-atomic exchanges Pra, Pr», Pr, respectively, it is 
convenient to consider the group P, as being formed 
from the interatomic exchanges Pag». and the intra- 
atomic exchanges.’ Thus, 


Py= Phrape?**Pro*Pro*Pr,-*. (3) 


The set of interatomic permutations Pra». represent a 
complex of the group P, which when multiplied by the 
intra-atomic subgroup Prq*:Pr»°-Pa-° reproduces the 
entire group. The subgroup Prq*: Pry’: Pa-*, which we 
denote by gy, for our problem is composed of 8 elements 
which are 1, (12), (34), (56), (12)-(34), (12)- (56), 
(34) - (56), and (12)- (34)- (56). Consequently, the com- 
plex Pra». contains 90 elements, one of which is unity. 
We shall denote the purely interatomic permutations 
Prave***—1 by TI,. 

To obtain the elements IJ, it is first advisable to con- 
struct a table giving the types of classes of the entire 
group. Using well-known rules® we obtain the results 
shown in Table I. Let us now consider the possible ways 
of exchanging electrons between any two atoms. There 
are 5 ways of permuting electrons between atoms @ and 
b, 5 ways between a and c, and 5 ways between 6 and c. 

7H. Margenau and P. Rosen, J. Chem. Phys. 21, 394 (1953). 


8H. Margenau and G. M. Murphy, Mathematics of Physics and 
Chemistry (D. Van Nostrand Company, Inc., New York, 1943). 











TABLE I. The symmetric group of 6! permutations. 











Class Number in class Odd or even 
Py 1 even 
(ij) 15 odd 
(ijk) 40 even 
(ij) (RI) 45 even 
(ijkl) 90 odd 
(ijklm) 144 even 
(ijklmn) 120 odd 
(47) (klm) 120 odd , 
(47) (RL) (mn) 15 odd 
(ijk) (mn) 40 even 
(ij) (klmn) 90 even 








For example, between a and 6 we can have (13), (14), 
(23), (24), and (13)(24) or (14)(23) which is equally 
valid. The last two can be obtained from one another 
by multiplication with some member of the intra-atomic 
subgroup g: 

(13) (24) - (12) (34) = (14) (23), 

(14) (23) - (12) (34) = (13) (24). 


We shall denote the above diatomic exchange operators 
by IIxap, Txac, and Iay-. Permutations (14), (23), and 
(24) are equivalent to (13), for as we shall show below, 
all elements which are related by the similarity trans- 
formation g,—'Ig,, where g, is an element of the intra- 
atomic subgroup, are equivalent in evaluating the total 
energy. Thus, there remain 74 purely triatomic exchange 
operators, which we denote by ITas, such that 


.» (—1)*Prave= Zz (—1)*TT abe 


Rabe Nabe 
+X (—1)Mneot DL (—1)*Tree 
Aab hac 
+3 (-1)Tae+1=E (—1)Mh+1. (4) 
Abe r 


Let us now consider the number of possible purely 
triatomic exchanges IIaqs-. There are 24 ways of simul- 
taneously exchanging two electrons on any atom with 
two other electrons, each belonging to different atoms. 
Typical elements of this set are (13)(26) with which 
both electrons of atom a are exchanged; (13)(46) with 
which both electrons of 6 are exchanged; (35) (26) with 
which both electrons of c are exchanged. All the other 
elements of this set can be obtained from these three by 
the similarity transformation g,—“Ihg,. 

There are 16 ways of cyclically permuting three elec- 
trons each of which belong to different atoms. A typical 
element of this set is (135) ; eight of the elements of this 
set can be obtained from (135) by using the above 
similarity transformation, and the remaining eight can 
be obtained from these by taking the inverse. We shall 
show below that II,~ and II are equivalent in evaluat- 
ing the energy. 

There are 8 ways of simultaneously exchanging all six 
electrons such that all electron pairs belonging to the 
same atom are transferred to different atoms. A typical 
element of this set is (13)(25) (46); the other elements 
can be obtained by using the similarity transformation. 
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We also have two ways of permuting all six electrons 
such that all electron pairs belonging to the same atom 
are transferred together to another atom. This is the 
same as permuting the nuclei cyclically. A typical ele- 
ment of this set is (135) (246), the other element being 
the inverse. 

Finally, we have 24 ways of permuting any two nuclei 
and then exchanging any electron on these nuclei with 
any electron of the remaining atom. Typical elements of 
this set are (24)(135), (26)(135), (46)(135). One must 
be careful here in obtaining the other elements of this 
set by the similarity transformation and by taking 
inverses, because, if this is done, we obtain 48 elements. 
However, 24 of these are redundant because they can 
be obtained by multiplying some member of the intra- 
atomic subgroup by the remaining 24 elements. The 
most direct way of obtaining the required set of ex- 
changes is to form the products 

(75) 
U4) i=1, 2, 3,4 
v7 


(73) 
-(15)(26) i=1, 2, 5,6 
(74) 


(71) 
-(35)(46) i=3, 5, 4, 6. 
12) 

There are three ways to check to see if we have the 
required set II). First, we notice that we have the re- 
quired number of these permutations. Second, it is 
easily shown, using Table I, that if the products given 
by Eq. (3) are performed, we obtain 360 even permu- 
tations and the same number of odd permutations. 
Finally, none of the interatomic permutations II, given 
above can be obtained from one another by forming the 
product II,g. Table II gives all the typical interatomic 
permutations with the equivalent number of permuta- 
tions obtained by the similarity transformation and by 
inversion. 


TABLE II. Interatomic permutations. 








Equivalent 








Notation Permutation number 
TTyab (13) 4 
(13) (24) 1 
Ta (15) 4 
(15) (26) 1 
TTA be (35) 4 
(35) (46) 1 
TTda be (13) (26) 8 
(13) (46) 8 
(35) (26) s 
(135) 16 
(13) (25) (46) 8 
(135) (246) 2 
(24) (135) 8 
(26) (135) 8 
(46) (135) 8 
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CALCULATION OF THE ENERGY thesis 
The total energy of the system H can be written 
freuen De (—1)*Prashav dr 
[vernrveH X (—DPatebobar - Mt - 
r 





: ¥ ©) [very > (—1)*«Pra, bab dr 
fren X (— 1)*P\Wa dr abe 


by virtue of the fact that (—1)“Prgu=Wa, etc. Or 
If we use the decomposition of P,, as given by Eq. (3), since Pras, contains unity we have 





EAE st E.+-U t+ UectUs-+ f Wa*WetWe*H  (—1)hyabdr 
{{=--—-——_—_—_. - --— - ---- -_____—.. nls (7) 
i+ f Va he We* DL (—1) Maha edt 
where , 


Dam f vetV onder, etc. 





We will now show that II, and II,“ yield the same It was stated above that a set of II,, which are related 
contribution to Eq. (7). If we define 6=y~ zw. and by the similarity transformation g,“II,g, are equiva- 
consider cases where the integrals in Eq. (7) are real lent. This can be shown as follows: 

(in our case® will be real), then, because H is Hermitian, 
f erunear= (- 1)* f ge'Lo*H tg, Mr 
fou 1)Iybd7 = filo (— per 


= feettes-"thgbdr. 


= | *H(—1)MI,~dr. | 
fo —— By use of Eqs. (1) and (4), Eq. (7) can be written 





4 
Ea(1+As-)+ Es(1+ Mac) + Ec(1+ Aas) + U ast Uact U set Has’ +H a’ +Hr’+D Qi 
i=l 





AK a itinerant, (8) 
1+ Aast Aact Asct Aate 
where 
a= f ves" D (—1)*Mrasbapedty, etc., 
ab 
Aabe= [verry } i 1)“*Thanehab WAT, 
Aabe 
Flas! { Voro*(Hot Hot Vavl  (—1)"Mraadriz,  ete., 
dab 
ise f Va beWe*(Vact Vine) D (— 1) obedr, 
dab 
Q2= [vee Vast V be) pS (—1)Tha Wad, 
hac 
O= f vetbe'¥e" Vert V ac) » (= 1)TMypab edt 
Abe 
and 


Ov f VeitH XS (—1)*Tnepabababedr. 


Mabe 
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It is easily seen from Eq. (8) that the total energy of a 
pair of atoms, for example, a and 4, is 





=" Has +Eot Est Uap 
ab (9) 
1+ Aad 
and the interaction energy between a and 0 is 
Has’ +U as— (Eat Er) Aas 
ab= ‘ (10) 





1+ Aap 


The total interaction energy of the three atoms is 
H—(E.+£.+E.), and the nonadditive part of this 
energy Ean. is 


Ew-=H— (E+ E.+E.)— (East Eact Enc), 
which can be written by virtue of Eqs. (8) and (10) 


4 
Eave= ee 0- (Eat Ev tE.)Aave 
i=1 
— Ean(AactAset Buse) 
— Eac(AastAset Aate) 
— Ey-(Aast Aact Aabe) JA“, 
A= 1+ AgstAactAset+ Aate- 


EVALUATION OF INTEGRALS 


(11) 


where 


We will choose the following well-known atomic func- 
tions for our calculation: 


ee) 


v2 os 
a(t)= (=) € 
ee) 
wz 6 CU re 
sire (2)erm 


a(5)6(6)—B ee) 


v2 
Z\3 
c(5)= (—) eC, 
Tv 


where a and @ are the usual spin functions, A; is the 
distance from nucleus A to electron 1, etc., and 
Z=27/16. We will write the Hamiltonian in natural 
units so that 





o=a(1)0(2)( 


—ZA 





vo= 53000) 





- c(5)<(6)( 


28 2 
=— (wr+ve)—4(—+—)4+— 


Ay Ag "12 


Si, 2 
= (He) +(Ha™)+ (22 -4) (+—)+-, 


1 2 "12 
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1 a te 
Var= -4(—+—+—+—) 
3 Aq B, Be 
1 x 4 1 8 
+2(—+—4+—+—)+— 
Tig Tua ~«6Ves CO ab 


where 7;; is the distance from the ith to the jth elec- 
tron and (H,)a(1)=—Z?a(1). The other parts of the 
Hamiltonian are similar. 

If one integrates over the spin coordinates in all the 
expressions given in Eq. (8) and also considers the 
equivalence of certain exchange integrals, one finds 


DL (—1)**Hraxe2[ (13) (26)+ (13) (46)+ (35) (26) ] 


Nabe 
+4{ (135) ]+ 2[ (13) (25) (46) ] 
4+ 2[ (135) (246) ]—4[ (24) (135) 
m + (26) (135)+ (46) (135)] 
sO 
2 (—1)lres— 2[ (13) J+ (13) (24), 
with similar expressions for }>(—1)I],a- and 


> (—1)Tas-. If all the integrations are carried out, we 
find thatt 


E,= E,=E,= 22?— (27/4)Z, 
Aas= —2av+Tas', 

(1+ Ags) Eav= —4Z[4¢0— 21 (aa, 6b)+ L(ab, ab) | 
—8ZIa| (Z—4)Jas+2L (aa, ab) | 
+ZJa°[8Z—11—4L (aa, bb) + 16ga5 
+12L(ab, ab) ]+8(Z—4)ZJa*Jas 

+ Ias[8Z/p—82°+ (27/2)Z], 
Aabe= 4 acl abl be 
+2[TavlaPtlavl oe +171 o2 | 
—4[Tav*lacl et lac avl ve 
+1 yl avlaclt+4lavlac?ls., (15) 
Q,(a, 6, c)=16Z] aT (c, ab) [1—Tas? 
+ 8Z]av?[ 3g5e+3gac—l (aa, cc) 
—1(bb, cc) |—8ZTav'Lgact 800]; 
Q2(a, b, c)=Qil(c, a,b), Qs(a, b,c) =Q1(, ¢, a). 
For convenience we decompose Q, into 


O4 _ Qrtat+ O4 ot Qaet+ Q4a ot O40 et O4 bey 


(12) 
(13) 


(14) 


(16) 


where 


- f vee VetHe X (—1)Iresa oped 
and 


Nabe 


Zz (-— 1)*Tapab edt; 


Aabe 


Qsad = [verve Va 


t The symbols are defined in the Appendix. 
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dt 
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© we find 
Qia(a, b, c)= — SZ[2T orl acl ve— (Z—2) I abl vol ac— Lav] vel (aa, ac) ]—4Z[ZIas*Tad+ Wat" s?+ Wael ve 

— (Z—2)(Ip2+Ta2) Tat as— (Z—2) Lat] 02)LacI ac—Tavl o?L (aa, ab) — Tack 4.°L (aa, ac) 

—Tapl acl (ab, ac) |4+8Z[Z (Lav®] acl ve+Iacl abl ve) + 21 v2 I abl ac— (Z—2)Iav*T acl vo) ab 

— (Z—2)J ac(Lat8l vet 2a2l abl oct] PT av) —Tacl avl vel (ac, ac)—Iy-T aL (aa, ac) 

~ 1435 yeL.(ab, ac) ]—42Z[2ZT o8'Te2l 42—3(Z—2)Tas*T acl v2 ac— (Z—2)lavlael v2J ab 
—Tqe7Tp2L(ac, ac)—Tasl acl »2L (ab, ac) |, 


also 


Qsv(a, b, c) = Q1a(0, C, a), QO4e (a, b, c) =Qralc, a, b), 
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(17) 


Qsar(@, b, c) =_— 8Z[ 4] asl acl beZaot QT acl bet abt ZT abl ockK (b, ac) — Tas! acl o-l-(aa, bb) —_ T acl »-L(aa, ab) 


4Z 
sie TyeL (ab, ac) ons Tcl ark (bb, ac) |+ 12| —(atlee+ Tes l ee + Tcl ac’) —2 (Iacl av” 


Pab 


+2]e2Iue+ Tav'lve)Gas—4(Lasl ace’ + Tavl v7) J as— 2TacLav+ T,2)K (6, ac) 
— 2 pe(Tave-+Ta2)K (a, bc) + Tae +1y2)L (ab, ab) +Ta2T42L (aa, bb)+ LaP+T oe) Taol (aa, ab) 
+1 5e(Ta2+Tax2)L (aa, bc) +L ac(Lo2+ 1s?) L (bb, ac)+Tasl acl (ab, ac)+Tavl 5-L(ab, bc). 


4 


+ Tcl col (ac, bc) i; 8Z —(Lan*Tacl bet Lael aol oct] p21 avl ac) Pad 2 (Lael avl bet Tp? abl ac)Gab 


Pab 


—s 2(3lavlacl be+ Tal bet Ty2Tac)J as— 2 (Lael be+ QT acl aol wet Ty3Tav)K (d, ac) 
— 21427 apl acK (a, bc)+ 2 abl vel acl (ab, ab) +1 42T acl (aa, ab)+1 521 al acl (aa, bc) 


+212] bel ap (bb, ac)+ (2TaPl bet] eb + 20 pel as®)L (ab, ac) +1471 ark (ac, bo | 


Pab 


8 
+ 4Z —I e7Jacl— Slesl acl oJ av— 6lav7l yl ack (0, ac) _ ZT ol ofl uh (a, bc) 


+142142L (ab, ab)+5lasl acl y2L (ab, ac)t+Tavl acl cl (ab, bc)+Tav'l acl pel (ac, bo} (18) 


also 


QOsac(a, b, C)=Quar(c, a, b), 
O4oe(a, b, €)=Quaas(d, C, a). 


NUMERICAL CALCULATIONS 


For numerical calculations we have chosen to consider 
the equilateral triangular configuration and the linear 
symmetric configuration. One should expect that since 
the equilateral configuration involves the greatest over- 


a e ° ° 
lap of wave functions that the contribution of non- 


additivity will be largest in comparison to other con- 
figurations having the same triangular perimeter. The 
linear symmetric configuration is calculated for com- 
parison. Another reason for this choice is the fact that 
the three-center integrals required for these configura- 
tions have been calculated for several values of inter- 


nuclear distances.*-" Wherever possible we have used 
LS 


*J. O. Hirschfelder, J. Chem. Phys. 6, 795 (1938). 








values given in the literature for all the necessary three- 
center integrals. In several cases we have used approxi- 
mations which are given in the appendix. For the equi- 
lateral configuration the results for all ZR23 can be 
put into the form 


Fate 
Eat Eoet Eac 


R in units of Bohr radii. For the linear symmetric case 
we have 


“- S p— -33(R, R 
—1.15¢ 33 (Rab+ Ract be) , 





Ea be 


E. ot Exet Ea 


1 Hirschfelder, Eyring, and Rosen, J. Chem. Phys. 4, 121 
(1936). 


= 9 8e—-86( RabtRact Roe) | 
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For the equilateral configuration we find that for 
ZR28 the error involved in neglecting nonadditivity is 
1 percent or less. The error involved for the linear sym- 
metric case is always less than for the equilateral case 
and of opposite sign in thé region investigated. These 
results show that for the distances involved in most 
physical situations (ZR2 8) the effect of nonadditivity 
in the repulsive forces of helium is negligible. 

In the equilateral configuration at large distances we 
find that Eas-~J*, where J is the overlap integral. 
Also at large distances Eqy~J*. Thus Eos-/3Ea~l. 








ROSEN 





In fact, for large distances, Eas-/3Ea»=I is a good ap- 
proximation. Thus, if the overlap integral is small com- 
pared to unity, we expect nonadditivity to be negligible. 
There may be physical situations when the overlap 
integral is not negligible, and in these cases one should 
be cautious in assuming that intermolecular forces are 
additive. 


APPENDIX 


The following two-center integrals are necessary in 
our calculation: 











1 pa2(1)b?(2) 
Tes(pes)= f abd L(aa, ww) =— f ——— 2 19 
4 12 
1 ab 1 pa(1)b(1)a(2)b(2) 
Javlpas) == | — dr L(ab, ab)=— f aT 12 
Z A L, Y\2 
1 po? 1 pa?(1)a(2)b(2) 
Gevlpas)=— f —dr L(aa, ab =f d79 
ZJ A Ti2 
1 1 
Lab(pas)=Gas(par)——  [(aa, bb)=L(aa, bb)——, 
Pab hab 


where p= ZR and R is the distance between the respec- 
tive nuclei. 
The following three-center integrals’ are required: 


1 rbe 
K(a, be) == [— ar, 
ZA 





1 pa?(1)b(2)c(2) 
L(aa, bc)=— { ———"dr, 
(aa, bc) =f - 
1 1)b(1)a(2)c(2 
L(ab, a= —— T 12, 
Z 12 


T (a, bc) = K (a, bc)— L(aa, be) 


rf 1 
== f orte( 14+ Jar 
2 ZA 


All the two-center integrals and K (a, bc) can be evalu- 
ated in closed form; however, Hirschfelder and Wey- 








T (a, boys exp(- 2ZRa ve)(14 


a, (be) 


+Ta exp —Z(Ra, (ab) + R,, wo) 1(14 





ZRa, (ah) 


gandt"” have computed tables for these. They have 
also computed all the other three-center integrals for 
the equilateral configuration for a few values of the 
internuclear separation. For the linear symmetric con- 
figuration, integrals of the type L(ab, ac) and T(a, bc) 
have been computed by Hirschfelder, Eyring, and Rosen 
for several internuclear separations. For integrals of the 
type 7 (a, bc) the latter authors give a closed expression. 

Approximate expressions for integrals of the type 
L(ab, ac) have been given by Margenau” which in our 
notation take the form 


L(ab, ac)=[TacK ((ac), ab) +] aK ((ab), ac) |, 


where 





ab 





1 
K (ac), ab) aig -{ dr, 


4 (ac) 


where Rac) is the distance from the electron in question 
to the midpoint between nuclei a and c. Using Mar- 
genau’s method of approximation we find for 7 (a, bc) 


Jct 2 exp[ — Z(Rowt Rac) ] 


1 





<a) 
ZRa, (ac) | 


)+ Tec expl— Z(Ra, (oct Ro, wd(14 


where Raq,s-), for example, is the distance from nucleus a to the midpoint of 6 and c. In general, the accuracy 


required for integrals like T(a, bc) is not great. 


1 H. Margenau, Phys. Rev. 63, 131 (1943). 
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The unification of the atomic orbital and molecular orbital theories of the excited states of diatomic mole- 
cules is achieved by means of semi-localized orbitals. In particular the classification of the states of the ° 
fluorine molecule arising from the interaction of two fluorine atoms in their ground state is discussed. 
Quantitative calculations are made for the 'Z,* and *Z,,* states and a comparison of the singlet-triplet 
separation energies and binding energies from the three methods is made. Both two electron and eighteen 
electron calculations are made. The better molecular orbital calculations give a lower triplet than a singlet 
state. In the eighteen electron calculation the atomic and semi-localized orbital methods coincide, and the 


1y,* state is found to be the ground state. 





PART I. CLASSIFICATION OF MOLECULAR STATES 
A. Introduction 


HERE are two general approaches to the classifi- 

cation of the electronic states of molecules. In 
the first method we begin with a zero nuclear separa- 
tion and split up the “‘united atom” into the constituent 
atoms of a molecule. This procedure is very closely 
identified with the molecular orbital method. 

The second method consists of an investigation of the 
kinds of molecular states which arise from given states 
of separated atoms. The procedure developed by Wigner 
and Witmer' is the basis of the atomic orbital theory of 
excited states. 

In a series? of papers the author has undertaken the 
unification of the atomic (A.O.) and molecular orbital 
(M.O.) methods by use of semi-localized orbitals. 
The semilocalized orbitals (S.L.O.) can assume either 
M.O. or A.O. form depending on the value of certain 
variational parameter, but usually possess an inter- 
mediate character. 

In carrying out such a program for the classification 
of molecular electronic states, the first problem is 
obviously to select as a beginning point either the uni- 
fied or separated atom approach. 

In any many-electron problem we must rely very 
heavily on the Slater determinantal eigenfunctions and 
the various techniques developed for their application. 
Considering the problem solely from the standpoint of 
the number of determinants involved, the separated 
atom procedure strongly recommends itself. If we pass 
by means of properly chosen variational parameters 
from A.O.’s to S.L.O.’s the number of determinants 
does not change, and the symmetry characteristics 
cannot change. 

At the point where the variational parameters as- 
sume values characteristic of the M.O. eigenfunction, 
the number of determinants is sharply reduced, even 


eo 


UE. Wigner and E. Witmer, Z. Physik 51, 859 (1928). 

C. Mueller and H. Eyring, J. Chem. Phys. 19, 1945 (1951), 
Proc. Natl. Acad. Sci. 38, 149 (1952). C. Mueller, J. Chem. Phys. 
19, 1497 (1951), J. Am. Chem. Soc. 74, 3466 (1952). C. Mueller, 
J. Chem, Phys. 20, 1600 (1952). 


though the symmetry properties of the eigenfunction 
are retained. 

It is much more convenient to study this change 
starting from a separated atom approach. The method 
of Wigner and Witmer has so far been in complete 
accord with experiment, but there are discrepancies 
with experiment on the basis of the unified atom 
approach. This is really not surprising since molecular 
observations are always made at intermediate and large 
internuclear separations. 

Having settled the question as to the type of ap- 
proach to be used, we must now turn our attention to 
the individual one-electron eigenfunctions. According 
to the definition given in the first paper of this series," 
these individual one electron orbitals will consist of a 
linear combination of two atomic orbitals, one on each 
atom of the diatomic molecule. 

Suppose we consider such a linear combination, 
PatArgo(Aa¥at ¢»), at infinite internuclear separation. 
In the case the best orbital will be an A.O. According 
to our definition of atomic orbitals \,=0(A.=0), and 
the orbital has the form ¢a(¢»). We shall call ga(g») the 
base atomic orbital. There are two important but 
equivalent restrictions on the form of the second atom 
orbital. First, for suitable values of the variational 
parameter the one-electron orbital must assume M.O. 
form. Second, the symmetry of the molecular eigen- 
function must be independent of the value of the 
variational parameters. 

The condition for the satisfaction of both criteria is 
simply that gq and ¢» have the same symmetry relative 
to the molecular axis, A. B. Coulson* has discussed this 
criterion for M.O.’s. 

For the excited and ground states of fluorine, we are 
restricted to the combination of the P4;, Ps, Po 
orbitals of atom A with the P,:, P_1, Po orbitals, re- 
spectively, of atom B. In addition symmetry conditions 
will greatly restrict the values of the \,’s. 


3C. A. Coulson, Valence (Oxford University Press, New York, 
1952), p. 70-76. 
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B. Orientation of Base Atomic Orbitals 


In the formation of a molecule an axial electrical 
field is produced which is accompanied by a quantiza- 
tion of angular momentum along the intermolecular 
axis. If the component of the angular momentum of 
the ith electron along such an axis is designated as 
M zi, then the molecular state is characterized by the 
quantum number A where 


A= |2M,,;|. 


‘An excellent diagram for the vectoral quantization 
in the case of interaction between atoms in the ?P 
(fluorine ground) state is given by Herzberg.‘ 

We must consider states with A=0, 1, 2;or2,,andA 
states. We can produce & states in two different ways. 
The base atomic orbitals for the valence electrons can 
be both Pz or Po orbital (Z axis along the internuclear 
axis) or a P,, orbital on one atom and a P_, orbital on 
the other. Since the assignment of either a P,; or P_; 
orbital to an atom is arbitrary, the second kind of 2 
state is degenerate. 

When the base atomic orbital on one atom is Pp and 
the orbital of the second atom is P_; or P4,, II states 
arise. Again because of arbitrariness in the assignment 
of the orbital to individual atom, these states are 
degenerate. 

When the base atomic orbitals for the valence elec- 
trons are both P,, or P_, orbitals, A states arise. 


C. Additional Symmetry Properties 


Two additional symmetry properties must be con- 
sidered. If a molecular eigenfunction undergoes a sign 
on inversion through a center of symmetry, it is classi- 
fied as a ungerade state. If no change in sign occurs as 
the result of such an operation, the eigenfunction is 
classified as gerade. 

We must also characterize the eigenfunction as to its 
symmetry properties on reflection in a plane containing 
the intermolecular axis. If such an operation leaves the 
eigenfunction unchanged, it is called positive; if a 
change of sign occurs, it is negative. 

The last consideration is the multiplicity. Since we 
have only two uncoupled electrons with spin quantum 
number of +3, the total spin quantum number can be 
0 or 1 resulting in singlet and triplet states. The former 
are antisymmetric in the spin eigenfunction, the latter 
symmetric. 

We shall consider the effects of these symmetry 
properties in detail for the 2 states, and when this 
task is completed some additional remarks about II and 
A states will be made. 

The simplest type of 2 state arises from the inter- 
action of two Pz orbitals, one on each atom. The base 
atomic orbitals are Pz, and Pz». The linear combina- 


4G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., 1950), p. 317. 
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tions are PzatAs,Pz, and AgPzat Pz». It is sufficient 
to specify these linear combinations by the base atomic 
orbitals. 

For the purposes of further simplification we will re- 
place eighteen electron determinants such as 


[1Sa(a)-+-Pza(a)1S,(a)- + -Pzs(8) ] 


by the two electron determinant [ Pza(a)Pz,(8) |. 

Consider the case where the spins of the atomic 
orbitals are a and 8. Two determinants specify the 
states equally well, namely A=[Pza(a)Pz.(8) | and 
B=([Pza(8)Pz»(a) |. We are faced with the case of 
exchange degeneracy. This is removed by taking linear 
combination, A+B, and A—B. On expansion we find 
that the eigenfunction A—B(A+8B) is antisymmetric 
(symmetric) in the spins. On inversion through a center 
of symmetry, 


PzatdAP2e+ (APzat Pz»). (2) 


On expansion of the eigenfunction and factorization 
of the spin coordinates, the first state is gerade, the 
second ungerade. 

The eigenfunction is invariant to the operation ¢,, 
reflection in a plane of symmetry in both cases: 


V('2,1)=A-B, (3) 

W(2,+)=A+B. (4) 

Note that in Eq. (2) we have tacitly assumed that 
Aa=Av. This in fact must be the case if the original 
symmetry of the base atomic orbital is to be preserved. 


The = state can also arise through the interaction of 
P_, and P,, orbitals. One singlet state is 


[P414(a)P_10(8) ]—[LP412(8)P_10(a) J=C—D, 
and a second singlet state is 
[P+10(a@)P_1a(8) ]—[LP410(8)P-1a(a) = E—F. 


Similarly two triplets occur, C+D, and E+F. To re- 
move this degeneracy we again take linear combinations, 


I=C—D+E-F, 

Il=C—D-—E+F, 
Ili=C+D+E+F, 
IV=C+D-—E-F. 

Combinations I and II are singlet sigma-states; Ill 
and IV are triplet sigma-states. We must now classily 


these states as gerade or ungerade. 
Now, 


(5) 


ParetrsPy10e2— (PristAsPy1c); (6) 
P_tetAyP_wet—(P_wtdyP-1). * 


Note again that the symmetry reduces the number of 
\,’s from 4 to 2. Lis a 13, state; II is 'D,, state; II 1s4 
3, state; IV is 'Z, state. 
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FLUORINE EXCITED STATE ORBITALS 


TABLE I. > states of fluorine molecule. 














State Valence orbitals Determinant Molecular orbital 
1y o* | PzatrP zp A-B [o,(a)o,(8) ] 
> of APzat Pao A+B Lo,(a)ox(8) ]+[o,(8)ru(a) J 
1y,+ PyigtdP 410 C—D+E-F Fae me) eon 
yt P_tat+dP_ip C+D—E-F ume *(a)I,~ (8) ]+({11..* (8) 1,- (a) J 
+ ~ (a) I, Me Raat ee *(a) ] 

me AP y1at+ Pid C—D-—E+F [ty *(qa)II, — (8) J- [I1,* (g)1I 

— (i. -(a)I1, *(6) ]—(i- (a)Il, *(a) J 
= AP_iat P10 C+D+E+F (11, *(a)1,-(8) }+ (it, * (8) 11, (a) ] 








In order for any of these states to have correct plus 
and minus properties the P,,; and P_, must be functions 
in the polar coordinate, yg, of the form e*‘!™* and 
erilmle respectively. We must use this angular part for 
the eigenfunction rather than cosmg and sinmg. 

On application of the operator o, 


Pte tDP_12P_tot+AP 410, (8) 
since 


¥(y) =e! e=cos(|m| g)+7 sin(|m| omer ime (9) 


Notice again that the symmetry restriction reduces 
the variational parameters from 2 to 1. The results of 
this classification are given in Table I. 

In the fourth column the determinants for the corre- 
sponding molecular orbitals are given. It is difficult in 
some cases to see the correspondence between the semi- 
localized and molecular orbitals. Consider first the 
simple 12,+ state. When A= +1 the second determinant 
is equal to the first, the eigenfunction becomes the single ° 
molecular orbital determinant. 

In the case of the more complex 'Z,+ state C=E, 
D=F for \=+1. For A\=+1, PiiatAPi12 becomes 
I],*, Pta+AP_is, I.-. For \=—1 the eigenfunction 
assumes the form of a higher 'Z,*+ state. This is also 
true in the case discussed in the last paragraph. 

In the case of the ungerade states, the correspondence 
is more complicated. All these states are pure covalent 
states. Regardless of the value of \ the expanded eigen- 
function has atomic orbital form. All terms containing 
\ cancel out. This can also be shown by operation on 
the atomic orbital determinants for the lowest triplet 
[Pza(a)Pzo(a) ]. Add the first column to the second. 
Subtract the second column from the first, and exchange 
columns. Apart from sign the atomic orbital determi- 
nant is transformed into the molecular orbital determi- 
nant. The equality for the other ungerade states can 
be discussed in the same way. The *2,+, (2 states) and 
‘Zu states are shown to be pure covalent states. 

The II-states can be discussed in a manner similar to 
the degenerate E-states except that the positive and 
negative character of the eigenfunction is no longer 
pertinent. The symmetry restrictions are therefore less 
drastic. On performing an inversion through the molecu- 


lar center of symmetry, 


PootdzPaiePootdzP zo; (10) 


Pyrat Py we (P410+AP 412), (11) 


and two variational parameter \, and \, are permissible. 
The o- and z-bonds can have differing degrees of “‘ionic 
character.” 

The discussion of the A-states is analogous to that 
of the simple '2,*+ and *2,* states. 


PART II. NUMERICAL CALCULATIONS 


A. Two Electron Calculations for 
the 'Z,* and *Z,,*+ States 


We have carried out two types of calculations of the 
electronic energies of the '2,*+ and *2,,* states of the 
fluorine molecule. In both cases the calculations were 
done for molecular, atomic and semi-localized orbitals. 

In the first case effective nuclear charges were used 
throughout. The Hamiltonian is then, in atomic units, 


—— $(Vir+ Vv? )- Zo/%a1—Za/Va2— Z0/To1 
—Z2/rootl/nie. (12) 


Z, and Z, are effective nuclear charges. This charge is 
the result of screening of the nucleus by the electron 
charge cloud of the nonvalence electrons and also in 
an obscure way is connected with the exchange effects of 
these same electrons. It is obvious that these effects 
will vary with the distance from the nucleus, and so 
three separate values have been used. 

If the electron is on the nucleus, the Slater effective 
nuclear charge is used; if in the overlap portion or on 
the other nucleus, a value determined by the applica- 
tion of Gauss’”® theorem is used. The values are 5.20, 
2.039, and 1.0108, respectively. 

In the second calculation we have used the same effec- 
tive nuclear charges for the overlap and opposite atom 
portion of the charge cloud as previously. The value of 
5.20, however, has been eliminated by calculations using 
the eigenfunctions of Coulson and Duncanson.® The 


5 C. Mueller and H. Eyring, J. Chem. Phys. 19, 934 (1951). 
6 W. C. Duncanson and C. A. Coulson, Proc. Roy. Soc. (Edin- 
burgh) 62, 37 (1944). 
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value thus obtained is, for the free atom energy, 
0.57706 atomic unit. In this case the field of the elec- 
tron on an atom is composed of exchange and Coulombic 
contribution of the remaining 8 nonvalence electrons. 

At first sight it might appear that these two assump- 
tions lead to about the same results. The energy of the 
free atom computed using Slater effective nuclear 
charges is 3.38 atomic units, and so this becomes a 
study in the effect of free atom energies on molecular 
properties. We shall use a common symbol 5 to denote 
the Hamiltonian in both cases. 

The energy of the ',* state is 


E('Z,*+)= (Q+K)/(1+S°), (13) 
and the energy of the *2,,* state is 
E(*2.*+)= (Q—K)/(1—S*). (14) 


Here 


Q= J er(1)oy'(2)3Cy,(1)y/'(2)dridra, (18) 
K= f er(1)y/'(2)3p/(2)¢/'(1)dridra, (16) 


S= J er(1e/ (dn, (17) 


and gy is a linear combination of the two Pz valence 
electrons of atoms a and b: 


¢s=PzatdP2r; os =APzat Pz. (18) 


When A\=+1, the eigenfunction assumes molecular 
orbital form; when A\=0, atomic orbital form. Other- 
wise the eigenfunction has a semi-localized orbital form. 
Energy terms other than those which are involved in 
the free atom are calculated using Slater atomic orbitals 
in the linear combinations. This procedure will be 
followed also in the eighteen electron calculation. 

The results of the two different methods are given in 
Tables II and III. 

The calculations are in extremely poor agreement with 
one another in almost all quantitative respects. About 
the only reasonable results obtained are for the S.L.O. 
method with an atomic energy of 0.57706. 


TABLE IT. Calculation for '2,* and *2,* state of F, 
with Slater effective nuclear charge. 











Atomic  Semi-localized 
Molecular orbital orbital orbital 

A= 1.00 — 1.00 0.00 —0.375 
E('3,*) —6.47377 + —7.35031 —7.01270 —7.428 
we: gate 0.65756 —0.21898 +0.11863 —0.297 

of '2, 
Lowest state zt > Pig yt » ag 
Singlet triplet +0.79690 —0.07964 +0.25797 —0.1573 

separation 
E(,*) —7.27607 —7.27607  —7.27607 —7.27601 
Bindingenergy ~—0.1393  —0.1393  —0.1393 —0.1393 

of 32 ,,* 











CHARLES R. MUELLER 





Kopineck’ has done an atomic orbital calculation for 
the nitrogen molecule, and this calculation appears to 
be in good agreement with experiment. In the next 
section the eighteen electron calculation for fluorine 
indicates that the S.L.O. and A.O. calculation coincide, 
and that an inversion of '=,+ and *Z,,+ states occurs in 
the M.O. treatment. 

The inversion of '2,* and *Z,,* states also occurs in 
oxygen if one uses a molecular orbital method.* 


B. Eighteen Electron Calculation for the 'Z,* and 
3 ,* States of the Fluorine Molecule 


In this particular case the valence electrons are as- 
signed to the same orbitals as in the preceding calcula- 
tions. Slater atomic orbitals are used to calculate the 
two-center integrals, and the eigenfunctions of Coulson 
and Duncanson® are used for the calculation of one- 
center integrals. All Coulombic interactions are included, 
but any exchange interactions involving the 1s elec- 
trons of one atom and the electrons of the other atom 
are neglected. The justification for this is simply that 


TaBLE III. Calculation for 'Z,* and *Z,* state of F»2 
with €,,=0.57706. 











Atomic  Semic-localized 
Molecular orbital orbital orbital 

A= 1.00 — 1.00 0 0.25 
E(',*) —1.34292 —0.58456 —1.65871 —1.770 
Bindingenergy +0.18253 +0.94089 —0.13326 —0.245 

of 12,* 
Lowest state 2 Py Zur Ze Py 
E(?2,*—*Z.,*) +0.15211 +0.91047 —0.16368 —0.275 
E(2,*) —1.49503 —1.49503 —1.49503 —1.49503 
Binding energy +0.03042 +0.03042 +0.03042 -+0.03042 

of 33,,* 








the overlap integrals involved are about the order of 
10-*. This and the preceding calculations were carried 
out at an internuclear distance of 2.6923 atomic units, 
which is slightly (1 percent) less than the equilibrium 
internuclear distance in order to avoid time-consuming 
interpolations. 

The energies are calculated by application of the 
Dirac Vector Model to the free atom and to the mole- 
cule; the energy expressions are not explicitly given 
because of their complexity. 

The calculated total energy of the fluorine atom with 
reference to dissociation into nucleus and free electrons 
was 98.85887 atomic units. The observed total energy 
is 99.695 atomic units, and an error of 0.83 percent for 
the calculated value results. 

In Table IV the results are tabulated for molecular 
and atomic orbital eigenfunction. The semi-localized 
orbitals are apparently identical with the latter. So 
far as the molecular orbitals are concerned, it seems that 


7H. J. Kopineck, Z. Naturforsch., 7a, 314 (1952). 
8 W. Moffitt, Proc. Roy. Soc. (London) A210, 224 (1951). 
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FLUORINE EXCITED STATE ORBITALS 


the a,” state is more stable than the og,” state. The 
molecular orbital method again predicts a *2,*+ ground 
state instead of the observed '2,*. In general the more 
complicated calculations bring the atomic orbital cal- 
culation into better agreement with experiment. 

In the two two-electron calculations, there is general 
agreement between the calculation based on an atomic 
energy of 0.57706 and the 18-electron calculation, 
especially for the case of semi-localized orbitals. 

Both semi-localized orbital calculations agree as to a 
ground state. In the two-electron case A=+0.25, in 
the 18-electron case A= 0.00. The two-electron calcula- 
tion predicts a singlet triplet separation of —0.275 
atomic units; the 18-electron calculation, a separation 
of —0.309 atomic units. The binding energy is the two- 
electron case is 0.245 atomic units; for the 18-electron 
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TABLE IV. Eighteen electron calculation of the energies of 'Z,* 
and *Y,* states of the fluorine molecule. 








Semi-localized and 


Molecular orbital atomic orbitals 





A= 1.00 — 1.000 0.00 

E('3,*) —196.38680 —195.55019 197.99798 

Binding energy + 1.33082 +-2.16743 —0.28036 
of singlet 

Lowest state y,* z.° iz 

Singlet triplet +1.30219 +2.13880 —0.30899 
separation 

E(%,,*) —197.68899 —197.68899 — 197.68899 

Binding energy +0.02863 +0.02863 +0.02863 
of 72, 








case, 0.280 atomic units. The experimental value is 
much lower than this. 
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The photolysis of azomethane has been investigated over the temperature range 24-190°C. The variation 


in the rates of production of nitrogen, methane, and ethane with absorbed intensity, azomethane concen- 
tration, and temperature may be accounted for quantitatively by the reactions 


CH;N= NCH;+/v—N2+2CH; (1) 


CH;+CH;N = NCH;—~CH,+ CH.N = NCH; 
CH;+CH;—C2H.¢. 


a wie 
w bdo 
= — 


The quantum yield of nitrogen formation was found to be unity and independent of temperature. For 
the activation energy difference E,—4E; a value of 7.6 kcal/mole was obtained. Evidence is cited for an 
association reaction between methy] radicals and azomethane. On the basis of an assumed mechanism, the 


activation energy of this process is 6.4 kcal/mole. 





INTRODUCTION 


HE decomposition of azomethane, both photo- 
chemical and thermal, has aroused interest be- 
cause it is a potential source of radicals. Ramsperger' 
first investigated the photolysis and from the observed 
pressure increase formulated the reaction as 


CH;N= NCH;+ hyv—-No+ C.He. 


This work was carried out prior to the development 
of ideas concerning free radical mechanisms, and later 
analyses of the photolytic decomposition products? 
demonstrated that the reaction is not a simple molecu- 
lar dissociation into nitrogen and ethane. Methane is 
one of the gaseous products, and the ratio of methane 
to ethane increases with temperature. Davis, Jahn, 
and Burton‘ found that nitric oxide almost completely 
inhibits the formation of alkanes and concluded that the 
initial absorption of a light quantum by azomethane 
results in the formation of molecular nitrogen and free 
methyl radicals. It has been suggested? that the methyls 
produced in the photochemical act disappear by an 
association reaction with the substrate, and Flowers 
and Taylor® have qualitatively accounted for the change 
in methane-ethane ratio by postulating secondary re- 
actions involving the radical formed by such an associa- 
tion. Thus 


CH;+ (CHs3) oN— NCH;—C.H.+ (CH3)2N— N 
or 


CH;+ (CH3)2N— NCH;—-C:.He+ CH;N = NCH; 


* National Research Council of Canada Postdoctorate Fellow, 
1950-1952. 

1H. C. Ramsperger, J. Am. Chem. Soc. 50, 123 (1928). 

2 Burton, Davis and Taylor, J. Am. Chem. Soc. 59, 1038 
(1937). 

— Davis and Taylor, J. Am. Chem. Soc. 59, 1989 
(1937). 

4 Davis, Jahn, and Burton, J. Am. Chem. Soc. 60, 10 (1938). 

5R. G. Flowers and H. A. Taylor, J. Chem. Phys. 10, 110 
(1942). 
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There is a disagreement in the reported values of the 
quantum yield. Those derived from pressure changes! ' 
are suspect because of the complexity of the products 
and their variability with concentration and tempera- 
ture. Using the rate of nitrogen formation as a measure 
of the azomethane decomposition, Blacet and Taurog’ 
and Cannon and Rice® obtained a value of unity for 
light of wavelength 3600A. They also showed that the 
quantum yield is independent of pressure in the range 
50-600 mm. As there is, therefore, no evidence of de- 
activation by collision an excited molecule mechanism 
is unlikely. Kuchler,? however, reported a value of 2 
for \3130A using the same method. 

The present investigation was undertaken with the 
object of obtaining quantitative information concerning 
the reactions of the methyl radicals produced in the 
primary process and, in particular, the activation energy 
of the hydrogen abstraction reaction 


CH3;+ CH;N= NCH;—CH,+ CH,N= NCH3. 


Such information would permit the use of azomethane 
as a source of methy] radicals in the investigation of re- 
actions of the type 


CH;+ RH-CH,-+ R. 


EXPERIMENTAL 


Azomethane was prepared by the oxidation of di- 
methyl hydrazine hydrochloride with cupric chloride 
according to the method described by Jahn.!° The de- 
composition of the cuprous chloride addition complex 
occurred smoothly at 110-120°C, and the liberation of 
azomethane was accompanied by a reaction producing 


— Heidt and Sickman, J. Am. Chem. Soc. 57, 1935 
( : 
; 4A E. Blacet and A. Taurog, J. Am. Chem. Soc. 61, 3024 
1 , 
(194i) V. Cannon and O. K. Rice, J. Am. Chem. Soc. 63, 2900 
*L. Kuchler, Nachr. Ges. Wiss. Gottingen, Math.-physik. Kl. 
1, 215 (1937). 
0 F, P. Jahn, J. Am. Chem. Soc. 59, 1761 (1937). 
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permanent gases which consisted of nitrogen and hydro- 
carbons. The product was dried by passing through 
tubes containing potassium hydroxide and phosphorous 
pentoxide, thoroughly degassed and purified by frac- 
tiation at —96°C; v.p. 1 mm. Several samples were 
prepared and no significant difference was observed in 
their mass spectra except in two instances where a small 
quantity of methyl] chloride (<1 percent) was detected. 
The compound was stored as a liquid at —78°C; v.p. 
6.6 mm. 


Optical System 


A Hanovia S-500 medium-pressure mercury arc run 
off a stabilized ac voltage supply was used as the light 
source. The beam was collimated by an optical system 
comprising two quartz lenses and two stops and was 
approximately parallel over the 10-cm length of the 
cylindrical reaction cell. It had a volume within the cell 
of 110 cc. Filters were used to limit the incident 
radiation to the longer wavelengths of the ultraviolet 
spectrum. 


Filter A: Corning violet ultra No. 2-37 or 586, 6 mm 
in thickness. 

Filter B: Corning H.R. clear chemical glass No. 053 
or 774, 3 mm in thickness. 


Most of the experiments were conducted with Filter A. 
As determined by a Beckman Spectrophotometer, it 
had a transmission of 22.5 percent at 3660A and 6.7 
percent at 3340A and was opaque at wavelengths below 
3150A and above 3900A. From the published data on 
the spectral energy distribution of the lamp and from 
the relative extinction coefficients of azomethane at 
3660A and 3340A, we have estimated that 96 percent 
of the absorbed intensity consists of the longer wave- 
length. Filter B transmitted only wavelengths greater 
than 2900A and at 3660A had a transmission of 90 
percent. 

For quantum yield measurements using Filter A the 
light incident on the reaction system was determined by 
uranyl oxalate actinometry."” In two experiments 
using actinometer solutions of different concentrations 
values of 6.5 10'* and 6.05 10'® quanta/min were ob- 
tained. Absorption measurements were made with a 
Weston photronic cell coupled to a sensitive galvanom- 


eter. As individual values were liable to error, Beer’s’ 


law curves were constructed for the various tempera- 
tures and the absorption for a given azomethane pres- 
sure obtained from them. (With Filter A the light was 
sufficiently monochromatic to make Beer’s law hold to 
within the experimental dccuracy.) The intensity of the 
Incident radiation was varied by interposing neutral 
density filters of Chromel deposited on quartz in the 
path of the light beam. 


es 
"W. G. Leighton and G. S. Forbes, J. Am. Chem. Soc. 52, 
3139 (1930). 


wean, S. Forbes and L. J. Heidt, J. Am. Chem. Soc. 56, 2263 
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Apparatus 


The quartz reaction cell and manometer were iso- 
lated from the remainder of the high vacuum system 
by mercury cutoffs. The cell volume was 170 cc and 
together with connecting tubes 340 cc. In later experi- 
ments with gas mixtures mixing was facilitated by in- 
corporating a large bulb (ca 300 cc. capacity) into the 
reaction system in which mercury could be raised and 
lowered. The analytical section consisted of a mercury 
diffusion pump, a variable temperature trap, low-tem- 
perature fractionating column,!* McLeod gauge, Toepler 
pump, and gas burette. A furnace in the form of a 
cylindrical aluminum block with double quartz windows 
enclosed the cell, and a constant voltage was applied 
to its heating element through a Sorenson regulator. 
The temperature gradient along the cell did not exceed 
1°C, and the absolute temperature was usually main- 
tained to within +1°C during a reaction. 


Analysis of Products 


The materials from the cell were pumped into the 
analysis system, condensed and ihe nitrogen-methane 
mixture removed by the Toepler pump at liquid nitro- 
gen temperature. The column was set at — 160°C, the 
trap being maintained at a temperature 20-30° higher 
to hold back the bulk of the unchanged azomethane, 
and the ethane fraction taken off. When carbon dioxide 
was added to the reaction mixture, ethane was removed 
at —170°C to prevent contamination. The individual 
fractions were analyzed by mass spectrometry and some- 
times by combustion on a platinum wire. The former 
was found to give more consistent results, particularly 
for nitrogen-methane fractions containing small per- 
centages of methane. Because of the inaccuracies in- 
volved in collecting and measuring very small volumes, 
no separation was attempted for reactions in which 
ethane constituted less than 5 percent of the total 
gaseous product, and the complete mixture was an- 
alyzed by the mass spectrometer. Hydrogen and ethyl- 
ene were not detected, their concentrations, if present, 
being no greater than 0.5 percent. In some experiments 
at the lower temperatures small quantities of propane, 
invariably less than 1 percent of the total product, 
were found. 


RESULTS 


Preliminary experiments showed that for small con- 
versions, i.e., less than 6 percent, the rates of formation 
of nitrogen, methane, and ethane, were independent of 
the amount of decomposition, and subsequent experi- 
ments were kept within this limit. No thermal reaction 
was observed except at the highest temperature where 
the rate was 1 percent of the photochemical when 
Filter A was used. 

Table I includes the results of sets of runs conducted 
at temperature intervals between 24°C and 191°C 


TD). J. LeRoy, Can. J. Research 28, 492 (1950). 
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TABLE I. The variation in the rates of formation of nitrogen, methane, and ethane with azomethane concentration 
and temperature (Filter A used). 
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Azomethane Fraction Ry, “10° RCH, "10° RCH. "10° }CHi+CoHe RCH, ‘107 

Run pressure absorbed 

no. (mm) Ia cc at NTP/min Ne Rc.H¢ [Azo] 
Temp. 297°K 

20 10.8 0.045 12.3 0.35 11.3 0.93 5.6 
19 19.8 0.081 22.4 1.41 19.0 0.87 9.35 
16 42.5 0.166 51.2 3.58 40.4 0.82 7.77 
15 43.6 0.170 52.3 3.70 42.4 0.84 7.66 
22 46.1 0.179 52.6 3.90 39.6 0.79 7.81 
21 60.6 0.227 68.4 7.17 50.1 0.79 9.73 
18 80.5 0.289 86.4 10.5 61.4 0.77 9.77 
Temp. 326°K 

47, 10.8 10.6 0.70 7.69 0.76 15.1 
46 20.0 19.8 1.69 13.8 0.74 14.7 
42 41.2 37.8 4.35 22.9 0.66 14.3 
41 59.9 54.6 6.52 29.5 0.60 12.8 
45 81.8 72.5 11.2 37.4 0.59 14.4 
43 100.7 79.1 13.4 36.0 0.54 14.3 
44 124.9 105.3 19.6 46.0 0.53 14.9 
Temp. 363°K 

40 9.6 7.73 1.42 4.00 0.61 53.6 
39 24.4 22.7 4.54 7.03 0.41 50.6 
35 40.4 39.7 5.80 10.7 0.34 31.5 
36 41.1 38.5 7.06 9.98 0.35 39.1 
34 62.9 53.3 12.6 12.6 0.35 40.6 
38 82.8 74.3 17.7 13.4 0.30 42.0 
37 99.8 78.9 19.6 15.9 0.33 35.4 
Temp. 401°K 

26 11.2 0.040 10.7 4.0 1.46 0.32 231 

25 20.5 0.073 19.4 7.97 2.10 0.31 212 

31 40.2 0.138 34.4 13.1 3.00 0.28 148 
29 40.3 0.139 37.4 12.8 3.78 0.27 129 
24 40.5 0.140 35.0 13.4 2.89 0.27 154 
30 40.9 0.141 36.4 14.0 3.22 0.28 152 
32 42.2 0.145 36.3 10.4 3.46 0.24 105 
28 59.2 0.196 ood 19.9 4.48 0.27 125 
33 80.9 0.257 63.1 23.6 4.32 0.26 111 

27 102.4 0.313 78.8 32.2 4.08 0.26 123 
Temp. 437°K 

52 22.1 19.3 7.08 0.93 0.23 286 
56 27.5 24.0 9.16 1.18 0.24 263 
49 42.6 37.3 15.6 1.14 0.24 294 
50 60.7 50.2 18.4 1.82 0.21 193 
53 70.3 53.8 22.0 1.47 0.23 222 

51 81.2 63.9 24.3 1.44 0.22 215 
54 87.9 67.3 27.8 1.74 0.23 207 
55 93.5 a4 28.7 1.95 0.23 189 
48 105.5 81.4 32.7 2.78 0.24 160 
875 145.5 85.0 41.2 1.66 0.26 190 
Temp. 464°K 

63 41.0 36.1 16.5 0.76 0.25 421 

62 57.0 48.0 21.0 0.84 0.24 368 

61 : 77.5 .23 















® Reaction carried to 10 percent decomposition. 


where, in general, the range of initial pressures of azo- 
methane was from 10-100 mm. The results of experi- 
ments in which the incident intensity was varied, the 
absorption remaining sensibly constant, are given in 
Table II, and Table ITT illustrates the effect of tempera- 
ture on the quantum yield of nitrogen formation. 
Experiments in the presence of an inert gas, carbon 
dioxide, are recorded in Table IV. Tables V and VI 
contain the values required for the calculation of the 
activation energies of the abstraction reactions and the 

















reaction by which methyl radicals are considered to 
associate with azomethane.’ The latter have been de- 
rived from material balances; the method will be dis- 
cussed later. 

Because of small variations in light intensity and 
slight changes in geometry after cleaning the cell, the 
results of a given series of runs are somewhat more Ie 
producible than are those for runs selected at random 
for all series. For this reason a separate series of runs 
was made to determine the effect of each of the various 
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TABLE II. The variation in the rates of formation of nitrogen, methane, and ethane with absorbed intensity (for Filter A). 



































Ry, “10” 
Azomethane Ry, “10° RCH, "10° RC.H¢ "10° RCH, “10% - — 

Run pressure Ia -10716 Ta 
no. (mm) (quanta/min) cc at NTP/min Rc,H¢ [Azo] (cc/quantum) 
Temp. 294°K 

76 94.4 1.17 40.7 5.01 29.3 5.66 3.48 
77 100.7 0.40 13.8 2.71 7.19 5.80 3.45 
78 100.6 1.87 63.1 8.33 42.9 7.32 3.37 
79 104.5 0.22 8.21 1.76 3.44 5.32 3.73 
80 42.5 4.91 160.7 4.63 142.3 5.33 3.27 
Temp. 436°K 

57 97.5 1.88 66.1 3.52 
58 96.6 0.40 15.8 3.95 
59 100.9 1.28 47.4 3.70 
60 98.8 0.22 8.27 3.76 

TABLE III. Effect of temperature on the quantum yield of nitrogen formation (Filter A used). 
Ry, 10” 
Azomethane : -- — 

Run Temp pressure Ia -10716 Ry, “10° Ia 

no. °K (mm) (quanta/min) (cc at NTP/min) (cc/quantum) ON» 
68 296 40.9 1.00 33.5 3.35 0.90 
69 295 105.9 2.28 77.9 3.42 0.92 
70 328 63.2 1.42 45.9 3.23 0.87 
71 329 99.3 2.09 67.8 3.24 0.88 
72 365 42.5 0.96 31.9 3.32 0.89 
73 364 92.8 1.92 63.0 3.28 0.88 
66 400 60.9 1.27 41.2 3.24 0.88 
67 401 99.2 1.92 69.0 3.59 0.97 
74 432 62.8 1.24 42.3 3.41 0.92 
61 464 99.2 1.85 77.5 4.18 Liz 
62 464 57.0 1.14 48.0 4.20 1.13 











parameters. The results in the different tables are, 
therefore, not strictly comparable with one another, 
although the differences are slight. 

A product of lower vapor pressure than azomethane 
was detected at the higher temperatures. This has been 
reported previously both for the photolysis* and for the 
thermal decomposition.'*> The residues from several 
runs at 164°C were collected after removal of the azo- 
methane by pumping at —110°C. The mass spectrum 
indicated that the product was a mixture and peaks 
were found at mass numbers between 58 and 88, the 
greatest being at 72 and 88. There appeared to be no 
fragments between 88 and 150. In experiment 75 a 
larger quantity of product was obtained by using a 
higher pressure and by increasing the decomposition to 
10 percent. The hydrocarbon rates were in agreement 
with those found under the normal conditions. An at- 
tempt was made to separate the mixture by low-tem- 
perature fractionation. Although there was some con- 
centration of the 72 peak in the first fraction and the 
88 peak in the second and third, the mass spectrometer 
cracking patterns showed that the fractions were not 
single components. However, a comparison of the ratio 
of different peak heights suggested that 72 and 88 were 
likely parent mass numbers. These are the molecular 
(93) W. Riblett and L. C. Rubin, J. Am. Chem. Soc. 59, 1537 
‘°H. A. Taylor and F. P. Jahn, J. Chem. Phys. 7, 470 (1939). 


weights of methyl ethyl di-imide and tetramethyl- 
hydrazine. Insufficient material was obtained for an 
analysis. 


DISCUSSION 


The results for the rates of production of the perma- 
nent gases are consistent with the reaction scheme 


CH;N = NCH;3+/v—--N.+ 2CH; (1) 
CH;+CH;—-C2H¢ (3) 


It is interesting to note that this is an analog of the 
mechanism proposed for the photolysis of acetone at 
high temperatures.'*'* If nitrogen, methane, and 
ethane are formed only by the above reactions, the 
rates may be expressed as follows: 


Rno= oNola (1) 
Rcen,y= ko{ CH; ][ Azo ] (2) 
Rcoong= ks|_CHs ]o. (3) 





16 L. M. Dorfman and W. A. Noyes, Jr., J. Chem. Phys. 16, 557 
(1948). 

17 W. A. Noyes, Jr., and L. M. Dorfman, J. Chem. Phys. 16, 788 
(1948). 

18 A. F, Trotman-Dickenson and E. W. R. Steacie, J. Chem. 
Phys. 18, 1097 (1950). 
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TABLE IV. Effect of carbon dioxide on the reaction at room temperature (Filter B used). 








Ryn, “10 































Azomethane COz Ry, “10° RCH, "10°: RCH, ‘10° Rew, 107 -— 
Run Temp. pressure pressure [Azo] 
no. °K (mm) (mm) cc at NTP/min Rou? [Azo] (ce/mole) 
144 302 41.2 —_ 190.4 5.45 170.3 6.03 8.69 
146 305 43.7 —_ 198.5 6.86 171.1 1.24 8.63 
145 304 43.3 48.7 200.3 6.02 170.6 6.40 8.78 
147 302 45.1 89.8 196.8 6.19 172.1 6.21 8.20 
143 303 43.9 185.7 197.7 5.92 171.1 6.16 8.52 













TaBLe V. Effect of temperature on the values of RCH,/RC2H¢*LAzo ]. 












Ry, °108 RCH, ‘10° RC2H, *10* 






















Run Temp. [Azo] -106 —_—_———— 
no. a moles/cc cc at NTP/min RC.He [Azo] 
Filter A 

115 297 2.57 39.0 3.69 29.9 8.29 
117 315 2.64 42.3 5.41 26.5 12.6 
127 330 2.67 42.9 6.78 20.8 17.6 
120 339 2.60 44,2 8.06 18.5 22.8 
113 362 2.42 42.2 10.3 9.84 43.0 
112 386 2.41 43.6 12.9 S72 71.0 
121 424 2.47 46.6 17.6 1.49 194 

123 449 2.33 46.7 20.3 0.80 308 




























































297 2.45 193.4 8.2 171.2 8.08 
118 314 2.69 231.5 14.3 186.7 12.3 
126 330 2.98 246.6 22.7 182.7 17.9 
119 338 2.69 236.7 23.8 156.7 22.3 
114 362 2.33 213.5 31.3 104.4 41.6 
111 385 2.38 232.6 52.1 67.3 84.5 
122 423 2.40 232.9 71.3 23.5 186 
124 451 2.45 238.3 93.1 11.9 349 
TABLE VI. Effect of temperature on the values of RCH;A/RC2H¢'{ Azo] and RTMH/RC2H¢4[ Azo] 
(RCH3A and RTMH derived from material balances). 
Rcy.A “108 Rcuy,A ‘10° RTMH °10° R “1073 
Run Temp. RCH;A ‘10° tr all Pt lll RTMH ‘10° ee pin ol 
no. °K ce at NTP/min RcHe Rowe [Azo] ce at NTP/min Rowue Rcd [Azo] 
Filter A 
115 297 14.5 8.38 3.26 5.4 342 1.21 
117 315 25.2 15.5 5.87 10.4 6.38 2.42 
127 330 37.4 26.0 9.74 15.3 10.6 3.98 
120 339 43.3 31.8 12.2 17.6 12.9 4.96 
113 362 54.4 54.8 22.6 eo | 22.3 9.21 
112 386 62.9 83.2 34.5 25.0 33.1 13.7 
121 424 72.6 188 76.1 ai 71.2 28.8 
123 449 41:5 253 109 25.6 90.5 38.8 
Filter B 
116 297 36.2 8.74 3.57 14.0 3.38 1.38 
118 314 75.3 17.4 6.47 30.5 7.06 2.62 
126 330 105.1 24.6 8.26 41.1 9.63 3.23 
119 338 136.2 34.4 12.8 56.2 14.2 5.28 
114 362 186.9 57.9 24.8 77.8 24.1 10.3 
111 385 278.5 107.5 45.2 113.2 43.7 18.4 
122 423 369 230.6 96.1 136.1 85.1 35:5 
124 451 360 330 135 133.3 122 49.9 
Primary Process as is to be expected, independent of whether the inc 


The data given in Table III show that the quantum dent intensity is varied (Table IT) or the absorption 
yield of nitrogen formation nz is constant at tempera- (Fig. 1). The fact that the curves in Fig. 1 are hes 
tures between 24°C and 164°C, and it is considered to ollinear is attributed to a slight change in the light 
be unity within the experimental accuracy. Further- intensity resulting from a realignment of the optical 
more, the rate of nitrogen production is a linear func- system. In these experiments Filter A was used which 
tion of the absorbed intensity I, over a tenfold range, effectively provides that only the mercury lines # 
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3660A are absorbed. It appears evident that the mecha- 
nism of photolysis is independent of wavelength above 
3000A. In column 9 of Table IV are given values of the 
ratio Rn2/[_Azo ] in the presence of various amounts of 
carbon dioxide. This is essentially a measure of the 
quantum yield when the azomethane concentration is 
sensibly constant. The results are in agreement with 
those of Cannon and Rice® and exclude the possibility 
of an excited molecule mechanism, at least within the 
concentration range investigated. Evidence for colli- 
sional deactivation of the electronically excited species 
has been observed in the higher homologs of this series, 
namely, azoethane”® and azoisopropane,” where there 
are presumably sufficient internal degrees of freedom to 
disperse the excitation energy and thus increase the 
lifetime of the activated molecule to the order of the 
time between molecular collisions. 

A quantum yield of unity which is not dependent on 
temperature or concentration implies that nitrogen does 
not arise from secondary reactions. That nitric oxide 
inhibits the formation of hydrocarbons but not nitro- 
gen‘ furnishes more direct evidence of this. It would 
not be possible, however, to differentiate between a 
primary process such as Eq. (1) and one in which the 
initial split involved only a single carbon-nitrogen bond, 
provided the lifetime of the radical CH;N=N is short 
compared with its probability of collision. 


The Reactions Producing Methane and Ethane 


Assuming a stationary concentration of methyl] it 
follows from Eqs. (2) and (3) that 


Reuy/ Reng? = k[ Azo ]/k;3!. (4) 
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Fic. 1, Rate of nitrogen formation as a function of 
absorbed intensity. . 


Ss 

“i L. Weininger and O. K. Rice, “Symposium on physical 
and inorganic chemistry,” American Chemical Society, Buffalo 
(March, 1952). 
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Fic. 2. RCH,/RC2H¢! as a function of azomethane pressure. 


The plots of Rcwy/Rcoxne! against azomethane pressure 
for the three lowest temperatures (Fig. 2) support the 
validity of reactions (2) and (3) as the sources of 
methane and ethane. The results at higher tempera- 
tures have not been illustrated graphically because the 
scatter is largely a result of the inaccuracies in esti- 
mating very small quantities of ethane, but the trend is 
evident. In addition, as the methyl radical concentra- 
tion, which is a function of the absorbed intensity, does 
not enter into Eq. (4) the expression Rcu,/Rcen¢'[_Azo | 
should be independent of I,. The results at room tem- 
perature (Table II) are in general agreement with this 
hypothesis. In the photolysis of acetone Linnell and 
Noyes”! found that k2/k;! tends to increase at low pres- 
sures and have suggested that a third body may be 
necessary for the combination of methyls. Our results 
are not accurate enough to detect such an effect with 
certainty, and it is considered that a refinement of this 
nature does not affect the over-all picture. 

A least squares calculation on the linear portion of 
the Arrhenius plot of logRcn,/Rcex¢*{_Azo | against the 
reciprocal of the absolute temperature (Fig. 3) yields 
the value of 7.60.2 kcal/mole for the activation energy 
difference E,—}E3. 

If it is assumed that the bimolecular combination 
of methyls has a zero activation energy, then the value 
above will be for the hydrogen abstraction reaction (2). 
The rates quoted are in the units cc at NTP/min, and 
the concentration of azomethane has been expressed in 
moles/cc. The expression Ren,/Reone![Azo] must, 
therefore, be multiplied by the constant factor 1.11 
X 10-"5/V3, where V is the reaction volume, if the ratio 
of the rate constant k./k;? is required in the units 
(molecules/cc)~? sec~#). On the assumption that there 
is no diffusion of radicals out of the light space, the 


*1R. H. Linnell and W. A. Noyes, Jr., J. Am. Chem. Soc. 73, 
3986 (1951). 
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Fic. 3. Arrhenius plot for the abstraction of hydrogen 
from azomethane by methy] radicals. 


effective reaction volume will be the light beam volume, 
namely, 110 cc. If values of 3.5 and 5.5A, respectively, 
are chosen as the collision diameters of the methyl 
radical and azomethane molecule, the ratio of steric 
factors P2/P;} is 10-*—10-* by the simple kinetic 
theory calculation. This is of the same order of magni- 
tude as found by one of us” in previous investigations of 
reactions of this type. 

There is a curvature in the Arrhenius plot at low 
temperatures which is also observed in the photolysis 
of acetone™ and of mercury dimethy].* For acetone it 
has been shown that if the light beam does not entirely 
fill the cell, diffusion of radicals plays some part. Above 
100°C there is little diffusion out of the light beam, 
whereas at 25°C it is complete. This is apparent from 
the fact that reaction rates vary exponentially with 
temperature and rates of diffusion 7?. The reaction by 
which the methyl radical is principally removed is 
therefore different at high and at low temperatures. 
Thus, the effective reaction volume will change from 
that of the light beam to that of the cell. A correction of 
this type accounts only for part of the deviation, and 
Noyes” has considered in detail the possible causes of 
the anomaly. In the case of azomethane, although the 
results at room temperature were fairly reproducible 
for consecutive experiments, at different times indi- 
vidual values were obtained which fell below the curve 
in Fig. 3, but which were always equal to or higher than 
the extrapolated value corrected for diffusion. This sug- 

2 A. F. Trotman-Dickenson and E. W. R. Steacie, J. Chem. 
Phys. 19, 329 (1951). 

% A. J. C. Nicholson, J. Am. Chem. Soc. 73, 3981 (1951). 


*R. E. Rebbert (private communication). 
25 W. A. Noyes, Jr., J. Phys. & Colloid Chem. 55, 925 (1951). 
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gests that the low temperature values may be sensitive 
to the condition of the cell, although the presence of an 
impurity with a low activation energy of abstraction 
cannot be completely ruled out since seven different 
samples of azomethane were used throughout the work. 
However, as previously mentioned, except for traces of 
methyl chloride in two of the samples no other impurity 
was detected. This alone could not cause the observed 
variation. Returning to the question of diffusion, car- 
bon dioxide acting as an inert gas should reduce the 
effect. No change was observed in the ratio k2/k;}, but 
the result cannot be considered conclusive as the differ- 
ence between the light beam and cell volumes was small. 


The Addition of Methyl to Azomethane 


If reaction (1) represents the sole primary photo- 
chemical process, for every molecule of nitrogen that 
appears as a product two methyls will be produced and, 
if reactions (2) and (3) are the only means by which 
these disappear, the ratio (}CH4+C2H¢)/Ne should be 
unity. A value of less than unity indicates that there are 
simultaneous or subsequent reactions. The picture is 
somewhat simplified by the fact that under the condi- 
tions chosen, i.e., low conversions, there is no evidence 
for secondary reactions involving the hydrocarbons. 
An addition reaction between methyl and azomethane 
has been postulated.’ In its simplest form this may be 
represented by 

CH;+A—-CH;A, (5) 


where A denotes a molecule of azomethane. If reaction 
(5) is the fate of all methyls other than those resulting 
in methane and ethane, or of a constant fraction of 
such radicals, the rate of formation of CH;A will be 
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Fic. 4. Arrhenius plots for the addition of methy! 


radicals to azomethane. 
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proportional to 2Rn2— (Rewi+2Reons). The values of 
Rcx34/Reexe'{ Azo] calculated in this way are given 
in Table VI. From the Arrhenius curves (Fig. 4) 
E,—+E; is 6.4 kcal/mole for both Filters A and B. 
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Taking into consideration the formation and fate of 
the radicals CH2N= NCH; and (CH;)2.N—NCHs, the 
reaction scheme may be completed in the following 
manner: 


CH;+ CH;N => NCH;— (CH3;)2N— NCH; (6) 
CH;+ (CH3;)2N—NCH;—(CH3)2.N—N(CHs3)> (7) 
CH;+CH.N = NCH;-C:.H;N = NCH; (8) 


2(CH3)2N— NCH;—(CH3)2N—N—CH; (9) 
| 


CH;— N—N(CH;): 


(CH3)2N— NCH;+ CH.N= NCH;— (CH3)2N— N- CH; (1 1) 
| 
CH.N = NCH. 


Steps (6) and (7) account for the tetramethyl] hydrazine 
and (8) for the methyl] ethyl di-imide which mass spec- 
trometer analyses of the liquid isolated from photolysis 
at 164°C suggest are probable products. The association 
of methyl and azomethane can be related to the forma- 
tion of tetramethyl hydrazine if certain simplifying as- 
sumptions are made; a molecule of methyl ethyl di- 
imide is formed for every molecule of methane and 
combination of radicals by reactions (9)—(11) is small 
and may be neglected. Hence, from material balance 
considerations Rrmu =4[ 2Rno— (2Reng+ 2Reons) |, 
where Rrmu is the rate of formation of tetramethyl 
hydrazine. Such a calculation implies that reaction (6) 
is the rate determining process. The plots of logRrmx/ 
Reo’ Azo | against 1/7 for the two filters give the 
same value for E;—3E3, 6.3 kcal/mole. Although evi- 
dence derived from material balances must generally 
be accepted with reserve, the consistency between the 
two methods of calculation of the activation energy 
strengthens the argument in favor of the proposed 
mechanism. (This argument is, however, somewhat 
weakened by the fact that the temperature coefficient of 
Ren, is similar to that of TMH or of CH;A, and hence, 
the two methods of calculation give similar results.) It 
should be emphasized that any uncertainty about the 
addition reaction does not affect the validity of the 





conclusions concerning the hydrogen abstraction re- 
action. 


The Use of Azomethane as a Methyl 
Radical Source 


It has been demonstrated that the kinetics of the 
formation of methane and ethane in the photolysis of 
azomethane are well defined. Consequently, it may be 
used as a convenient source of radicals for investigating 


the reaction 
CH;+ RH-CH,+R, 


where RH is a hydrogen donor. However, as the energy 
of abstraction from the substrate is low, the choice of 
suitable compounds is limited since in competitive ex- 
periments, considering the normal accuracy of analysis, 
quantitative results can only be obtained if their rates 
are comparable or faster. Azomethane has one advan- 
tage in that it absorbs at longer wavelengths and would, 
therefore, be adaptable for an investigation of the 
reaction of methyl with aldehydes and ketones. Such 
experiments are in progress. 

The authors are indebted to Dr. L. C. Leitch and 
Mr. A. Morse for samples of dimethyl hydrazine hydro- 
chloride, Dr. F. P. Lossing and Miss F. Gauthier for the 
mass spectrometer analyses, and Dr. R. N. Jones for 
measurements of the ultraviolet absorption spectrum of 
azomethane. 
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Absorption coefficients of oxygen were measured at several hundred wavelengths in the region 1050-1900A 
with a one-meter vacuum monochromator and a phosphor-coated photomultiplier as detector. The absorp- 


tion intensity of the Schumann-Runge continuum was found to be somewhat less than previous results, and 
the intensity distribution was less symmetrical. The 19-0 and 20-0 bands of the Schumann-Runge progres- 
sion were observed and the dissociation limit of the B* Z,~ state was 57140+60 cm~. Several other bands 


and continua were found at shorter wavelengths. 





INTRODUCTION 


HE study of photochemical and collision processes 
occurring in our upper atmosphere requires ad- 
ditional data on cross sections of gases involved in 
these processes. For example, a number of recent calcu- 
lations of atmospheric layers have led to different con- 
clusions as a result of the freedom exercised in the esti- 
mates of cross sections. For the vacuum ultraviolet, 
experimental data of absorption coefficients are still 
rather incomplete even for the most common gases. 
Absorption coefficients of O. have been measured 
more extensively than those of any other gas. Laden- 
burg and van Voorhis' made the first quantitative 
measurement of absorption intensity in the vacuum 
ultraviolet and obtained data in the region 1330-1670A 
of the Schumann-Runge dissociation continuum. Their 
results were supported theoretically by Stueckelberg? 
and experimentally by Schneider,’ who measured the 
absorption of dry CO:-free air at 350 wavelengths in 
the region 380—-1600A. Preston‘ and Williams’ measured 
the absorption coefficients of O2 at Lyman alpha but 
disagreed by a factor of fifty. Recently, Weissler and 
Po Lee,® and Clarke’ reported data for both Os» and 
Ne at a number of wavelengths in the difficult region 
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935) Ladenburg and C. C. van Voorhis, Phys. Rev. 43, 315 
1933). 

2E. C. G. Stueckelberg, Phys. Rev. 42, 518 (1932). 

3 E. G. Schneider, J. Opt. Soc. Am. 30, 128 (1940). 

4W. M. Preston, Phys. Rev. 57, 887 (1940). 

5S. E. Williams, Nature 145, 68 (1940). 

°G. L. Weissler and Po Lee, J. Opt. Soc. Am. 42, 200 (1952) ; 
Weissler, Lee, and Mohr, J t. Soc. Am. 42, 84 (1952). 


7K. C. Clarke, Phys. Rev. 87, 271 (1952). 
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below the transmission limit of LiF. At two wavelengths 
where comparisons can be made, their results agreed 
for O2 but not for Ne. To make the data for O2 more 
complete, it would be desirable (a) to obtain values in 
the region 1670-1900A, (b) to fill a number of gaps 
in the shorter-wavelength regions, and (c) to resolve 
the conflicting results at Lyman alpha. 

This paper will describe some absorption measure- 
ments of O. made by a method somewhat different 
from that used by previous investigators. Measure- 
ments were made for several hundred wavelengths but 
were limited to the region down to 1050A, a limit set 
by the transmission of LiF windows of the absorption 
cell. 


EXPERIMENTAL 


The method of photographic photometry has been 
employed almost invariably for measurements of ab- 
sorption coefficients in the vacuum ultraviolet; how- 
ever, Preston’s experiment! is an exception. He used 
an argon-filled Pt photocell with a LiF window for his 
measurement at Lyman alpha. In view of the well- 
known uncertainties of photographic plates, particu- 
larly for use in the region below 2000A, a 1P21 photo- 
multiplier was selected for our detector. 

In the region down to the transmission limit of Lif, 
it is preferable to enclose the absorbing gas in a cell 
rather than to use the spectrograph chamber which is 
usually in communication with the light source. In the 
former case, pressures of the absorbing gas can be more 
readily controlled over a wide range, and contamina- 
tion of the absorbing gas as well as changes in the 
spectral characteristics of the light source and grating 
reflectivity can be minimized. By varying the pressure 
in the cell, it is possible to measure absorption in- 
tensity covering a range of 10°. 

The experimental arrangement is shown schematt- 
cally in Fig. 1. The dispersing instrument was a Baird 
one-meter, vacuum monochromator. A slit width of 
0.05 mm, which gave a band width of 0.85A, was used 
for both slits and the spectrum was scanned at 20A per 
minute. Wavelengths were measured to the nearest 
angstrom; however, occasionally the wavelength read- 
ing was in error by as much as two angstroms. 
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OXYGEN ABSORPTION IN VACUUM ULTRAVIOLET 


The light source (D) was a windowless hydrogen dis- 
charge tube with a quartz capillary (Q) and was oper- 
ated at about 600 vX0.4 amp dc. Tank He: was used 
without purification, and its flow rate was kept con- 
stant by means of a needle valve and a simple flow- 
meter (fF). The pressure in the main chamber of the 
monochromator was held at about 1X10-* mm Hg 
when the light source was in operation. The constancy 
of the discharge condition was checked by the arc cur- 
rent, the flow rate, and the ion gauge (G;). As a rule, 
the light intensity did not vary more than a few percent 
over a period of several hours. This was the largest 
source of error; however, when a more accurate result 
was desired, repeated measurements were made at 
fixed wavelengths. 

The photomultiplier (P) was coated with sodium 
salicylate and placed in a position where it intercepted 
the entire beam from the exit slit. Dynode voltages 
from 80 to 90 volts per dynode were required for the 
photomultiplier. Its current was amplified and fed 
into a Speedomax recorder. Further details of the de- 
tector are described elsewhere.® 

All previous investigators!:?4~’ placed their absorp- 
tion cell between the light source and the entrance slit 
or filled their spectrograph with the absorbing gas. 
As observed by Ladenburg and van Voorhis,! photo- 
chemical change of the absorbing gas is quite possible 
when the cell is near the light source. Moreover, the 
transmission of the cell window may change due to 
sputtering and formation of color centers. Therefore, 
the absorption cell was placed at the exit slit where the 
number of photons passing through per hour was esti- 
mated from our thermocouple data® to be at least a 
few orders of magnitude less than the number of mole- 
cules. The Pyrex absorption cell (diameter 2.0 cm, 
length 4.7 cm) with LiF windows was in direct com- 
munication with a gas filling system provided with two 
McLeod gauges (M; and M2), mercury manometer, 
ion gauge (Gz), and sample bottles. Cleaved LiF plates 
about 1 mm thick were used instead of lenses since the 
divergence of the beam from the exit slit was small and 
good transmission was desirable. 

After purification of the gas to be studied, the ex- 
perimental procedure was as follows. First, a sample of 
gas was removed directly from the gas filling system 
and analyzed for possible contamination, using a Con- 
solidated Engineering Corporation mass spectrometer. 
In the case of O» the total impurity was about 0.1 per- 
cent, mostly Ne which is, however, quite transparent 
In this region. Second, the absorption cell was evacu- 
ated to about 10-* mm Hg and by scanning the He 
spectrum, the spectral intensity was obtained as a re- 
corder trace of the photomultiplier current. Third, the 
cell was filled with the absorbing gas at a suitable pres- 
sure, and the photomultiplier response of the trans- 
mitted light was recorded on the same trace using a 
es 


*K. Watanabe and Edward C. Y. Inn, J. Opt. Soc. Am. 43, 
32 (1953) 
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Fic. 2. Recorder trace of the Schumann-Runge bands in 
absorption. The upper curve represents the incident intensity of 
the H2 continuum. 











different colored ink. The second and third steps of the 
procedure were repeated using various gas pressures 
to cover the absorption intensities and to determine 
whether Beer’s Law held. In the case of Oz pressures 
from 0.1- to 500-mm Hg were used. 

To obtain the absorption coefficients from the re- 
corder traces, corrections were made whenever neces- 
sary for the scattered light and the fluorescence of the 
LiF window. The absorption was measured at several 
hundred wavelengths, one to three angstroms apart, 
using for each wavelength several pressures varying 
by a factor of at least ten. The absorption coefficient, 
k in cm-, is defined by J/Io=exp(— x) where x is the 
layer thickness of the absorbing gas reduced to NTP. 

In order to interpret the absorption data, it is neces- 
sary to have an idea of the nature of the absorption 
spectrum, i.e., whether the absorption spectrum is a 
continuum, a diffuse band, or a sharp band. For a con- 
tinuum or a very diffuse band, high resolution is not 
required, and as a rule Beer’s Law holds at relatively 
low pressures. Furthermore, line sources with a suffi- 
cient number of lines may be used. On the other hand, 
the resolution we have used was not sufficient to give 
reliable k values for sharp bands, and, in general, the 
data showed an apparent pressure effect.® Figure 2 
represents a recorder trace of a partially resolved spec- 
trum of the Schumann-Runge bands (8-0 to 20-0 of 
35°. —*>°,~), and it can be seen that the resolution was 
not adequate to resolve the P and R branches of the 
rotational structure. For these bands the “observed 
coefficients’ varied with pressure. Nevertheless, these 
“observed coefficients” give some idea of the magnitude 
of absorption intensity and may be useful for semi- 
quantitative applications and for detection of intensity 
anomalies in a band progression. 


® Nielson, Thornton, and Dale, Revs. Modern Phys. 16, 307 
(1944). 
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Fic. 3. Absorption coefficients of the Schumann-Runge bands. 


RESULTS AND DISCUSSION 


For convenience of discussion, the results given below 
are divided into three spectral regions: the first region 
extends down to the convergence limit of the Schu- 
mann-Runge bands which are vibrational bands super- 
posed on what appears to be a continuum, the second 
covers the Schumann-Runge dissociation continuum, 
and the third includes a number of diffuse and sharp 
bands separated by several rather transparent windows. 
Papers’*-® on the absorption spectrum of Op» in these 
regions have provided helpful information as to some 
of the details of the spectrum which were not resolved 
by our equipment. 


(a) Spectral Region 1900-1750A 


Part of this region is accessible to quartz spectro- 
graphs; however, only a few measurements of absorp- 
tion coefficients of air have been reported. Many years 
ago Kreusler" obtained the absorption coefficient of 
air at 1860A. Buisson, Jausseran, and Rouard! using 
line sources determined values for air at 1855, 1858, and 
1863A as well as data for longer wavelengths, while 
the shortest wavelength reported in the extensive work 
of Vassy,'® who used the He continuum, was at 1898A. 
The rotational analyses of the Schumann-Runge bands 
in absorption have been made by Curry and Herzberg!’ 
and by Knauss and Ballard." 

Since only a short cell length was used here, k 
values below 0.02 cm could not be measured accur- 
ately, and the lowest member of the Schumann-Runge 
progression measured was the 4-0 band. On the other 
hand, the higher members were observed readily (see 
Fig. 2), including what seem to be the 19-0 band and 
the 20-0 band which apparently have not been ob- 
served previously. Since these two bands appear rather 

1” W. C. Price and G. Collins, Phys. Rev. 48, 714 (1935). 

11H, P. Knauss and S. S. Ballard, Phys. Rev. 48, 796 (1935). 

2 J. J. Hopfield, Astroph. J. 104, 208 (1946). 

18 Y. Tanaka, J. Chem. Phys. 20, 1728 (1952). 

4H. Kreusler, Ann. Physik. 6, 412 (1901). 

16 Buisson, Jausseran, and Rouard, Rev. opt. 12, 70 (1933). 


16 A. Vassy, Ann. phys. 16, 145 (1941). 
J. Curry and G. Herzberg, Ann. Physik 19, 800 (1934). 
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inconspicuously in a region where the absorption in. 
tensity is changing rapidly with wavelength, they 
would be difficult to observe photographically. 

The two bands lie beyond the accepted dissociation 
limit of the B*}°,- state (56877 cm~ by Gaydon'® and 
56859 cm by Herzberg’*). Since this dissociation limit 
was obtained by only a short extrapolation, it has been 
considered one of the most accurate values. Our 
monochromator was not designed for accurate measure- 
ments of wavelength, nevertheless, it could not be in 
error by more than one or two angstroms. On this 
basis, the 20-0 band is given as 57140+60 cm—. About 
the time these measurements were made, Herzberg” 
had already suggested the possibility that the con- 
vergence limit of the Schumann-Runge bands may be 
too low by about 220 cm~. His suggestion is based on 
his experimentally determined dissociation limit (41219 
+40 cm of the *>>,,+ state obtained from his observa- - 
tion of the predissociation by rotation in the forbidden 
Herzberg bands (*>°,.+—*>>,-) under high resolution. 
Our result, although not precise, strongly supports his 
suggestion, and tentatively the dissociation energy of 
oxygen may be taken as 5.11 ev rather than 5.08 ev. 

The absorption measurements in this region showed 
an apparent pressure effect (or effect of layer thick- 
ness), which we attributed to the lack of resolution, 
but a real pressure effect is not excluded. The “‘observed 
coefficients” varied by a factor of four or five when the 
pressure was changed by a factor of 70. For example, 
the “observed coefficients” of the head of the 140 
band was 4.0 cm~ at a pressure of 7.1-mm Hg and 
0.9 cm~ at 491 mm. The minima showed a smaller 
effect, i.e., a factor of two to three over the same pres- 
sure range. In Fig. 3, the data were smoothed out and 
given somewhat arbitrarily; i.e., low-pressure data 
were used for the maxima and high pressure data for 
the minima. Even so, these maxima are probably still 
too low and minima too high. This is supported by 
some data obtained with a slightly higher resolution. 

For comparison, the values obtained by Kreusle 
and by Buisson, Jausseran, and Rouard!* are shown in 
Fig. 3 by O and +, respectively. Vassy'® was able to 
measure the peak of the 4-0 band, but her value at 
1924A converted to Os is less than that shown in Fig. 3 
by a factor of about five. Since she used a much longer 
path length, but about the same resolution, the differ- 
ence in the layer thickness may account for the lower 
“observed coefficient.” 

The absorption intensities of the Schumann-Runge 
bands have been calculated theoretically by Pillow.” 
In Table I, a comparison is made with our observed in- 
tensities. For the experimental data, the absorption 
intensities are relative values with that of the 12-0 band 


r! 


18 A. G. Gaydon, Dissociation Energies (Dover Publications, 
Inc., New York, 1950). 

9G. Herzberg, Molecular Spectra and Molecular Structure | 
(D. Van Nostrand Company, Inc., New York, 1950). 

*” G. Herzberg, Can. J. Phys. 30, 185 (1952). 

21M. E. Pillow, Proc. Phys. Soc. (London) 63A, 940 (1950). 
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TABLE I. Intensities of the Schumann-Runge bands. 








Band 5-0 60 7-0 80 90 100 
Theoretical 1 5 20 29 51 50 
Experimental 39 42 59 


11-0 


12-0 130 140 150 160 17-0 180 


78 100 90 95 
90 100 87 124 146 161 166 160 








arbitrarily taken as 100. The pressure of O2 was 7.8- 
mm Hg, and this pressure was too low for observation 
of bands below 8-0. Considering the type of data being 
compared, the agreement is rather good; however, 
data obtained at higher pressures show that the de- 
crease of intensity is less rapid from 6-0 to 4-0 than 
the evaluation by Pillow. 


(b) Spectral Region 1750—1300A 


For the Schumann-Runge dissociation continuum, 
sy .-—*)°,, the important absorption measurement of 
Ladenburg and van Voorhis' has been generally ac- 
cepted and applied to atmospheric absorption. Their 
result showed a maximum absorption (k about 490 
cm) at 1450A with a nearly symmetrical intensity 
distribution. These results were consistent with the 
dispersion measurement made earlier by Ladenburg and 
Wolfsohn.” The index of refraction of Ov», obtained 
experimentally, was expressed by three resonance wave- 
lengths and one of them (A2=1468A) was ascribed to 
the Schumann-Runge continuum. Still earlier, Koch” 
had obtained a dispersion equation with \2= 1421A. 

By varying the pressure over a wider range (0.1 to 
50 mm), it was possible to extend the work of Laden- 
burg and van Voorhis to both longer and shorter wave- 
lengths, and the result is shown in Fig. 4 by the solid 
curve which represents the mean of several hundred 
points. Within experimental error (about 5 percent) 
Beer’s Law held over a pressure range of a factor of 
twenty. The result of Ladenburg and van Voorhis is 
shown by the dashed curve which is considerably higher 
over the major part of this region. The maximum in the 
present observation is rather flat and is 380 cm™ at 
about 1420A (this wavelength agreeing with the value 
given by Koch). The intensity distribution is rather 
asymmetric, the short-wavelength side being rather 
steep, and there may be a discontinuity at about 
1400A because of an interaction of potential curves 
(BS - and an as yet unidentified curve). Although 
Stueckelberg? obtained theoretically an intensity dis- 
tribution curve agreeing fairly well with the data of 
Ladenburg and van Voorhis, it must be recalled that 
ry calculation partly depended on their experimental 
ata. 

Since the discrepancy shown in Fig. 4 appears to ex- 
ceed the combined experimental error, a further check 
was desirable and was kindly provided by the Shell Oil 
Research Laboratory. Using a Baird monochromator, 


Ss 
ae Ladenburg and G. Wolfsohn, Z. Physik. 79, 42 (1932). 
me Koch, Arch. Math. Astr. och Fysik 8, No. 20 (1912). 
Private communications with L. C. Jones, L. W. Taylor, 
and R. J. Greenshields. 





but an RCA quartz photomultiplier, they measured 
down to the limit of quartz transmission, and our re- 
sult agrees with theirs at least in the region 1750-157JA 
(the lower wavelength being their limit). The following 
explanation might be made regarding the photometry 
used by Ladenburg and van Voorhis. It is reasonable 
to suppose that the fixed sector disks used by them for 
intensity calibration reduced the sizable amount of 
scattered light as well as the intensity of desired wave- 
lengths. In this case, the calibration data may not be 
directly applicable to lines which have been greatly 
reduced in intensity due to the absorption of Os, since 
O:» itself would not probably have reduced the amount 
of scattered light, at least not as much as the sector 
disk. This argument is based on the “fact” that scat- 
tered light in a spectrograph consists mostly of wave- 
lengths longer than 2000A. . 

Three minor maxima at 1293, 1332, and 1352A were 
observed on the short-wavelength slope of the con- 
tinuum. These were recently found photographically by 
Tanaka" who used a Lyman continuum as source and 
varied the pressure of Oo. These bands or continua 
apparently escaped photographic detection for many 
years, since they are superposed on the slope of the 
strong continuum. Actually, by looking for them one 
can see them in a published photograph by Hopfield.” 
With the phosphor-coated photomultiplier they were 
readily observed even using the many-lined spectrum 
of Hz» as source. According to Tanaka, these bands 
appear as continua with a 3-m grazing incidence spec- 
trograph, and the wavelengths of the maxima could 
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Fic. 5. Absorption coefficients of O2 in the region 1050-1300A. 


not be measured precisely. He has suggested that the 

first “continuum” at 1293A leads to the dissociation 

products *P+1S and the other two to 'D+-'D or *P+'S. 
Using the formula (see reference 1), 


( mc ) fea 
” Nreé v1 " 


with »=5.7X10* cm and ».=7.8X10' cm, the f 
value of 0.161 was obtained by integrating graphically 
the & value for the Schumann-Runge continuum. This 
value is somewhat smaller than the value (0.193) ob- 
tained by Ladenburg and van Voorhis. 





(c) Spectral Region 1300—1050A 


Molecular oxygen has a complex absorption spec- 
trum in this region, and most of the bands still need to 
be classified. This region is of great importance to the 
study of the upper atmosphere, since solar radiation 
can penetrate down to the D region through the several 
windows of the O2 spectrum. For example, Lyman alpha 
lies in one of the deepest windows, and its enhancement 
during chromospheric eruption may very well provide 
the necessary energy to account for the increased 
ionization and radio fadeout. Furthermore, it is im- 
portant to know whether dissociation of O2 by photons 
in this region of the spectrum supply an appreciable 
amount of metastable oxygen atoms. 

At Lyman alpha the absorption coefficient was found 
to be 0.30 cm at pressures of 70-mm Hg and 0.50 
cm! at 490 mm. These values are in close agreement 
with the data obtained by Preston‘ who used pressures 
from 30 to 290 mm and a cell length of 21.8 cm. Since 
he observed a pressure effect, he extrapolated his data 
to zero pressure and obtained k=0.28 cm. Our ex- 
trapolated value was 0.27 cm~. Incidentally, our ab- 
sorption coefficients for N2, CO2, and H,O at Lyman 
alpha agreed remarkably well with those obtained by 
Preston, 


INN, AND ZELIKOFF 





As a result of the complexity of the O2 spectrum and 
the fact that a many-lined spectrum rather than a 
continuum was used as source, some of the data in this 
region were not reliable. In the region below 1170A the 
absorption bands show sharp fine structure as well as 
some diffuseness; therefore, the ‘‘coefficient” shown in 
Fig. 5 for the poorly resolved region 1060-1170A must 
be considered semiquantitative. As in the case of the 
Schumann-Runge bands, the maxima are probably too 
low and minima too high, although the apparent pres- 
sure effect was somewhat less. Included in the paper by 
Weissler and Po Lee® are & values at 7 wavelengths in 
this region. These are, in general, considerably larger, 
and may be explained by the fact that they used higher 
resolution. Although close comparison may not be 
justified, Schneider’s values’ for this region seem to be, 
in a rough way, lower than those obtained by Weissler 
and Po Lee. 

In Fig. 5, the bands A, B, C, D, E, F are very diffuse 
with hardly any structure, even when observed” with 
a three-meter grazing incidence spectrograph. Price and 
Collins who observed most of them ascribed the 
diffuseness to predissociation, and this was confirmed 
by Tanaka" who studied the spectrum in greater detail. 
The latter also reported two new progressions, one of 
which was suggested to be a member of the Rydberg 
series converging to the first ionization potential. A 
few members of these progressions seem to appear 
in our data (Fig. 5). Because of the general diffuseness 
of the spectrum the k values shown in Fig. 5 for the 
region 1170-1300A should be fairly reliable. 

Price and Collins’ observed also a weak continuum 
at 1105A extending toward shorter wavelengths. Our 
measurements support their observation; however, its 
intensity (order of 1 cm~ in Fig. 5) is much less than 
the estimate (50-100 cm~') reported by Weissler and 
Po Lee.® 


CONCLUSIONS 


The intensity measurement using a phosphor-coated 
photomultiplier has given quite reproducible data of 
absorption coefficients of several gases, and it appears 
to be more reliable than the usual photographic method. 
As shown in the case of Os, the method is particularly 
suited for measurements of diffuse bands and con- 
tinua. In spite of its poor resolution, it is capable of 
finding new bands and continua, since it is sensitive 
of small differences in absorption intensities. Its present 
limit of resolution can be improved, and efforts are 
being made to extend this type of measurement to 
more detailed absorption studies. 

We wish to thank Dr. Y. Tanaka for the use of an 
enlarged reproduction of the oxygen absorption spec 
trum in the region 1000-1300A and for his interest 
this work. 
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A statistical mechanical theory of the static dielectric constant of polar substances is presented which 
differs from the previous theories of Kirkwood and Fréhlich in that a precise evaluation of the distortion 
polarization term is made. The theory is applied to the dielectric constant of ordinary and heavy water and 
yields 2 percent agreement with experiment over the entire temperature range. Furthermore, the difference 
between the dielectric constant of water measured at visible and microwave frequencies can be ascribed to 
vibrations, such as the bending of the O—H—O bond. The calculated dielectric constant of ice agrees with 
experimental values within a mean deviation of 3 percent over a considerable temperature range using an 
approximate evaluation of the Pauling model for that substance. Various other liquids are also compared 


with experiment. 





I. 


HE Clausius-Mossotti equation has long been 

known to be inadequate for calculating dielectric 
constants of polar substances, because the model used 
in its derivation fails to include properly the interac- 
tions caused by permanent dipoles partially oriented by 
an electrical field. The first successful step toward a 
theory recognizing the effect of interactions of perma- 
nent dipoles was taken by Onsager.’ His model considers 
the interaction between a molecule in a hole of molecular 
dimensions and an otherwise continuous dielectric of 
the macroscopic dielectric constant. Since the Onsager 
model includes the simplifying assumption that the 
discrete assembly of molecules as close as the nearest 
neighbors may be replaced by a continuum of macro- 
scopic properties, the results are subject to considerable 
error when the interactions between near neighbors 
are strong. Kirkwood,? making a further refinement of 
the theory, discusses the interaction of z sphere of 
macroscopic dimensions, in vacuum, with an applied 
field, and uses classical statistical mechanics to obtain 
a formula whereby the average polarization due to 
orientation of the permanent dipoles may be evaluated. 
However, he treats in an approximate manner the 
polarization induced by distortion of the molecules. 
The Kirkwood approximation is not adequate, and 
therefore his equation fails to reduce to the Clausius- 
Mossotti formula in the absence of permanent dipoles. 
The difficulty arises from his assumption that the local 
field to be used for the calculation of the distortion 
polarization is the Onsager cavity field. It will be shown 
below that the only part of the local field whose effect is 
not already included in the permanent dipole term is 
that part which is achieved at constant orientation of 
the permanent dipoles. With this modification an ex- 
Pression may be obtained which, in the absence of 
Permanent electric moments, does reduce to the 
Clausius-Mossotti equation. 





* Predoctoral Fellow, National Science Foundation. 
i Onsager, J. Am. Chem. Soc. 58, 1486 (1936). 
J. G. Kirkwood, J. Chem. Phys. 7, 911 (1939). 
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Fréhlich* has modified Kirkwood’s treatment by 
assuming an alternative model in which he regards the 
dielectric as a continuous medium of dielectric con- 
stant n*, in which are embedded dipolar molecules not 
polarizable by an external field. He then treats the 
interaction between the field and a sphere cut from an 
infinite sample of this dielectric. His results are not 
exact, however, because he cannot evaluate in a com- 
pletely rigorous manner the interaction between his non- 
isolated sample and the field. 

Because of the difficulty of extending Fréhlich’s 
approach, we shall here follow Kirkwood and consider 
a spherical specimen of dielectric of macroscopic size, 
surrounded by vacuum. Contributions arising from 
orientation and distortion polarization will be rigorously 
separated and evaluated, subject to no seriously re- 
strictive approximations. Furthermore, it will be shown 
that the resulting equation is consistent with the limit 
represented by the Clausius-Mossotti equation. 


II. 


Consider a macroscopic specimen of V molecules in a 
spherical volume V, placed in a vacuum. It can easily 
be demonstrated that the results are independent of 
the shape of the specimen. Let Vy be the potential 
energy of interaction of the molecules; Vw will depend 
upon the positions of the centers of the molecules, de- 
noted by r={r1, fo, ---, tv}, the orientations of the 
molecules 2= {w1, we, -*+, wv}, and the extent of polar- 
ization of the molecules (represented by such coordi- 
nates of charge x={X1, Xo, ---,Xw} relative to the 
charges of the unperturbed molecule as are necessary). 
Call a set (r,Q) a configuration of the system, and 
refer to states of polarization as x; constant configura- 
tion will therefore imply constancy of r and Q, but not 
necessarily of x. Also, let M be the total electric moment 
of the specimen, Ey the applied field in the absence of 
the sample (the applied field is to be thought of as 
produced by an external fixed charge distribution), and 
e a unit vector in the direction of Eo. Then, the inter- 


3H. Fréhlich, Theory of Dielectrics (Oxford University Press, 
London, 1949). 
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action energy with the field for any set of the variables 
(r,2,x) is given by —M(r,Q,x)-E. This is exact, 
since all variables of the system are being held fixed. 





F. E. HARRIS AND B. 


J. ALDER 

We now set down a formally exact expression for the 
average value of the component of M in the direction 
of E, for fixed Eo: 


2, x)+M(r, Q, x)-E 





baal Va(r, 
f (M(r, Q, x) < e) exp 


| (dt) (do) (dx) 
kT 





(M- e) z= 





(= Vyt+M 
f exp 


Here, (dr), (dQ), and (dx) indicate volume elements in 
their respective coordinate spaces, and all other pre- 
viously undefined symbols have their usual significance. 

We sah then separate M into two parts, Mo(r, 2) 
and M,(r, 2, x), so that 


M(r, &, x)= Mo(r, 2)+M.(r, &, x). (2) 
M,(r, 2) is that part of the polarization due solely to 





—Vy(r, 2, x)+Mo(r, 2)- Eo+ Ma(r, 2, x)-E 


=) (dr) (dQ) (dx) 





the specified configuration, including the induced mo- 
ment associated therewith in the absence of an applied 
field. The average of M,(r,9, x), with respect to x, 
then represents the additional polarization, both atomic 
and electronic, resulting from the application of an 
external field to the configuration (r, 2). 

Combining Eqs. (1) and (2), we arrive at the result, 





f [Mo(r, 2)-e+Ma(r, Q, x)-e] exp 


| (dr) (dQ) (dx) 
kT 
(3) 





(M- e) z= 





—Vy+(Mo+Ma,):-E 
ja 


To proceed further, we make the following approxi- 
mations: (1) We neglect dielectric saturation. There- 
fore, in (M-e)£ we discard all higher powers of Ep than 
the first. (2) All integrals with respect to x may be 
replaced by a constant multiplied by the integrand, 
evaluated for that value of x which maximizes the 
integrand. That is, 





—Vy M.(x)- Eo 
el —Ta MLO, 
kT 





[—Vw(xe)+Ma(xz): Eo] 
=Cf(xp ' 
f (Xz) exp +r 


where Xz is the value of x which maximizes the in- 
tegrand of (4) for a given field Eo, and C is a constant. 





|e r) (dQ) (dx) 





This is equivalent to assuming that any deviation of the 
distribution of charges giving rise to polarization from 
their average value is energetically very unfavorable. 
This assumption, although not explicitly stated, is 
common to all the other dielectric theories referred to 
above. Its applicability demands that thermal energies 
be small relative to those required for charge motion. 
For tightly bound charged particles such as electrons 
and, under most conditions, nuclei, the above condition 
is met. In Eq. (2), then, we have included in M, only 
the coordinates of these tightly bound charges. This 
makes M, not explicitly dependent upon temperature, 
and conforms to the usual concept of electronic and 
atomic polarization. On the other hand, to treat loosely 
bound nuclei one must include their coordinates in 
(r, Q). 


Applying the second approximation to Eq. (3), we obtain 


—Vy(r, 2, xz) +Mo(r, 2)- Eo+ Ma(r, Q, xx)- Eo 





f [Mo(r, 2)-e+M,(r, 2, xz)-e } exp| 


(dr) (dQ) 
kT 
) 





(M-e)zo= 


Vu-+(Mo+ Ma): Eo 





fof 


kT 


(dr) (dQ) 


According to the first approximation, Eq. (5) may be expanded in powers of Eo, keeping only through the linear 
term. To do so, we need to expand Vy(r, 2, xz) in powers of Ey about x=0. 


Vy(r, Q, Xz)=Vw(r, +e (— 
Vy(r, 2) is defined as Vy(r, 2, 0). 


OV y(t, Q, =~) 


d(xp); 


x=0 dEo 


(6) 
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At x=0 the first derivatives of Vy vanish, and, through linear terms in Eo, Vy(r, 2, xz) = V(r, 2). The expan- 


sion of (5) now yields 
ee Vy(r, Q) 


f (dr) (dQ) exp| - 


Eo 
|p. e+ M,(xz)- e+, e+Mz(xz)-e}+-- | 





(M- e)zo= 


(7) 


E 
f (dr) (ayer 1+ — (My e+M.-e}+:: | 


The term in (Mo-e) vanishes, since Mo, which is to 
be averaged in the absence of the field, has equal proba- 
bility in all directions. The terms of form (Mo-e) (M,-e) 
also vanish, since (M,-e) is symmetric upon rigid 
rotation of the specimen through an angle of 7 about an 
axis perpendicular to e (the polarizability of the mole- 
cules has this symmetry), whereas (Mo-e) will change 
in sign. As these configurations have equal probability 
in the absence of a field, the average will vanish. Note 
that we have not introduced any assumption requiring 
spherical molecules. Since Mz is itself (through xz) of 
order Eo, terms containing (M,-e)? and Eo(Mja-e) may 
also be neglected. With these simplifications, Eq. (7) 
becomes 


Eo 
(M-e)z0= , (Mo-e)’)+(Ma(xz) -e). (8) 


The averages on the right side are to be performed using 
the potential in the absence of the field. 

The first term on the right-hand side of (8) may be 
simplified by the methods developed by Kirkwood.? 
Averaging over directions of Mo, ((Mo-e)?)=(M.°)/3, 
and since 


N 
Mo= > (us)i, 
j=1 
we find (M?)= NV (u.-(M)u.), where (M).. represents the 
average total moment of the spherical specimen for a 
fixed y,, and p, is the dipole moment of a molecule in 
the spherical specimen. The average of M,? has been 
removed and the sum replaced by N, since, for a 
specimen of macroscopic size, the position and orienta- 
tion of any given yu, is equivalent except for the 
negligible proportion of molecules near the surface. 
However, when yp, is a function of internal coordinates 
of a molecule which have been included in (r,), as 
for example in the case of intramolecular rotations, 
us"(M)u, must be averaged over these internal coordi- 
hates. Kirkwood also shows that (M),, for a spherical 
specimen may be expressed in terms of (u),, the average 
total moment of an infinite specimen, for a fixed wp. 
Here w refers to the dipole moment of a molecule in an 
infinite medium, and (M),, and (w), differ only by the 
effect of a spherical surface at macroscopic distances 
from w,. Use of (u), is preferable, since it may readily be 
evaluated by the usual statistical methods, and it con- 
tains only contributions from molecules near enough to 





u to be correlated with its position, whereas (M),, also 
contains a homogeneous polarization of the entire 
macroscopic sample. Kirkwood’s relation between (M) us 
and (u), is 


caer en a 


Combining (9) with the above discussion, we find 


Nf 3 3e 
((Mo- c))=—( )( ) (ue-(u),). (10) 
3 \e+2 2e+1 


To derive Eq. (9) the average total moment (u), of a 
molecule and its correlated neighbors in an infinite 
medium must be assumed to be the same as that of the 
identical group of molecules in a macroscopic spherical 
specimen. This requires that the presence of a surface 
at large distances from a cluster of molecules does not 
have an appreciable effect. Accordingly it is confirmed 
in Appendix I that in order for Eq. (9) to be applicable, 
the macroscopic spherical specimen must be large com- 
pared to the region in which there is correlation between 
the dipole of a central molecule and the dipoles of its 
neighbors. Equation (9) may therefore be used for all 
materials not possessing long range polarization order, 
i.e., for all except ferroelectric or antiferroelectric sub- 
stances. For such substances, however, (M),, can be 
evaluated by other methods. 

In Eq. (10), the dipole moment of a molecule in a 
spherical specimen must be evaluated. The effect of the 
surface can again be shown to be negligible except for 
ferroelectric or antiferroelectric substances (see Ap- 
pendix I). For all other materials wu, is equal to p, the 
dipole moment of a molecule in an infinite medium. 

The second term on the right side of Eq. (8) repre- 
sents the average polarization at constant configuration 
during application of the field Eo. As we restrict our- 
selves to isotropic media, (Mg) will be in the direction 
of Eo, and (Mq-e) may simply be replaced by |(Ma)|. 
Since the molecules themselves have not been assumed 
to be spherically polarizable, rigorous evaluation of 
(M.,) in terms of the molecular polarizability @ will be 
difficult. However, it may be evaluated in terms of the 
high frequency dielectric constant €.. (We use €. to 
distinguish from n*, which, as customarily measured, 
does not include atomic polarization.) If a macroscopic 
field E’ of frequency high enough that no molecular 
orientation takes place is present in the sample, the 
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polarization will be related to ¢.. by the defining equa- 
tion, [(e.—1)/(4r) JE’=(M.)/V. For the spherical 
specimen we have been considering, the field E’ will 
be related to the applied field by E’=[3/(¢.+2) |Eo. 
Therefore |(Mz)| is given by 


3V f€n— 
\(M.)| =—(=— ) 
4m \e,,+2 
We see that |(Mz)| has the value one would calculate, 
using the Lorentz local field and a polarizability calcu- 
lated assuming spherical molecules. 
Substituting (10) and (11) into (8), and replacing u, 
by wu, we find 


(Mmm ne( 2.) (2) (#%) 


3V En — 1 
+ raf“ ). (12) 
4r +2 


(11) 

















Ex 


For an applied static field Eo, the macroscopic field in 
the sample E, is given by E=[3/(e+2) JEo. When we 
introduce this relation, together with the defining rela- 


tion for e, 
(M - e) zo 
= A 


Ar V 








Eq. (12) becomes 


4nN 3e u:(u), to—1 
1 —)( )+cer2/ ). (13) 
et+1 3kT Ent 2 


Then wi may be calculated by rigorous evaluation 
of the formula 








N f cosye~¥/T (dr,) (dw) 





us (u).= Hs 1+ += gu, (14) 








J e-WIKT (dr) (deo) 


L 


in which W is the potential of average force and torque 
between a molecule at the origin with its dipole along 
the polar axis, and another molecule at the position and 
orientation of integration. Here y is the angle between 
the two dipoles, and (1, w:) is the configuration of the 
second molecule. Equation (14) furthermore defines g, 
the correlation parameter. Kirkwood has suggested the 
approximation 

u-(u)~n?L 1+ 2(cosy) |~gu’, (15) 
where z is the number of nearest neighbors, and (cosy) 
is given by 


f cosye—"o/*T (du) (dw) 


(cosy) = , (16) 
f e—WolkT (dep,) (deas) 
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Here Wp is the potential of average torque between 
nearest neighbors, and w; and wy, indicate the relative 
orientations of these neighbors. Approximations in- 
volving the contributions of successive shells of neigh- 
bors have also been used (see Sec. IV of this paper). 
The value of u may be calculated by evaluation of 
the average induced moment of a molecule as follows: 


vf axk(r, wy)e~"/*T (dry) (da) 
u=wot » (17) 
f e-WIT (dr,) (door) 





where E(rj, w:) is the field at the origin resulting from a 
molecule at the indicated configuration, ag is the 
polarizability in the direction of E(11, w1), and wo is the 
vacuum dipole moment. This is the only place optical 
anisotropy need be specifically recognized in application 
of the theory. If E(1,w:) be approximated by the 
dipole field, ag by its average value, and the integral 
of (17) extended only over nearest neighbors, which are 
assumed to be fixed at their average distances, one can 
obtain more readily a result for u valid for strong inter- 
action of neighbors. 

For small neighbor interaction, w may be better 
approximated by the Onsager formula, 


En +2 2e+1 
e=w(= x ) 
2e+ €, 


It is of interest to compare the result (13) with the 
corresponding results of Kirkwood’s and Frdhlich’s 
theories. To do so more readily, we substitute the 
Clausius-Mossotti equation for a, 

€.—1 4rN 
~__=—“a, (19) 
Ext2 3V 





into (13), 
e+2 


4rN s 
V e+ 1 “3kT 3 


and compare it with the Kirkwood expression? 


Heke * 


The difference is to be found entirely in the distortion 
polarization term. This is because a different field than 
that employed by Kirkwood must be used for calcu- 
lating the a term. 

Let us compare our result, again rearranged into an 
appropriate form, 


waar st 
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with the Fréhlich theory® 


(= ( 3e ) 
€— €.= 
V ) 2e+ €,, 


The €, in the denominator on the right-hand side of 
Frohlich’s expression would become unity upon removal 
of the self-energy term caused by evaluating the inter- 
action energy between his continuous substratum and 
the orienting dipoles; the other difference results from 
further interactions which were not completely taken 
into account in the Fréhlich treatment. 

Equation (13) reduces to the Clausius-Mossotti 
equation (19) for »=0; however it does not reduce to 
the Onsager equation in the limit of no short-range 
interaction between the dipoles. In this limit, g=1, as 
is shown in Appendix II, and uw is related to uo by the 
Onsager relation (18). Under these conditions, (13) 
becomes 


4nrN 3e we Ent 2 
(SG) 
V 2e+1/7 \3RT 3 


whereas Onsager’s equation! (his No. 26) is 


4arN 3e we 2e+€, 
(YG EY) 

V 2e+1/7 \3RT/ \ 2e+1 
In Eq. (22), as in (13c), w is given by (18). The dis- 
crepancy between (22) and (13c) must be due to 
Onsager’s introduction of a cavity of molecular dimen- 
sions. This concept necessitated the ad hoc assumption 
that the volume of this cavity be exactly the molecular 


volume in order that the theory reduce to the Clausius- 
Mossotti equation (19). 





vw) (21) 
3kT 














IV. 


To illustrate physical applications of the theory here 
presented, dielectric constants of various substances 
were recalculated, using values of g and yu obtained by 
earlier investigators on the basis of specific models. 


1. Water 


The dielectric constant of water has been calculated 
by Kirkwood,’ and the calculation refined by Oster and 
Kirkwood.t The model for the water molecule assumes 
unbendable bonds, fixed at experimentally observed 
angles. Free rotation is permitted about the O—H 
bonds. One obtains g by calculating (cosy) for this 
arrangement of molecules, but instead of using z=4 in 
Eq. (15), as prescribed by the model, one uses values 
of 2 consistent with experimental values of the radial 
distribution function. Furthermore, » was calculated 
using (18). 

Pople’ has also calculated the dielectric constant of 
es 


*G. Oster and J. G. Kirkwood, J. Chem. Phys. 11, 175 (1943). 
*J. A. Pople, Proc. Roy. Soc. (London) A205, 163 (1951). 
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water. Pople’s model provides that each water molecule 
be bonded to four others, but that the bonds be bend- 
able. The amount of bending is determined by evaluat- 
ing a bending force constant such that the distribution 
of molecules calculated by classical statistical mechanics 
agrees with the experimentally determined radial dis- 
tribution function at several temperatures. Free rota- 
tion is again allowed around all O—H bonds. Contribu- 
tions to g are evaluated for the first three shells of 
neighbors, and yu is determined from a calculation of the 
local field of only the four nearest neighbors. Pople’s 
calculated dielectric constant was about 20 percent 
lower than the experimental value, but gave approxi- 
mately the correct temperature dependence. 

Both Pople® and Kirkwood? assume the polariza- 
bility of the water molecule to be that indicated by 
index of refraction measurements at visible frequencies 
(n?=1.79), although measurements at frequencies as 
high as 2.4 10" cps indicate a value of €.=5.5.° In the 
present calculation ¢,=1.79 must be used since the 
difference between this value and 5.5 is caused by 
motions of the nuclei which are to be associated with 
vibration of the protons still prevailing at 2.4 10" cps. 
In fact, the bending of the O—H—O bond as deter- 
mined by Raman spectra is known to occur at still 
higher frequencies, probably around 500 cm™.’ Since 
kT/h is approximately 210 cm at room temperature, 
these vibrations in accordance with our previous dis- 
cussion must be included in the orientation polarization, 
rather than in the distortion polarization. Pople’s model 
is in accordance with the preceding discussion. 

We have thus used Pople’s model and ¢«,=n’ to 
recalculate the dielectric constant of water, and have 
made an analogous calculation for D,O, assuming the 
same value of the bending force constant for both the 
deuterium and hydrogen bonds, and the same number of 
neighbors in the various shells. These are probably very 
good assumptions, as the molar volumes of HO and 
D.O are very nearly identical. The change in the calcu- 
lated dielectric constant is then due only to the differ- 
ence in the polarizability of D,O and H.O. Dielectric 
constants calculated from Pople’s model, using Kirk- 
wood’s equation, Fréhlich’s equation, and Eq. (13) 
of this paper are presented in Table I, and comparative 
data on D,O are listed in Table IT. 

The close agreement between experimental and calcu- 
lated values for both H,O and D.O confirms in general 
the model of water adopted by Pople. The constancy of 
difference between the calculated and experimental di- 
electric constants for H2O and D,O shown in Table IT 
lends added support to the model proposed. The re- 
maining small discrepancy between the experimental 
and calculated dielectric constant of water can be 
ascribed to optical anisotropy and to further possible 


6 Collie, Hasted, and Ritson, Proc. Phys. Soc. (London) 60, 
145 (1948). 
7 W. M. Latimer, Chem. Revs. 44, 59 (1949). 
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TABLE I. Comparison with experiment of the calculated 
dielectric constant of ordinary water. 











Kickwood Fréhlich This vanenech € 
5 ie g Eq. (20) Eq. (21) Eq. (13) Expt.® 
0.0 2.60 71.9 73.0 90.7 88.2 
25.0 2.55 63.8 64.0 79.9 78.5 
62.0 2.49 53.0 53.0 65.7 66.4 
83.0 2.46 47.8 48.0 59.6 60.4 








® J. Wyman, Jr. and E. N. Ingalls, J. Am. Chem. Soc. 60, 1182 (1938). 


vibrations and bendings of bonds, such as the O—O 
bond, which has been held fixed. These motions would 
tend to decrease the calculated dielectric constant. 
Additional shells of neighbors should probably be also 
taken into account in a more refined calculation of 
(cosy) and yw. From Pople’s calculation however, it can 
be seen that this effect would cause an increase of less 
than 1 percent in the dielectric constant. 


2. Ice 


Powles® has recently calculated the dielectric con- 
stant of ice by two alternative methods. Both of these 
methods assume ice to be an isotropic solid. The first 
method is based on the Pauling model,’ which regards 
ice as a rigid, tetrahedrally bonded lattice of oxygens, 
with hydrogens distributed randomly among the bonds, 
but in such a way that two hydrogens are near each 
oxygen, and only one hydrogen in each O—O bond. 
Powles fixes the configuration of one molecule, and then 
calculates the average net moment of the entire sample 
when the other hydrogens are arranged randomly, but 
consistently with the position of the fixed molecule. 
He is unable to obtain an exact solution of this problem 
and is forced to consider small groups of molecules, the 
largest of which contains 24 molecules. He presents 
arguments indicating that the results would not be 
greatly affected by a further increase in the number of 
molecules considered. 

Powles’ second calculation assumes that the possible 
configurations of the hydrogens are not all equally 
probable, because they have different energies, and 
must be weighted accordingly. Exact evaluation of the 


TABLE II. Comparison with experiment of the calculated 
dielectric constant of heavy water. 











€D.0 [€1H.0 -€p:0 ] 

gi e calc., Eq. (13) e Expt.* calc. Expt. 
5.0 87.9 85.9 — — 
25.0 79.5 78.25 0.4 0.3 
62.0 65.5 66.1 0.2 0.3 
83.0 59.4 60.1 0.2 0.3 








a J. Wyman, Jr. and E. N. Ingalls, J. Am. Chem. Soc. 60, 1182 (1938). 


8 J. G. Powles, J. Chem. Phys. 20, 1302 (1952). 
®L. Pauling, J. Am. Chem. Soc. 57, 2680 (1935). 
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energy of a configuration is a formidable task, and he 
finds it necessary to make severe approximations. The 
result is a dielectric constant higher than that predicted 
from the Pauling model by about 30 percent. 

Powles evaluates u using the Onsager relation (18), 
but suggests that a calculation of the actual local field 
of the neighbors does not alter this result very much. 
He also points out that the vacuum dipole moment yp) 
may not be the same in ice as in an isolated water 
molecule, as the bond angles are changed. This would 
decrease € by about 9 percent if it is assumed that the 
bond moments are unaltered. 

The use of (18) probably does not give an unreason- 
able value in this case, as »/o for water (using Pople’s 
model) increases from 1.13 at 83° to 1.17 at 0°, while 
w/o by (18) is 1.24 for ice at 0°. Since stiffening of the 
lattice increases w/o, 1.17 is undoubtedly too low for 
ice, and 1.24 is an acceptable value. 

Table III gives the dielectric constant of ice, using 
Powles’ calculation on the Pauling model, assuming 
u/uo= 1.24. The close agreement with experiment must 
be regarded as fortuitous, as the uncertainty in » may 


TABLE III. Comparison with experiment of the dielectric constant 
of ice, calculated using Pauling’s model. 











€ (This seenanele (Exptl. Auty 
ies (Powles) Eq. (13)) and Cole*) 
— 0.1 76.8 92.5 91.5 
—10.8 79.8 96.2 95.0 
—20.9 83.0 100.0 97.4 
—32.0 86.7 104.5 100 
—44.7 91.4 110.2 104 
—56.8 96.4 116.4 114 
—65.8 100.5 121.4 133 








® See reference 10. 


affect the result considerably. The experimental data 
chosen for comparison are those of Auty and Cole,” 
which seem to be the best available at present. These 
data are also presented graphically in Fig. 1. The result 
indicates that a more accurate calculation would sub- 
stantiate the Pauling model of ice, at least at the higher 
temperatures where the possible energetic differences in 
the various configurations of ice are of less significance. 


3. Alcohols 


Oster and Kirkwood! have also calculated dielectric 
constants of straight-chain aliphatic alcohols. They 
assume each alcohol molecule to be hydrogen bonded 
to two others, thus forming long chains, and make the 
further assumption that molecules only interact within 
the same chain. They permit free rotation about all 
bonds, and average the sum of the R—O and O-H 
bond dipoles. These bond dipole moments were obtained 
from those in vacuum using Onsager’s formula (18). 


1 R. P. Auty and R. H. Cole, J. Chem. Phys. 20,°1309 (1952). 
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DIELECTRIC POLARIZATION IN POLAR SUBSTANCES 


Oster and Kirkwood’s assumption that the chainsdo 
not interact with each other will be least valid when the 
alkyl group is small and the polar groups relatively 
exposed, but will improve as the alkyl group becomes 
larger and exerts a greater screening effect. 

The above model results in the same value of g, 2.57, 
for all the alcohols. Upon recalculation, as shown in 
Table IV, the dielectric constants are increased above 
the experimental values, the discrepancy becoming 
smaller as the alkyl group increases in size, as might be 
expected from the discussion of the model. To improve 
the calculation, the bending of the O—H—O bond 
should be taken into account as was done in the case of 
water. This refinement would reduce the dielectric 
constant to the neighborhood of the experimental 
values. 


4. Various Liquids 


Since the theory here presented yields an expression 
differing from the Kirkwood equation, it is of interest 
to see how the values of g calculated from experimental 
data for various liquids are altered. The results of such 
calculations are shown in Table V. When co-association 


TABLE IV. Comparison with experiment of the calculated 
dielectric constant at 20°C of several aliphatic alcohols. 








€ 
This research 
Eq. (13) 


€ 
Kirkwood 


Alcohol g Eq. (20) 


methyl 2.57 29.2 36.3 

ethyl 2.57 21.3 26.5 24.6 
n-propy] 2.57 17.3 21.7 19.5 
n-butyl 2.57 14.6 18.6 18.0 
n-amy] 2.57 12.8 16.4 15.8 











of molecules occurs, i.e. when the dipoles tend to orient 
head to tail so as to reinforce each other, values of g are 
larger than unity. Indeed, in HCN and ethyl ether 
where such co-association is expected from other experi- 
mental observations," g is found to be larger than unity. 
However in liquids such as pyridine or nitrobenzene, 
where contra-association is believed to occur, values of g 
less than unity are observed. For chloroform and 
acetone g= 1.0, which is consistent with theheretofore 
— picture of nonassociating molecules in these 
iquids. 


APPENDIX I 


It is essential in identifying (uy), with the average 
total moment of a cluster of molecules in the spherical 
sample that the probability of a configuration of a 
cluster of molecules will be the same in a spherical 
specimen and an infinite medium. This requires that 
the local field have the same value in both media. We 
shall show that the local field is indeed equal for the 


spherical and infinite regions provided that the size of a 
— 


"J. Norton Wilson, Chem. Rev. 25, 377 (1939). 
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Fic. 1. Comparison of experimental and theoretical values of 
the static dielectric constant of ice. A, experimental (Auty and 
Cole); B, this research; C, Powles. 


cluster be small compared to the dimensions of the 
spherical specimen. Since the field arising from a cluster 
itself will certainly be the same in both’cases, we need 
only prove that the reaction fields due to the presence 
of the molecules outside the cluster are equal. Further- 
more, equality of the local field implies equal effective 
dipole moments in the two media. However, the 
spherical and infinite specimens do differ in that the 
presence of the surface adds a uniform polarization to 
the material inside it. 

To prove the above let us first consider the potential, 
y, of a system which contains a rigid dipole m in the 
direction @=0 at the center of a cavity of radius a in an 
otherwise continuous medium of dielectric constant e. 


mcosO 2m(e—1) 
= © 





rcosé, (r<a), 


} 

r? a®(2e+ 1) 
3€ \mcosd 

(5) 
2e+-1 er? 


Hence the reaction field inside the cavity (the difference 
between the field and that of the dipole in empty 





(r>a). 


TABLE V. Evaluation of the correlation factor g 
for various liquids. 
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Ethyl ether 
Acetone 

Ethyl bromide 
Pyridine 
Chloroform 
Nitrobenzene 
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space) is 
2(e—1)m 
R= 


~ (Qe+1)a®" 


This is the Onsager reaction field. 

The potential of a system similar to that described 
immediately above, except that the medium of di- 
electric constant e only be extended out to a spherical 
surface of radius 6 (b><a) is 


mcos@ 2m(e—1) 
r a’ (2e+1) 
1—a*/}' 
2a*(e— 1)? 
b? (2e+-1) (e+2) 
3e \mcosd 2m(e—1)/ 3 
v-|-( y" + (—): cos 
2e+17 eo? b8(2e+1) \e4+2 
‘ (A3) 


x , (@<r<d), 
2a3(e—1)? 


_ 
b? (2e+ 1) (e+2) 


3e ( 3 1 | 
{—) <1 2 


Broan eae 


m cos@ 
xX ’ 
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r 


(A2) 





(rSa), 





r cos6, 
































(r>b). 


The reaction field inside this cavity is 
2(e—1)m 1—a°/b' 
_ 
2a*(e—1)? 


b(2e-+-1) (e+2) 





: (A4) 


~ (Qe+1)a8 
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and in the limit b/a—, this becomes identical 
with (A2). 

However, the total induced moment of the spherical 
shell approaches a constant (nonzero) value as 6/a—~, 
which is responsible for the difference between (M),, 
and (u),. To show this, set (M)u.=(u),+M,, where M, 
is the moment of the shell. From the basic definitions, 


e—1 
M,= PdV =—— f EdV 
a<r<b 41 


e—1 
Sth niceanth we: dV. (A5 
rm fi Vy)dV, (A5) 


where y is given by (A3). Taking the limit, and adding 
M, to (u),, Eq. (9) is obtained. 


APPENDIX II 


Verification that g=1 if no short-range interaction is 
present. 

In this paper the term “no short-range interaction” 
means that the interaction between a dipolar molecule 
and its surroundings is just that which would exist if 
the surroundings were replaced by material of the 
macroscopic dielectric constant. Therefore, we need to 
show that (u),=u for the case of a dipole wu in a cavity 
in an infinite medium of dielectric constant ¢. To show 
this, set (u),=u+M, where M is the total moment of 
the surrounding medium. As above, 


(A6) 


us 


e—1 
Ma —— f (—vy)dV, 
r<a 


where y is now given by (A1). Upon integration over 6, 


M is seen to vanish. 
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The basic concepts and procedures underlying the theory of rubber elasticity are analyzed. The arguments 
advanced by Wall and Flory against the network theory of the authors are shown to be without foundation. 
The alternative theory which they advocate, and which is rather widely used, is criticized on two grounds: 
(a) it assumes a distribution of chain extensions that does not vary with network extension in the way the 
actual distribution functions can be shown to vary, and (b) the methods used to compute the numbers of 
network configurations from the distributions of chain extensions are invalid, except in the most trivial 
cases. The concept of “interval dilation entropy” is discussed and is shown to lack any physical basis. It is 
concluded that all the methods of calculation that lead to logarithmic terms in the network configuration 
entropy are incorrect, and that these terms, which affect the theory of swelling, should be discarded. 





I. INTRODUCTION 


N a recent paper, Wall and Flory! have criticized 
our network theory of rubber elasticity?~* on very 
general grounds. Their specific objections to our theory 
do not appear to us to be valid; on the other hand, the 
theoretical basis of their own work seems to us to in- 
volve fundamental errors that are affecting a growing 
body of literature. In an effort to clarify the major 
points at issue, we wish to discuss them here in con- 
siderable detail. Our discussion of the fundamentals of 
the theory of rubber elasticity will not, however, be 
limited to the points raised by Wall and Flory; neither 
is it intended as an answer to all statements in their 
paper that we find objectionable.® 
The theories to be discussed here are all based on the 
same idealization of a high-polymer molecule as a 
flexible chain which can take on a number of configura- 
tions, that is, a Gaussian exponential function of the 
distance between its ends. Such a chain will be called a 
Gaussian chain. In calculating the entropy of deforma- 
tion of a piece of rubber-like material, we have treated 
it as a coherent network of Gaussian chains, neglecting 
the restrictions placed on the configuration of each chain 
by steric interferences with other chains in the net- 
work ;* we have called this model a “Gaussian network.” 





*Supported in part by the U. S. Office of Naval Research. 

'F. T. Wall and P. J. Flory, J. Chem. Phys. 19, 1435 (1951). 

*H. M. James and E. Guth, J. Chem. Phys. 11, 455 (1943). 

*H. M. James and E. Guth, J. Chem. Phys. 15, 669 (1947). 

*H. M. James and E. Guth, J. Polymer Sci. 4, 153 (1949). 

*In reference 1, Wall and Flory have attributed to us ideas that 
we have not proposed, and have described parts of our theory in 
away that appears to us to be quite misleading. We shall not 
here cite and answer all these points in detail, hoping that persons 
interested in our theory will read our own presentation of it. 

*Neglect of these interferences is perhaps the most unsatis- 
factory feature of our model, since they actually reduce by a large 
factor the number of configurations accessible to the network. 
In Appendix A of reference 4 we have given our reasons for be- 

eving that in soft rubber-like materials, not too highly extended, 
these interferences reduce the number of configurations by a con- 
stant factor, and change the computed entropy only by an un- 
Mmportant constant. On the other hand, the Gaussian network 
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What we have calculated is the entropy of deformation 
of a given Gaussian network, or the average entropy of 
deformation of the different Gaussian networks that 
might be formed during cure of the material. Wall and 
Flory also treat the material as an asserhblage of Gaus- 
sian chains not subject to mutual steric interferences, 
but they do not treat it explicitly as a network with 
fixed structure. Instead, they attempt to calculate the 
entropy of the stretched or swollen material by com- 
puting the entropy change involved in forming this 
material from individual high-polymer molecules in 
three steps: 


(1) Dilution of the high-polymer molecules, if the material is 
swollen. 

(2) Constraint of the end-to-end displacements of the individual 
chains to a particular distribution, intended to be the one existing 
in the material under the prevailing conditions of swelling and 
stretch. 

(3) Union of the chains to form a network. 


The two theories lead to concrete differences in re- 
sults. For example, consider a rectangular parallelo- 
piped of rubber-like material which in a standard, un- 
stretched, and unswollen condition has dimensions 
Lio, Ly, L20, and has had these dimensions changed, 
through stretching and swelling, by factors az=Lz/L20, 
ay, a. With the idealizations mentioned above, the 
present authors find for the network configuration term 
in the entropy 


S=const— (kK/2)(aZ+a/+a,/), (1) 


where k is the Boltzmann constant and K is a constant 
that depends on the network considered. Wall’s original 
theory,’ based on the same idealization of the molecules, 
and on consideration of step (2) of the preceding para- 


model is quite unsuited to any attempt to calculate the internal 
energy U, which enters our theory of ideal rubber-like materials 
as an unspecified function of volume and temperature, independ- 
ent of the form of the material, as with a liquid. 

7F. T. Wall, J. Chem. Phys. 10, 485 (1942). 
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graph, yields 
S=const— (kv/2)(a2+a/+a/)+kv In(azayaz), (2) 


where v is the number of chains in the network. Con- 
sideration of steps (1) and (3) has now led Wall and 
Flory! to introduce another logarithmic term that can- 
cels out half the last term in Eq. (2); they obtain 


S=const— (kv/2)(aZ+a/+a,) 
+ (kv/2) In(azayaz). (3) 


The logarithmic terms in Eqs. (2) and (3) play no role 
in the discussion of stretch at constant volume, 
a,a,a,=1, but they affect, for example, the theory of 
the swelling of rubber, in a way that has not yet been 
subjected to experimental check. 

Since there appears to be no difference in the pictures 
of the system used by Wall and Flory and by ourselves, 
nor any essential difference in the models selected for 
treatment, the question at issue is: which formalism is 
appropriate to the treatment of networks of high- 
polymer molecules, when the component molecules are 
treated as Gaussian chains, and steric interferences are 
neglected ? 

Wall and Flory have objected to our theory on two 
main grounds: 


(1) We have considered only one particular network structure 
(that existing in the cured material). 

(2) A distribution function occurring in our theory does not 
meet a symmetry condition that they propose. 


These objections will be answered in Secs. II and IV 
of the present paper. On the other hand, we believe that 
the whole calculation of Wall and Flory is based on a 
fallacious assumption. In Sec. III of this paper we shall 
show that their assumed distribution of chain exten- 
sions does not change with stretch of the material in the 
way that actual distributions for Gaussian networks 
must change. In Sec. V we shall show that, in the case 
of a simple linear network, replacement of their as- 
sumed distribution function by the correct one elimi- 
nates the logarithmic term in S, and gives a result 
agreeing with our own. In Sec. VI we show what diff- 
culties stand in the way of a similar correction of their 
treatment of more comp.icated networks. Section VII 
is concerned with the concept of “interval-dilation”’ 
entropy, introduced by Kuhn, Pasternak, and Kuhn.*° 
Our conclusion is that there is no theoretical justifica- 
tion for the logarithmic terms in Eqs. (2) and (3). 


II. IS IT NECESSARY TO CONSIDER MORE THAN ONE 
NETWORK STRUCTURE? 


Equation 1 is obtained by taking 
S=k InC(az, ay, a2), (4) 


where C(az, ay, az) is the relative number of configura- 
tions available to the network as a function of the macro- 


a Pasternak, and Kuhn, Helv. Chim. Acta 30, 1705 
(1947). 
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scopic parameters that characterize the form of the 
material. We have shown‘ that one obtains Eq. (1), 
with appropriate values of the constants, from con- 
sideration of any definite Gaussian network that is 
effectively isotropic when a,=a,=a,=1. It follows, 
for instance, from the theory of Flory and Rehner, 
which was based on consideration of four Gaussian 
chains of equal length, joined to each other at one end, 
with the other ends fixed at the four vertices of a regular 
tetrahedron; it thus underlies Flory and Rehner’s 
theory of swelling.’® It appears also as the limiting form, 
for Gaussian chains, of the results found by Isihara, 
Hashitsuma, and Tatibana" and by Wang and Guth” 
for arbitrary definite networks of non-Gaussian chains. 
The correctness of our calculation of the form of 
C(az, ay, a) has not been challenged by Wall and Flory, 
except possibly through a symmetry argument that will 
be discussed in Sec. IV. 

Wall and Flory do consider it a major error on our 
part that we consider one particular network structure 
out of the many that might be formed during cure of the 
material. They write, “Although the network which is 
formed in any given case is, to be sure, a unique struc- 
ture, there are no constraints on the cross-linking process 
which favor this particular array of cross-linked pairs of 
units over the many others which are possible. . . . For 
the calculation of the entropy of the system, all states 
consistent with the macroscopic restraints must be 
considered.” This criticism would be valid if we had 
concerned ourselves with calculation of the entropy 
change in rubber during cure. To calculate the entropy 
change involved in the formation of an unspecified net- 
work during cure, one would have to consider all the 
structures that might be formed. To compute the final 
entropy by consideration of a single network would 
imply that the process of network formation was carried 
out under conditions that would assure the formation of 
that particular network—a process which would involve 
a different entropy change from that occurring during 
ordinary cure and which might proceed to completion 
only after a long wait for a large entropy fluctuation to 
take place. 

We have, however, been concerned entirely with the 
dependence of the entropy of the cured material on 
its external form. [The entropy of network formation 
appears only in the unspecified constant in Eq. (1).] 
We have assumed that the molecular network formed 
during cure is unchanged when the material is stretched 
or swelled, thus neglecting irreversible plastic flow. 
Once it is granted that a particular network structure 
exists throughout an experiment, it seems clearly 
possible to base the theory on consideration of that 
particular structure alone. There is no need to consider 

*P. J. Flory and J. Rehner, Jr., J. Chem. Phys. 11, 512 (1943). 

10 P. J. Flory and J. Rehner, Jr., J. Chem. Phys. 11, 521 (1943). 
ose Hashitsuma, and Tatibana, J. Chem. Phys. 19, 1508 


oan” Chen Wang and E. Guth, J. Chem. Phys. 20, 114 
D. ; 
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structures that do not exist ; neither is it appropriate to 
introduce into such a treatment a variable factor to 
represent the probability that the existing network 
would be formed under different conditions, as Wall and 
Flory do in a proposed emendation of our theory. 
Though it is reasonable to discuss reversible processes 
in terms of the behavior of molecular networks of fixed 
structure, in practice one cannot know what particular 
structure is realized in a given case. One can, however, 
proceed by computing the shape-dependent term in 
the entropy for all possible structures, and then averag- 
ing the results, weighting each with the probability that 
the corresponding structure is the existing one." If the 
system is a large one, there is a negligible chance that 
the resulting average will differ appreciably from the 
result obtained by considering the actually existing 
structure. For any specified network the entropy is a 
linear function of a,+a,?+a/, as shown in Eq. (1); 
on averaging this over all networks, with weights inde- 
pendent of az, ay, a2, one must find exactly the same 
type of dependence of S on a2+a,?+a/ but with an 
appropriately averaged multiplying constant K. Thus 
the multiplicity of possible networks does not lead to 
any logarithmic term in the shape-dependent entropy. 
We do not contend that our approach to this problem 
is the only possible one.'* The general approach of Wall 
and Flory is also a conceivable one, but we believe that 
all attempts to apply it thus far have involved several 
errors. One of these will be discussed in the next section. 


III. DISTRIBUTION OF EXTENSIONS OF A 
CHAIN IN A NETWORK 


Wall and Flory base their calculation of the entropy 
of network formation on an assumed form for the dis- 
tribution of extensions of the chains running between 
junctions of a network, and on an assumption concern- 
ing the way in which this distribution is modified as 
a, a,, and a@, are varied. It will now be shown that 
they have assumed a variation of the distribution with 
the @’s which is quite different in character from the 
variation that can be derived by detailed treatment of 
Gaussian networks. Later, in Sec. V, it will be shown 
in a simple case for which the other elements of their 
formalism are valid, that use of their erroneous distri- 
bution function leads to a logarithmic term in the 
entropy, like that in Eq. (2), whereas use of the correct 
distribution yields an entropy function analogous to 
that in Eq. (1), without a logarithmic term. 

We shall here limit detailed consideration to a simple 
one-dimensional case. In his first paper on rubber elas- 
ticity, Wall'® considered the problem as essentially one- 





_ = This is essentially the method used in our calculation of the 
Increase in rigidity during cure, in reference 3. 

“Compare, for instance, the calculations of the pressure ex- 
erted by a classical ideal gas, based on consideration of (a) the 
actual motions of the gas molecules in a particular case, (b) all 
Possible motions of the gas molecules, taken with appropriate 
weights, and (c) the change of entropy of the gas with volume. 
°F. T. Wall, J. Chem. Phys. 10, 132 (1942). 
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Fic. 1. Definition of extensions x; of chains in a one-dimensional 
network. x; is positive if the arrow points to the right, negative if 
it points to the left. 


dimensional, and assumed that the distribution of ex- 
tensions of chains in a network of relative length a 
would be 
Bex? 
ey (5) 


a? 


; B 
p’ (x) =—— exp 
an} 

He later'® undertook to derive this distribution function 
by considering the simplest possible “network,” con- 
sisting of V similar chains hooked end to end, with one 
end of the resulting structure fixed at the point «=0, 
and the other end fixed at x=/. We have elsewhere‘ 
criticized his derivation as fallacious, and have stated 
the correct result. Here, for several reasons, it will be 
desirable to indicate our calculation in some detail, 
even though it is elementary. Like Wall, we shall here 
use the method of Lagrangian multipliers.'” 

Figure 1 represents a Gaussian network, consisting 
of V Gaussian chains linked end to end, with its ends 
fixed at x=0 and x=/. The ends of the component 
chains (the “junctions” of this simple network) are 
shown, but no attempt is made to represent the irregu- 
lar configurations of the chains. Let the end of the 
“network” fixed at x=0 be taken arbitrarily as the 
minus end, and the end fixed at x=/ as the plus end. 
We shall also define a minus and a plus end of each 
chain of the network, such that as one traverses the 
network from its minus to its plus end one will traverse 
each component chain from minus to plus end, as 
shown in Fig. 1. Let the displacement of the plus end 
of the &th chain from its minus end be x;; we shall call 
this the extension of the &th chain. For different con- 
figurations of the chains, different positions of the 
chain junctions, «, may be positive or negative. How- 
ever, for every configuration of the network consistent 
with the specified positions of its ends at x=0 and x=, 
one must have 


Xt Xe+ whos +av=l. (6) 


We assume that the component Gaussian chains in 
the network are similar, each being able to assume 


ac=K* exp (— x") Ax (7) 
Tv 


16 F. T. Wall, J. Chem. Phys. 11, 527 (1943). 

17Qur result can be written down immediately as a special 
case of general results obtained by a quite different method: H. M. 
James, J. Chem. Phys. 15, 651 (1947). 
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configurations with extension x to within Ax. Let 


p(x) = (8/m*) exp(—6?x?). (8) 


Since 


+00 
f p(x)de=1, 0) 


it follows from Eq. (7) that K is the total number of 
possible configurations for the chain. The probability 
that a free chain will assume extension x to within Ax 
is proportional to AC and is exactly given by p(x)Azx; 
thus p(x) is the probability distribution function for 
extensions of a free chain. 

We now ask: What is the probability p’(«)Ax of 
finding a chain in the network with extension x to within 
Ax? By familiar arguments it will suffice to determine 
the most probable distribution of chain extensions for 
the network—that is, the distribution of x values con- 
sistent with the largest number of network configura- 
tions. Let the entire range of x be divided into small 
ranges, the ith being of length Ax; about the value x;. 
A distribution of chain extensions is specified by giving 
the number J; of chains with extension in the 7th range, 
for all i. The number of configurations possible for a 
chain with extension in the ith range is 


pi=K p(x) Ax. (10) 


The number of configurations of the network consistent 
with a specified distribution of segment extensions is 
then 

N! 


C= 
No!Ni!N2!:>: 





(11) 


po pi 1p.N2- oe, 


The first factor on the right arises from the fact that 
in this particular case it is consistent with the structure 
of the network and with the conditions to which it is 
subject to make NV !/[],V;! distinct assignments of the 
specified extensions to the NV chains of the network. 
We wish, then, to find the values of the V; that maxi- 
mize C, subject to the conditions that the total number 
of chains is V, and that the extension of the network is /, 


y N;=N, (12) 


ie Nawal. (13) 


Equation (12) is, of course, a restatement of Eq. (6). 
Using Stirling’s approximation, one can write 


InC=N Inv—2 N; In (N;/ pi). (14) 


The condition on the J; is then that 


6 InC=0 (15) 


for all 5N; such that 


+ a 6N;= } x6N = 0. (16) 
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It follows by the standard argument that one must have 
N= pi exp(A+ux), (17) 


where A and yp are constant Lagrangian multipliers 
fixed by the conditions expressed in Eqs. (12) and (13), 
Equation (17) can be written, on use of Eqs. (8) and 
(10), as 


2 
N= exp (A—p?/46") ~-e(-#|-=] ) -Ax;. (18) 
1 26? 


Converting the sums in Eqs. (12) and (13) into in- 
tegrals, one obtains 


+00 B ub 9 
N=exp(\—p’?/48") J ; de exp(-#[s-]) 


= exp (A— p?/46?) ? 
1=exp(A—y"/46") 


xf aeaten(-0[ 5 
¢-x— exp{ — 67] x—— 
= nt . 26? 
b 

= on exp(A—p?/46?). 


It follows that 
u/28°=1/N, 
and thus that 
N;=N(B/t) exp(—PLa—1/N P) Axi. 


The probability distribution function that describes 
the extensions of chains in this ‘‘network”’ is conse- 


quently 
, B 2 iy 
ren ie(-l-7]) 


Instead of Eq. (23), Wall obtains a result expressible 
[by use of his Eqs. (16) and (17) ] as 


CN\} CN 
N;=N:- (—) exp(-—2" an, 
2nl? 2P 


which depends on / in a quite different way, and corre- 
sponds in form to his assumption expressed in our Eq. 
(5). He obtains this result because he uses, instead of 
our auxiliary condition, as given in Eq. (6) or (13), 
a quite different one, 


Cy NwZ=P, 


(22) 


(23) 


(24) 


(25) 


To obtain this condition he starts from Eq. (6) [his 
Eq. (3)], squares it, and, after neglecting many terms, 
concludes that 

(x2 )u= P/N; (26) 


this he rewrites, after introducing an arbitrary constant 





(23) 


essible 


(24) 
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C, to obtain Eq. (25). The terms he neglects in deriving 
Eq. (26) are individually small, but they are so numer- 
ous that they cannot be neglected: exact evaluation 
using Eq. (23) yields 


(x?)w= (P/N?) + (1/26?). (27) 


Wall’s auxiliary condition has the curious effect of re- 
quiring that «;=0 for all 7 when /=0; that is, if the 
ends of the network are brought together the extension 
of every component chain must be exactly zero. His 
derived distribution indicates, moreover, that equal 
positive and negative values of x; are equally probable, 
a result which is incompatible with the condition that 
the sum of all x; shall be equal to /. We do not see how 
his treatment of this problem can be supported on 
either physical or mathematical grounds. 

Wall and Flory have objected to our Eq. (13), not on 
mathematical grounds but on the basis of a symmetry 
principle (to be discussed in Sec. IV) and a misleading 
analogy. They write,’ “Moreover, the exact profile of 
their distribution function for chain lengths is inde- 
pendent of strain, and only the center of that distribu- 
tion appears to move about. This is as physically 
unrealistic as would be shifting the origin of the Maxwel- 
lian distribution of molecular velocities to accompany 
changes in temperature.”’ The analogy between chain 
extensions in a network and molecular velocities in a 
gas can indeed be useful, but we believe the proper 
analog to a change in the macroscopic extension / of the 
network is a change in the macroscopic velocity of the 
gas, rather than a change in temperature. It is well 
known that:a change in bulk velocity of a gas simply 
shifts the distribution of molecular velocities in velocity 
space, without changing its form. 

Another point of view may be useful in understand- 
ing the qualitative character of our result. Consider a 
single chain with one end fixed at «=0 and the other 
free. The distribution of its extensions will then be 
given by p(x) of Eq. (8). Now let this be converted into 
the first chain of a linear network by joining to its free 
end one end of a string of V—1 similar chains, this 
string having its other end fixed at «=/. This string of 
chains will jerk against the end of the first chain, exert- 
ing a net force tending to pull it toward x=/. This 
force will modify the distribution of extensions for the 
first chain, tending to make positive x more probable 
that negative x, as is indicated by our distribution func- 
tion, though not by that of Wall. If the forces exerted 
on the end of the first chain by the second chain are re- 
placed by a constant average force F in the direction of 
positive x, the probability distribution for the exten- 
sions of the first chain will have the form 


Cp(x) exp(Fx/kT)=C’ exp(—6x?+ Fx/kT) 


=C” exp(—@'La—F/28kT P). (28) 


Here exp(Fx/kT) is the Boltzmann factor in the prob- 
ability that corresponds to the potential energy of the 
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applied force. Its effect is to shift the distribution for the 
free chain, without change of form, through a distance 
F/28°kT. Indeed, the derivation of Eq. (23) can be 
made complete by substituting for F the average force 
exerted by (or the average tension in) a string of V 
chains with total extension /, as given by kinetic theory 
(See Sec. V), 

F=26kTI/N. (29) 


Reference may now be made to other results concern- 
ing distributions of extensions of chains in Gaussian 
networks—results that can be derived from first prin- 
ciples, rather than assumed. One of the present authors 
has shown'® that every segment of any three-dimen- 
sional Gaussian network has a probability distribution 
of extensions of the form 


P,(x, y; 2)= (B;?/m)} 

X exp{ —B?[ («—%;)?+ (y—9i)"+ (2-2)? J}. (30) 
This is a Gaussian distribution of the displacement 
components x, y, z, about nonzero mean values. The 
constant 8;, which determines the breadth of the dis- 
tribution, and the mean values Z; 9;, 2; are determined 
by the structure of the network, as well as by the 
number of links in the chain under consideration; the 
signs of Z;, 9;, Z; are determined only when one specifies 
which shall be considered to be the plus and minus ends 
of the chain. The quantity 6; is independent of the 
positions assigned to the “fixed points” of the network, 
but Z;, 7;, Z; are not. If the fixed points of the network 
are subjected to a homogeneous deformation, as when 
a cube of rubber swells or is deformed into a rectangular 
parallelopiped, Z;, 9:, 2; change proportionally to the 
corresponding macroscopic dimension, or the corre- 
sponding a@ [reference 17, Eq. (4.5) ]. Thus one has 


etc., (31) 


Lj;=Xiaz, 
and 


B2\3 
P(x, y, 2)= (—) exp| — B?2[ (x—Ejaz)? 
Tv 
+ (y—Giay)’+ (2—Zi0a.)*]f. (32) 


The distribution of extensions of all the chains in a net- 
work will be a linear combination of such distributions— 
a sum of Gaussian exponentials of constant form with 
centers at various points with coordinates that change 
proportionally to az, ay, a. This is to be contrasted 
with the distribution assumed by Wall and Flory 
[compare their Eq. (7)], which is a single Gaussian 
exponential with fixed center and form changing with 


Az, Ay, Az, , 


P(x, y; )=—————— 


Tv AzAyAz 


col [JCD 


18 Reference 17, Eq. (7.5). 
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Fic. 2. Random definition of positive senses of extensions of chains 
in a one-dimensional network. 


Finally, it may be noted that distributions of the 
form (aza@yaz)'F (x/az, y/ay, 3/a2) can play a legiti- 
mate role in the statistical theory of rubber elasticity. 
The results of reference 17, as illustrated in Eq. (32), 
show that probability distributions for the /ime-average 
extensions of chains, (%ioaz, Jioay, Zioaz), Simply change 
by scale factors when the material undergoes the homo- 
geneous deformation described by (az, ay, az).!° It has 
also been shown in reference 17 [see Eq. (4.3) ] that the 
computed number of configurations of a Gaussian net- 
work will be changed only by a constant factor, and 
the computed entropy only by an added constant, 
if one treats every junction as fixed at its average 
position, and every chain as having a fixed extension 
equal to its actual time-average extension.” Without 
changing the predictions of the theory one can, then, 
treat rubber as a system of high-polymer chains with a 
distribution of fixed extensions varying like (azaya,)~ 
XF (x/az, y/ay, 2/az). If this is done, however, other 
elements of the formalism of Wall and Flory become 
inapplicable, as will be shown in Sec. VI. 


IV. THE SYMMETRY PRINCIPLE OF WALL AND FLORY 


Wall and Flory! have raised one further objection to 
our Eq. (23), an objection to which they attached great 
importance—that it is “incompatible with fundamental 
physical principles relating to symmetry.” In laying the 
foundation for the statement of their symmetry prin- 
ciple, they write, “The distribution of chain lengths, 
and hence the probability that a chain have a certain 
length, can be ascertained by using as samples the 
vectors originating from a sufficiently large number of 
junction points. If all the junction points are used for 
determining the distribution function, then each chain 
will be counted twice, with opposite vector senses for 
each count. If less than all the junction points are used 
in providing samples, then some of the chains may be 
counted twice, others counted once, and still others 
may not be counted at all. It is, however, possible to 
pick a truly representative sample with the restriction 
that no chain be counted twice.” They then argue that 
the distribution function thus obtained must be in- 


19 The difference between distributions of instantaneous exten- 
sions and of time-average extensions is well illustrated by the 
linear network considered in this section. The instantaneous ex- 
tensions have a displaced Gaussian distribution, but the time- 
average extensions all have the same value, //N. 

*” More precisely, each chain is to be treated as able to assume 
a number of configurations proportional to p(r)ay. 
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variant to change in the signs of x, y, and 2, and note 
that Eq. (23) does not meet this condition, whereas 
Eq. (5) does. 

As we understand their argument, it is that one can 
obtain a distribution function that is symmetric in 
x, y, and z by counting each chain extension twice, once 
with either sign, or by defining the sense of the exten- 
sion of each chain in an appropriately random way. 
With this we agree. This does not, however, reflect on 
the correctness of Eq. (23), which was based on a 
special, nonrandom definition of the sense of a positive 
displacement x;. Such a definition of the signs of the 
x, is necessary if Eq. 6 is to be correct with only plus 
signs on the left. The distribution appropriate to a 
random definition of the senses of the «;, such as that 
illustrated in Fig. 2, can, however, be derived from the 
final result of our calculation by averaging the prob- 
abilities for equal positive and negative extensions. One 
thus obtains 


a ( ad | 
pdms lee -|>-5]) 
l 2 
ten(—o[-+—| ) . (34) 
N 


This has the symmetry desired by Wall and Flory but 
it does not in the least resemble their distribution. 

It will be clear from inspection of Fig. 2 how this way 
of defining the signs of the x; and symmetrizing the 
distribution function makes Eqs. (6) and (13) invalid. 
It also introduces other difficulties in the application of 
the distributions, which will be discussed in Sec. V. 


V. ENTROPY OF A SIMPLE LINEAR NETWORK 


We now return to the case of the simple linear net- 
work discussed in Sec. III, to compare the procedure of 
Wall and Flory with our own. 

We consider first a one-dimensional chain consisting 
of n links of fixed length a, each of which can lie parallel 
or antiparallel to the x direction independently of the 
others. It is well known that the numbers of configura- 
tions of this chain with extension x to within Ax»>a 
(extension as defined in Sec. ITI) is 


Qn 2 F 
AC=———_ exp| ~ |x (35) 
(2xna?)* 2na? 


in the Gaussian approximation, valid for small «*/n*a‘." 
If NV such chains are joined end to end, to form a chain 
of Vn links, the resulting network will clearly have as 
the number of configurations compatible with exten- 
sion / to within Al, 


QN n 
fama exp| . 
(24N na’)! 2Nna? 


21 See, for instance, reference 2, Sec. 6. 


lay. (36) 
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More generally, consider any Gaussian chain that 
can assume 


B 
ic=K(=) exp{ — 6x} dx (37) 
T 
configurations with the given range of extension dx. 
Let V such chains be joined end to end to form the 
“network” considered in Sec. III. It is clear from com- 
parison with Eqs. (35) and (36), where 2"=K is 
the total number of configurations of the chain and 
1/2na?= 6", that the network of V Gaussian chains will 
be able to assume 
dC= K% exp{—6°?/N}dl 


Nr)! 


(38) 


configurations with extension / to within d/. Equations 
(35) and (36) are only approximations for the “folding- 
rule” chain, but Eq. (38) is exact if Eq. (37) is exact. 

As applied to this linear network of V chains, our 
general method of calculating the entropy would 
proceed as follows. Let the negative end of the first 
chain be fixed at x= &=0, and let &, &, ---&y be the 
coordinates of the positive ends of the component 
chains. The number of configurations of the network 
with £ in range dé, & in range d& and so on is, by 
Eq. (38), 


nw [K6 
IT |= exp{ —6?(&;— sd 
i=1 Vis 


The total number of configurations of the network with 
extension / to within d/ is obtained by summing over all 
fi, &, +: €y_, and the specified range of éy, 


KB\% pita +00 
dC= (=) f déy f dén_1 
1? l fash 


, f dé, tI exp{—B°(E:—E-1)}. (39) 


—@ 


This multiple integral is easily evaluated, and yields 
the exact result given in Eq. (38). It then follows from 
Boltzmann’s relation that the configurational entropy 
of the linear network, constrained to have extension / 


to within dl, is 
kp? 
dl ——f. 
N 


(40) 


S()=k In(dC)=k In| em B 


Nr)! 


This is the one-dimensional version of Eq. (1). If / is 
held fixed, the average force exerted by the thermally 
agitated chain in jerking against the constraints will be 


as 
F()=—- r(-) = 28°kT1/N, (29) 


aresult already used in Sec. III. 
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In computing the entropy of rubber, Wall'®.'® has 
apparently intended to follow a familiar pattern of 
statistical mechanics, that of replacing the total weight 
of all complexions of a system by an approximation, the 
weight of the complexions of the most probable distri- 
bution.” In the present case, this amounts to calculat- 
ing, not the total number of configurations of the poly- 
mer network, but the number of configurations with the 
most probable distribution of chain extensions. For a 
large network, this should be a very good approxima- 
tion. 

Let C; denote the number of chain configurations 
consistent with any distribution of chain extensions, 
specified by the distribution function f(x), such that 


Ni=N f(x) Axi, (41) 


[seme 1. 


Using Eqs. (14), (10), and (41) and converting the sum 
into an integral, one finds 


with 
(42) 


+0 
InC;=N nK+N f def (x) In{ p(x)/f(x)}. (43) 


—oO 


If one takes for f(x) the most probable distribution 
function p’(x), as given in Eq. (23), this formula yields 


nCy=N nK—6P/N. (44) 


This C,, varies with / like dC of Eq. (36). The unim- 
portant difference in the multiplying constant arises 
only in part from the fact that dC is the total number 
of configurations of the network with extension in the 
range dl, C, only the number of configurations consis- 
tent with a single distribution of chain extensions; in 
part it comes from approximations used in arriving at 
the integral formula of Eq. (43) 

On the other hand, if one takes for f(x) Wall’s dis- 
tribution function, as given by Eq. (5), one obtains 


InC,=N InK+(N/2)—Ne?+N Ine, (45) 
where [see Eq. (24) ] 


a? = 26°? /CN. (46) 


This is the form given by Wall, except for the added 
constant V InK; multiplying it by k, one obtains the 
one-dimensional analog of Eq. (2). The fact that C,, 
does not vary with / in the same way that dC does, 
and that Wall’s expression for the entropy contains a 
logarithmic term, is due to Wall’s use of a distribution 
function that is very different from the most probable 
one. Even though Cy is stationary with respect to small 
variations of the distribution function about its most 


2 See for instance, J. E. Mayer and M. G. Mayer, Statistical 
Mechanics (John Wiley and Sons, Inc., New York, 1940) pp. 
78-86. 
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probable form, gross errors in the assumed distribution 
function will lead to important errors in C and S. 

It is instructive to consider what happens when one 
uses the symmetrized distribution function ,(x) of 
Eq. (34) in the same way. The corresponding number of 
configurations C, is found, after some manipulation, 
to be 


N ft 
InC,=N Ink—prr/N—— f dz exp(—2?) 
T 


—0 





xin 4 ne es aed (47) 


The last term represents the error due to use of the sym- 
metrized distribution function. It goes to zero as / 
goes to zero, but approaches +N In2 as / becomes large. 

It is not difficult to see why C, is not an approxima- 
tion to dC, but an overestimate by a large and variable 
factor. The distribution of extensions of the chains, 
with random definition of positive sense, is correctly 
given by Eq. (34). However, the chains of the network 
fall into two groups, according as one traverses them in 
the positive sense or in the negative sense in going 
from x«=0 to «=/. The chains of the first group have 
predominantly positive extensions if />0, their distri- 
bution of extensions being given by the first term on 
the right in Eq. (34); the chains of the second group 
have predominantly negative extensions, with distribu- 
tion given by the second term. The chains of the two 
groups are thus not equivalent to each other. In ap- 
plying Eq. (43), however, one treats them as equivalent, 
since one then counts every assignment of extensions to 
the different chains, subject only to the specified over-all 
distribution of extensions. One counts not only the con- 
figurations of the network in which one is interested, 
those with extension /, but an equal number of configu- 
rations with extension —/ [those for which the first and 
second groups of chains have distributions of extensions 
given by the second and first terms in Eq. (27), respec- 
tively ], as well as other configurations with all inter- 
mediate extensions. When /=0, the two parts of the 
symmetrized distribution coincide and no error results. 
When / is very large, and there is in reality very small 
chance that chains of the first group would have a 
negative extension or those of the second group a posi- 
tive extension, the error in assigning signs to the ex- 
tensions at random approaches a factor of 2”. 

Wall and Flory,' following an argument of Flory,” 
propose to add another term to the entropy as com- 
puted by Wall. Since they do not wish to limit consider- 
ation to a particular network structure, they propose, 
as we understand it, to add the term 


AS=k Ind, (48) 
where A is the number of ways in which a network of 


% P. J. Flory, J. Chem. Phys. 18, 108 (1950). 











H. M. JAMES AND E. GUTH 








the given functionality can be formed from chains with 
the specific distribution of extensions. In the present 
case of a linear network, functionality 2, it is obvious 
that A does not depend on / at all. Given any specified 
assignment of extensions to the NV chains, consistent 
with the extension / of the network, one can arrange 
the chains end-to-end in exactly 1 way, if a definite 
ordering of the chains is specified, or in NV! ways, if 
the order is not specified. In either case AS is a con- 
stant, and does not change the dependence of entropy 
on /, 


VI. DIFFICULTIES IN APPLYING THE DISTRIBUTION 
FUNCTION METHOD TO THE GENERAL 
NETWORK PROBLEM 


In the preceding section we have discussed a simple 
problem where the general procedure of Wall and Flory 
yields the correct result, provided one replaces their 
assumed chain extension distributions by the correct 
one. The present section will deal with the difficulties 
involved in applying their procedure to more compli- 
cated networks. 

Let us first consider a network of definite structure, 
with each chain numbered according to its position in 
the network. For simplicity, we shall assume that each 
chain has the same structure. Let the most probable 
distribution of chain extensions be specified by the 
numbers Vo, Ni, ---, where V; is the number of chains 
having one end displaced with respect to the other by 
an amount r; to within dr;. Let 


pi=Kp(ri)dr; (49) 


denote the number of configurations of a chain with 
such an end to end displacement. The number of con- 
figurations of the set of chains consistent with this dis- 
tribution is again given by 

N! 


C= 
No IN, No !- ai 





poN iN p2N?---. (11) 


In the case of a linear network this is also the number 
of configurations of the network consistent with this 
distribution, since every configuration of the set of 
chains corresponds to one possible configuration of the 
network; without appreciable error, one can take C as 
the number of configurations possible for the network. 
With a more general type of network this is very far 
from true. The specified connectivity of the network 
implies the existence of a great many closed paths in 
the network; certain chains must form closed “tr- 
angles,” others closed “quadrangles,” and so on. Some 
assignments of vector extensions to the chains will 
satisfy all these conditions and correspond to configura- 
tions of the network, but the vast majority of assign- 
ments will violate one or-the other of the conditions and 








% In Sec. VI we shall apply Flory’s method of calculation t 
obtain this result. As discussed there, we do not believe Florys 
calculations are correct for functionalities greater than 2. 
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will not correspond to any network configuration. To 
take C as the number of network configurations would 
thus be to overestimate this quantity very greatly. In 
principle, the error would be the same as that made in 
using the symmetrized distribution function in treat- 
ing the linear network, as described in Sec. V; it would 
consist in treating as equivalent, chains that play non- 
equivalent roles in the network. As in that example, 
one must expect that such an enumeration of configura- 
tions would be in error by a factor depending on the 
constraints on the network, and that the computed 
entropy would include a spurious form-dependent term. 

It is thus clear that Wall’s procedure will not yield a 
correct value for the entropy of a particular network 
structure, even if one replaces his assumed distribution 
function by the correct one. 

For comparison with Wall’s formalism, we return to 
the result referred to in Sec. III, that one can compute 
the number of configurations of a network, to within a 
constant factor, by treating each chain as having a 
fixed extension equal to its actual time-average vector 
extension. The number of configurations possible for 
such a system of chains, with extensions that are not 
interchangeable, is not given by Eq. (11), but is propor- 


tional to 
C’=]I [o(r) J%*. (50) 


Calculations on this basis have been indicated in 
reference 4. They lead to Eq. (1), without the logarith- 
mic term in the entropy, and with a constant K de- 
termined in terms of the assumed distribution function 
(arayaz)F (x/az, y/ay, 2/az) for the fixed chain ex- 
tensions. Wall’s calculation, made with a similar distri- 
bution function, yields the logarithmic term of Eq. (2) 
because of the presence of the factorials in Eq. (48). 
If one thinks of the chains as having fixed extensions 
with the given distribution, inclusion of the factorials 
is an error in counting configurations. If, on the other 
hand, one takes Wall’s calculation to apply to a net- 
work of fixed structure but variable chain extensions, 
then the logarithmic term is the resultant of two errors: 
assumption of an inappropriate distribution for the 
instantaneous extensions, and the error in Eq. (48) as 
a means of counting network configurations. 

Next we turn to the alternative procedure of Flory,” 
as used by Wall and Flory. This involves as an essen- 
tial step the solution, in some form or other, of the 
following problem. Let a distribution of vector chain 
extensions be specified. We consider a particular assign- 
ment of configurations to the V chains, one of the C 
complexions of the specified distribution, and ask: In 
how many ways can these chains be assembled to form 
a network—any network—of functionality /, in the 
volume V occupied by the system? This number is 
the number A of Eq. (48), if one counts as distinct the 
V! network configurations derivable from each other 
by interchange of the identical chains. Then, as we 
understand it, Wall and Flory would take as the en- 
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tropy of the network 
S=k InC+k Ind, 


computed for the most probable distribution of chain 
extensions in the stretched and swollen material. 

In essence, Flory computes A as the product of two 
factors: 


(51) 


(1) A factor proportional to the number of ways 
in which the V independent chains can be dispersed 
through volume V. This factor can be taken simply as 
V%, and contributes to a term —&N Inve in the entropy, 
v2 being the volume fraction of high polymer in the 
swollen material.?° 

(2) A factor giving the probability that, when the 
chains are arranged at random, the chain ends will all 
fall in sets of f within volumes Ar corresponding to the 
network junctions. 


Application of this method to the linear network with 
functionality 2 is very simple. The first factor is /". As 
to the second, we note that there are V ! ways of pair- 
ing off the 2N chain ends, corresponding to V! 
possible sequences of the chains in the network. We 
consider one such sequence. When the ith chain in this 
sequence has been placed in position, and the (i+1)st 
is added at random, there is a probability A7// that its 
end will fall in length Ar about the appropriate end of 
the ith chain, as required to form the network. The 
probability that all V pairs of ends will fall as required 
is then (Ar/l)*%. The second factor in A is thus V! 
(A7r/1)*, and A itself is independent of /, as noted in 
Sec. V. 

In the case of networks of functionality f>2, Flory 
computes the second factor in A (which leads to his S; 
or S53, depending on the assumed volume) as the product 
of a factor (2VAr/V)/—, representing the probability 
that some f—1 of the 2NV ends will fall within 
volume Ar about an end chosen at random, a factor 
((2N—f)Ar/V)/" representing the probability that 
f—1 other ends will fall within volume Ar about an- 
other chain end chosen at random, and so on. He thus 
finds, in essence, that the second factor in A includes a 
factor V?NY-)/S, that A itself varies like V-"%//, 
and that a term 


—2 


AS=— ve In (a,aya@z) (52) 


should be added to the network entropy computed by 
Wall.2® We do not believe that this calculation is a 


25 Our N replaces » of Flory’s notation. There is another term 
in the entropy of swelling (—&n In(1—2.), where n is the number 
of solvent molecules) that is not included by Wall and Flory or in 
the present discussion. 

26 There appears to be some confusion in regard to this term in 
the paper of Wall and Flory. They refer to reference 23 in justify- 
ing introduction of the additional term —3Nk In(azaya,) in the 
entropy. This would correspond to assuming f=4, yet they de- 
scribe the term as arising from the ‘‘requirement that the selected 
units meet in pairs.” Since there are N chains, there will be 2V 
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valid one. Implicitly, it assumes that formation of each 
junction replaces f ends that can move through volume 
V independently by one junction that can move through 
volume V ; hence the factor V'’. Actually, this cannot 
be so. In building up a network of functionality f>2 
by successively forming 2.V// functions from the ends 
of N chains, one must sooner or later form junctions 
involving ends of chains that already have their other 
ends involved in other junctions of a coherent network. 
These ends cannot move independently through volume 
V before the junction is formed, and their incorporation 
into this junction will not introduce a factor 1/V into 
the number of possible configurations of the system. 
In brief, Flory’s line of argument, if carried out more 
carefully, would indicate that a factor 1/V occurs 
in the second factor of A for each element of the system 
that ceases to be free to move through volume V, 
independently of all others, when the network is formed. 
Before the network is formed there are V such ele- 
ments, the chains; after a fully coherent network is 
formed there are none. Therefore the second factor in- 
volves the factor V-’, which exactly cancels out the V 
dependence of the first factor. 

So far as this argument is concerned, one might think 
that A would be independent of V. Actually, a depend- 
ence on V can enter in a much mere subtle way: as 
V changes, the appropriate distribution of chain exten- 
sions varies, and this in turn changes the number of 
ways of forming junctions from chain ends that cannoi 
move independently in the volume V . This is an entirely 
different problem from that considered by Flory, and 
we do not see how to solve it, except by unrealistic 
assumptions concerning the change in the distribution 
of chain extensions with changing V. 

It, therefore, appears to us that the procedure of Wall 
and Flory is impracticable, quite aside from the prob- 
lem of determining an appropriate distribution of chain 
extensions. At any rate, we do not believe that Flory’s 
calculations provide any justification for the logarithmic 
terms in Eqs. (2) or (3). 


"VII. PERMUTATION ENTROPY AND INTERVAL 
DILATION ENTROPY 


Finally, we wish to comment briefly on some calcu- 
lations of Kuhn and his collaborators. Kuhn and 
Griin?’ and Kuhn and Kuhn’ have described calcu- 
lations fundamentally similar to those of Wall and 
Flory. They assume that in unstretched rubber the dis- 
tribution of chain extensions is the same as that for free 
chains, that the distribution of chain extensions changes 
in the way assumed by Wall and Flory, and that Eq. 
(48) is applicable in calculating the entropy associated 
with the resulting distribution. Their calculation is 
more elaborate than that of Wall and Flory, as they 
chain ends, and one would expect the requirement that these meet 
in pairs to introduce a term — Nk In(azayaz) in the entropy; Wall 
and Flory’s formula would then be identical with our own. 


27 W. Kuhn and F. Griin, J. Polymer Sci. 1, 183 (1946). 
28 W. Kuhn and H. Kuhn, Helv. Chim. Acta 29, 1615 (1946). 


JAMES AND E. GUTH 


treat the distributions of orientations and elongations 
of the chains independently, and define corresponding 
separate terms in the entropy. The logarithmic term is 
not in evidence in their final result for the entropy, 
since they have restricted attention to the case of 
Arhyaz=1. 

Kuhn and Kuhn have proposed the name “‘permuta- 
tion entropy”’ for the term 


N! 
Sperm=k In( — =a InV—>) N;InN;], (53) 

II N; ! i 
which enters their calculation. It should be noted that 
the value of this quantity depends on the size of the 
interval used in defining the distribution of extensions, 
and is thus not determined uniquely. 

More recently, Kuhn, Pasternak, and Kuhn” have 
reconsidered the problem, in connection with a treat- 
ment of the swelling of rubber. They recognize that 
presence of the permutation factor is not appropriate 
in a calculation of the number of configurations possible 
for a network of chains, though it is needed in a discus- 
sion, by their method, of a system of independent 
chains. However, by considering a one-dimensional 
problem they arrive at the striking (and false) conclu- 
sion that it makes no difference whether the permuta- 
tion factor is included or not. Thereafter, for reasons of 
convenience, they include the permutation factor and 
obtain a final result having the form of Eq. (2). 

Their conclusion that the permutation factor does not 
change the result arises in the following way. In making 
the calculation that includes the permutation factor, 
they employ Eq. (14). This gives a result independent 
of the size of the intervals Ax; used in defining the dis- 
tribution, since p; and V; both change proportionally to 
Ax;, and the number of terms in the sum varies inversely 
with the magnitude of Ax;. In making the calculation 
without the permutation factor, however, they write, 
in effect 


C= [I p.%'= TI [Kp(@) Ax] (54) 


InC=N InK+ 2 N; Inp(x)+X N; \n(Ax,). (55) 


These formulas, unlike Eq. (50), give results that do 
depend on the choice of the Ax;. Furthermore, they 
note that when the distribution of chain extensions 
changes only by a scale factor proportional to a, then 
N; chains, with extensions x; to within Ax; in the un- 
stretched material, become V; chains with extension a; 
to within @Ax; in the stretched material. This observa- 
tion leads them to take the ranges Ax; in Eq. (55) to be 
proportional to a. Consequently, the logarithmic term 


® Kuhn, Pasternak, and Kuhn, Helv. Chim. Acta 30, 1705 
(1947). . 
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in the energy that arises from the permutation factor 
when Eqs. (11) or (14) are employed arises from the 
last term of Eq. (55) when they omit the permutation 
factor. Because of the origin of this term in the second 
calculation, they propose to call it the “interval-dilation 
entropy.” 

It must be emphasized that the calculation of Kuhn, 
Pasternak, and Kuhn is a purely formal one, depending 
on an arbitrary choice as to how Ax; is to vary with a. 
There is, however, a logical basis on which to make this 
choice. If p; is to denote the relative number of con- 
figurations possible to a chain in a network and is to be 
expressed in terms of the number of configurations per 
unit range in extension Kp(x;), and a range of exten- 
sions Ax;, then Ax; ought to be chosen to vary propor- 
tionally to the range of extensions actually available to 
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the chain.* We have noted in Sec. III, in connection 
with Eq. (30), that the distribution of extensions of 
every chain in a Gaussian network has a breadth inde- 
pendent of the form of the material, that is, of az, ay, 
a,. One ought, then, to choose Ax; the same for all a; 
then the logarithmic term in the entropy, as computed 
by Kuhn, Pasternak, and Kuhn, will disappear, and 
their result will agree with our own. In other words, 
there is no interval-dilation entropy in Gaussian net- 
works because the physically significant intervals, the 
ranges of extension available to the molecular chains, 
do not dilate when the material is stretched. 


In this calculation Ax; performs a double function, as the 
range used in defining the NV; and as a range proportional to the 
range of extensions possible for an individual chain. It is the 
second of these roles that fixes the variation of Ax; with a. 
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Under similar conditions of concentration and light absorption the rate of the gas phase reaction is almost 
the same as the rate in carbon tetrachloride solution, studied previously, although the mechanism is some- 
what different. The gas-phase reaction is not inhibited by products and the bimolecular chain termination 
step consists in the formation of chlorine, rather than monochloromethy] chloroformate. First-order removal 
of chlorine atoms becomes important at low light intensities. 

The ratio of the rate constant for hydrogen chloride formation to that for first-order chain termination is 
the same in the gas phase as in carbon tetrachloride solution within the accuracy of the measurements. 


[‘ a previous communication from this laboratory’ it 
was shown that at room temperature and in carbon 
tetrachloride solution the photochlorination of methyl 
chloroformate (CH;0COCI=RH;) to form mono- 
chloromethyl chloroformate (CH2CIOCOCI=RH,Cl) 
takes place by the following mechanism: 


Cl.+hv=2Cl (1) 
Cl+-RH;=RH:-+HCl (2) 
RH2:+Cl,=RH.CI+Cl (3) 
RH.CI+Cl=RH2-+Cl. (4) 
RH2-+Cl=RH.Cl (5) 
Cl=4Cl:. (6) 


We have now shown that the reaction takes a some- 
what different course in the gas phase, although the 
products are the same. 





*Present address, Defence Research Northern Laboratory, 
Fort Churchill, Manitoba. 
'Batke, Dorfman, and Le Roy, J. Chem. Phys. 17, 566 (1949). 





EXPERIMENTAL 
Reagents 


Commercial tank chlorine (Canadian Industries, 
Limited) was dried over phosphorus pentoxide, de- 
gassed by twenty or more trap-to-trap distillations, and 
stored over liquid air. 

Hydrogen chloride (Matheson Company) was sub- 
jected to the same treatment as the chlorine. 

The methyl chloroformate (RH3), as obtained from 
Distillation Products Industries, contained rather large 
amounts of dimethyl carbonate. This impurity was re- 
moved by distillation through an eleven-plate column. 
The purified RH3(mp*=1.3870) was subjected to at 
least twenty four trap-to-trap distillations with pump- 
ing and stored over liquid air. 

Monochloromethyl chloroformate (RH»2Cl) and di- 
chloromethyl] chloroformate (RHCl:) were prepared by 
the photochlorination of methyl chloroformate in car- 
bon tetrachloride solution followed by fractional dis- 
tillation. The boiling points and refractive indices of the 
products were 108.0°C at 762 mm, mp”=1.4292, and 
111.5°C at 758 mm, mp”=1.4419, respectively. Tri- 
chloromethyl] chloroformate (RCI;), obtained from the 
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Defence Research Chemical Laboratories, Ottawa, was 
distilled under reduced pressure and the center cut 
taken; this had a boiling point of 49.5°C at 47.4 mm. 


Infrared Analyses 


In order to ascertain the experimental conditions 
under which the rate of formation of RH2Cl could be 
studied without interference by further chlorination to 
RHC, and RCI;, a number of experiments were carried 
out in which the products were subjected to infrared 
analyses after removing chlorine and hydrogen chloride 
by low temperature distillation.” 

The most suitable bands for RH;, RH2Cl, RHCl., 
and RCI; were found to be at 14.37, 7.43, 13.58, and 
10.82 microns, respectively; the spectra were taken in 
the gas phase. 

The analyses showed excellent agreement between 
the amount of RH; consumed and the amounts of 
RH,Cl and RHCI, formed; no RCI; was formed in any 
of these experiments. It was also found that as much 
as half the RH; could be consumed before an appre- 
ciable amount of RHCl. was formed; it was therefore 
possible to study the formation of RH:2Cl without 
interference by secondary reactions. 


The Reaction System 


The photochemical experiments were carried out in a 
cylindrical Pyrex vessel 24.62 cm long and 3.42 cm 
in diameter (internal dimensions), with plane Pyrex 
windows, and provided with two small side arms, one 
connected directly to the cell, the other connected to 
the cell through a vacuum stopcock. The cell proper, 
consisting of the cylindrical tube and the directly con- 
nected side arm had a volume of 229 cm*, 225 cm? of 
which could be filled with the light beam. 

In filling the cell the RH; was added first and its 
pressure measured accurately on a modified Pearson 
gauge connected to the manifold.-The RH; would then 
be condensed into the isolated side arm while the 
chlorine was added to the cell. After measuring its 
transmission, the chlorine and the RH; would be frozen 
into the directly connected side arm and then allowed 
to evaporate. The isolated side arm was also used in the 
interrupted runs to hold the cell contents during the 
addition of further measured quantities of reagents. 

Apiezon N grease was used on all stopcocks. 


The Optical System 


Since there is no pressure change during the reaction 
its progress was followed by measuring the increase in 
light transmission as chlorine was used up; at the wave- 
length used chlorine was the only absorber. 

The light source was a General Electric AH-4 lamp, 
carefully shielded from drafts and operated off a Soren- 
sen electronic voltage regulator. The whole of the optical 
system, with the exception of the lamp and two dia- 


2D. J. Le Roy, Can. J. Research B28, 492 (1950). 
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phragms, was mounted on an optical bench inside a 
large black box. The light beam entered the box through 
a shutter. A 2.0-cm path of 2.5 percent aqueous cupric 
chloride solution was used to remove the longer wave- 
lengths and together with a No. 5113 and a No. 3389 
Corning filter of standard thickness, served to eliminate 
all wavelengths except those in the 4358A region. 

The monochromatic beam was split into two beams 
by a Pyrex plate. The reflected beam reached a type 935 
photocell after passing through a neutral density wedge. 
The transmitted light entered the reaction cell as a 
parallel beam filling its entire cross section. The light 
transmitted by the reaction cell could be focused either 
on a second type 935 photocell or on the thermopile. 

In studying the effect of light intensity on the rate it 
was necessary to change this quantity by a large factor. 
This was done without changing the amount of light 
reaching the photocells by moving one or more filters 
from a position immediately behind to a position im- 
mediately in front of the reaction cell. The cell contents 
were shielded from light during this operation by 
closing shutters connected directly to the cell. 

The circuit used to measure the fraction of the light 
transmitted by the chlorine was essentially the same as 
that used by Klotz and Dole.’ 

The percent transmission readings were converted to 
chlorine concentrations by means of the equation, 


logiolo/I = K(Cl,)d, (a) 


in which (Cl) is the concentration of chlorine in moles 
cm-*, d is the length of the optical path within the cell 
in cm, and K is the extinction coefficient for the light 
used. The value of K was determined by measuring the 
transmission for known pressures of chlorine in the cell. 
Logiolo/Z was found to be directly proportional to 
chlorine concentration over the range 7 to 70-mm pres- 
sure; the value of K was found to be (1.60-+0.02) X 10°, 
in good agreement with that found by von Halban and 
Seidentopf,* for 4358A. This suggests that the light was 
more nearly monochromatic than that used in our 
previous investigation! in which we found that K varied 
with chlorine concentration. It should be pointed out 
that the apparent variation of K with concentration in 
the previous work did not invalidate the results in as 
much as the values of chlorine concentration, from 
which the values of K were derived, were determined 
by chemical analysis. 


The Thermopile 


In order to determine quantum yields as well as 
numerical values of the rate constants it was necessary 
to know the actual value of the light intensity incident 
on the reactants, J» in Eq. (a). For this purpose a single 
junction compensated vacuum thermopile was con- 


31. M. Klotz and M. Dole, Ind. Eng. Chem. Anal. Ed. 18, 741 

1946). 

(as ») von Halban and K. Seidentopf, Z. physik. Chem. 103, 84 
922). : 
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TABLE I. 
(Cl) (RHs) Temp To Ratio of Cs 
Expt. X107 107 < X10 Variable changed rates y x10? 
1 40.9 14.4 24.9 12.70 T, 10.28 — 1.49 3.64 0.67 2.32 
2 24.7 14.2 24.5 S44 I, 5.48 — 0.794 4.04 0.72 2.25 
3 24.4 14.1 25.1 8.15 Iq 5.72 - 0.830 4.00 0.72 2.00 
4 12.2 12.6 27.2 4.59 I, 2.84 — 0.373 4.90 0.78 2.60 
5 11.3 12.6 27.2 0.56 I, 0.465- 3.55 4.73 0.76 2.87 
6 32.8 34.8 23.6 1.65 Iq 1.28 - 0.174 6.48 0.94 1.67 
7 30.8 29.1 25.0 1.56 I, 1.26 - 0.171 6.40 0.93 2.02 
8 33.1 35.5 24.5 0.23 I, 0.210- 3.20 6.80 0.96 2.00 
9 24.8 14.8 25.1 8.22 b 1.00 — 2.00 
10 32.2 14.4 24.5 1.63 RH; 10.62 —25.18 2.72 1.17 2.50 
11 41.1 15.1 25.0 12.75 RH; 4.97 -17.29 3.45 0.98 2.98 
12 11.9 6.2 25.2 4.53 RH; 4.65 —19.60 5.20 1.13 1.58 
13 40.2 14.4 23.8 12.41 RH; 5.39 —22.22 4.34 1.01 2.64 
14 33.7 9.4 24.6 1.69 RH; 6.40 -35.02 5.45 1.00 2.07 
15 32.5 6.2 23.5 1.64 RH; 4.81 -—32.66 6.02 0.94 1.23 
16 24.5 9.2 25.0 8.15 RH; 4.46 -36.96 7.58 0.96 2.35 


Mean 2.19 








* Appreciable amounts of RHCle were formed toward the end of experiments 1, 2, 3, 11, and 13; the values of C for these experiments were calculated 


from the first portions of the rate curves. . 
> The total pressure was increased by a factor of 7.8 by the addition of HCl. 


structed. It was of the type described by Beckman and 
Dickenson® with aluminium receivers, 2.5 mmX3 mm 
X0.0005 in. The circuit used to measure the thermopile 
voltage has been described by Burns and Dainton.® The 
output ranged from 0.2 to 10 microvolt ; the correspond- 
ing precision varied from 2 percent to 0.4 percent. 

The thermopile was calibrated against Bureau of 
Standards standard lamps. Its sensitivity was 0.228 
microvolt per microwatt, corresponding to an output 
of 1 microvolt for a light intensity of 1.045 10-" ein- 
stein cm? min~ of 4358A radiation passing through 
the front window of the reaction cell. 


RESULTS 


In the order to determine the kinetics of the reac- 
tion, the influence of the following factors was taken into 
account: (Cl), (RH3;), (RH2Cl), (HCl), in which the 
brackets denote concentrations in moles cm-*, and J, 
the average rate of light absorption in einsteins cm~* 
min, In none of the experiments was the light absorp- 
tion greater than 35 percent, and under these conditions 
it can be shown that the quantity J, defined by the 


relation, a 
La= (Io/d){1—10-* C4}, (b) 


may be substituted for the Jocal rate of light absorp- 
tion 7. 

It was found that the rate of the reaction depended 
ona power of J, between 0.5 and unity. Furthermore, 
the quantum yields were so large (10‘ to 105) that re- 
gardless of the care taken some variation in rates was 
found for experiments performed under supposedly 
identical conditions. These variations, presumably the 
tesult of variations in the amounts of residual impurities, 





*A. O. Beckman and R. G. Dickenson, J. Am. Chem. Soc. 52, 
124 (1930). 
A959; G. Burns and F. S. Dainton, Trans. Faraday Soc. 48, 39 


were sufficiently large that serious errors would arise, 
for example, if the dependence of the rate on light 
intensity were determined from the results of two ex- 
periments using different light intensities but other- 
wise apparently identical conditions. This difficulty 
was largely overcome by applying the technique of the 
“interrupted run’” in which the rate of consumption of 
chlorine was determined immediately before and im- 
mediately after changing the light intensity by a known 
factor. The same procedure was used to study the 
effect of the other variables; after establishing a rate the 
experiment would be interrupted and additional chlo- 
rine, RH;, RH2Cl, or HCl would be added; the new rate 
would then be established after resuming the experi- 
ment. 

In carbon tetrachloride solution the reaction is 
strongly inhibited by the RH:Cl formed.! This was 
indicated by the rapid change in curvature of the (Cl.) 
vs time curves and confirmed by experiments in which 
RH.Cl was added initially. In contrast, no inhibition 
by RH,ClI (or HCl) was found in the gas-phase reaction. 
It was also fouind that the concentration of chlorine 
had no influence on the rate except in so far as it 
affected the value of Jaq. 

In Table I are given the results of the experiments 
designed to show the effect of J, and (RH;) on the rate. 
The initial concentrations of chlorine and RH; in 
columns 2 and 3 are given to only one decimal place; 
in making the calculations two decimal places were used 
because the changes in concentration had to be known 
and were known with that accuracy. The initial value 
of I, is given in column 5. Under the heading “Variable 
changed” are given the variable changed together with 
its magnitude immediately before and immediately 
after the time of interruption. Under ‘Ratio of rates” 
is given the ratio of the larger to the smaller slope of the 
(Cl) vs time curve at the time of interruption. The value 
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of y in the second to last column is defined by the ex- 
pression, 


(—d(Clz)/dt)’ 
(—d(Cle)/dt)”’ 





= (V'/V")*, (c) 


in which V’ and V” are the values of the variable 
changed immediately before and immediately after the 
time of interruption. In the last column are given the 
values of the leading constant in the rate equation 
discussed below. 

The results of the first eight experiments show that 
the rate depends on a power of the light intensity lying 
between 0.5 and unity, and that this power approaches 
unity at low values of J,. The results of experiment 9 
show that the rate is unchanged when the total pressure 
is increased by a factor of 7.8 by the addition of HCh 
The range of variation of (RH;) was limited by the 
vapor pressure of the material. However, it seems logical 
to conclude from the data of experiments 10 to 16 that 
the rate is directly proportional to the concentration 
of RH;. In one experiment, not reported in the table, 
it was shown that no change in chlorine concentration 
occurred when the reagents were left in the dark for five 
hours. 


DISCUSSION 


For the reasons discussed previously! the following 
reactions were assumed to occur: 


Cl.+hv=2Cl (1) 
Cl+RH;=RH,-+HCl (2) 


In addition, the following chain termination steps were 
considered :T 


RH,-+Cl=RH.Cl (5) 
2RH2: = (RH2)s (Sa) 
2Cl=Cl, (Sb) 
Cl=3Cl. (6) 

RH2- =3(RH2»)». (6a) 


From the observed dependence of the rate on J,, it is 
evident that at least one first-order and one second- 
order process are involved in chain termination. 
However, a number of possible combinations are 
readily eliminated. For example, chain termination by 
(5a) and (6a) would cause the rate to be independent 
of (RH;). The pairs (5a)+(6), (5)+(6a), and (5b) 
+ (6a) can also be eliminated since they yield rate 
expressions in which the rate is not proportional to 
(RH;) as found by experiment. It is somewhat more 
difficult to decide between the two remaining pairs, 


(5)+ (6) and (Sb)+ (6). 


t The reactions are numbered in the same way as in reference 1. 


BRANDY AND D. J. 


LE ROY 


Reactions (1), (2), (3), (5), and (6) yield the rate 
equation 


—d(Clz)/dt= A (Cl){(1+Bl.(RHs)/(Clz)}}—1}, (d) 
while reactions (1), (2), (3), (5b), and (6) give 
—d(Clz)/dt=C(RH;){(1+DI.}!— 1}, (e) 


in which A= (Rake) /(4ks), B= (16koks)/ (Rake), 
C= (kokg)/(4ksp), and D= (16ks,)/(Re2). At low values 
of the light intensity, such that the light dependence of 
the rate tends toward first power, Eqs. (d) and (e) will 
approach the indistinguishable values 


—d(Clz)/dt= AB(RH3)1,/2 (f) 
and 
—d(Cl»)/dt=CD(RH3)I,/2. (g) 


From the data of Table I it is seen that Eqs. (f) and 
(g) are in agreement with experiment under conditions 
of low light absorption. However, for large values of I,, 
such that the dependence of the rate on this quantity 
would be to the power 0.5, Eqs. (d) and (e) would, 
respectively, reduce to the expressions 


—d(Clz)/dt= A{ BI,(RHs3) (Cle)}? (h) 
and 
—d(Clz)/dt=CD4J,3(RHs3). (i) 


For Table I, it is seen that for the large values of I, used 
in experiments 11 and 13 the rate is proportional to the 
first power of (RH;), although, as shown by the results 
of experiments 1, 2, and 3, the J, exponent is approach- 
ing 0.5 under these conditions. Actually, the effective 
value of the exponent of J, when the average rate of 
light absorption is of the order of 10X10-” einstein 
cm~? min will be closer to 0.5 than the value indicated 
in the ‘Power’ column of Table I. 

The first step in verifying the mechanism consisting 
of reactions (1), (2), (3), (Sb), and (6) involved the 
determination of the quantity D of Eq. (e). This was 
done by comparing the slopes of the (Cl) vs time curves 
at the time of interruption of an experiment in which 
the variable changed was J,. For this case we have 


(—d(Cl.)/dt)’ C(RH;){{1+DI,’}!—1} 
(—d(Cl)/d)” C(RH) {01+ D1." 1) 
[1+ DI,’ }!—1 
~ [C1+DI,”P—1 








The data of experiments 1 to 5 were used to obtain 
values of D satisfying this equation; the value so ob- 
tained was (2.00.1) 10" cm? mole min. The data of 
experiments 6, 7, and 8 were not used for this purpose, 
because it is readily seen that as the effective power of 
I, approaches unity the ratio of the rates is not very 
sensitive to the value of D. 

Having obtained the value of D, the experimental 
data for each experiment were interpreted in terms of 











to 
to | 


que 
Wol 


carl 
gas 
pha 
nati 
pha: 
forn 
mec 


hot 
mor 
Cage 


rate 


(d) 


(e) 


rake’) 
alues 
ice of 
) will 


(f) 


(g) 


) and 
itions 
of I,, 
untity 
vould, 


(h) 

(i) 
q used 
to the 
-esults 
roach- 
‘ective 
ate of 


nstein 
icated 


sisting 
ed the 
is was 
curves 

which 
ve 


- @ 
1 


obtain 
so ob- 
data of 
urpose, 
ywer of 
yt very 


mental 
rms of 





GAS-PHASE PHOTOCHLORINATION OF METHYL CHLOROFORMATE 1053 


Eq. (e) by writing it in the form 
—d(Clz) 
(RH;){(1+ D7, }!—1} 





=—gd(Cl)=Cdt. —_(k) 


The quantity g may be considered to be a function of 
(Clz), in view of Eq. (b) and the relation 


(RH3):= (RH3)o+A(Cl:). (1) 


It is clear that on the basis of this mechanism 
— Jf ¢gd(Cl2) between the limits ‘=0 and ‘=¢ should be 
a linear function of ¢ for all values of (RH3), (Cle), and 
], and that the slope should be equal to C. Plots of 
—Jf ¢d(Cle) vs ¢t gave satisfactory straight lines for all 
of the experiments, including those in which the inter- 
rupted run technique was used. The values of C ob- 
tained are given in the last column of Table I. 

That colinearity is a sensitive criterion of mechanism 
was shown by treating the data of experiment 4 ac- 
cording to Eq. (d). A value of B was obtained by follow- 
ing the procedure analogous to that used in evaluating 
D. This value of B was then used in plotting the data of 
experiment 16 in the form — fyd(Cle) vs ¢ in which y 
is the function analogous to ¢ but based on Eq. (d). 
The two portions of the plot were not colinear and, in 
fact, the slopes differed by a factor of approximately 
2.4. We are confident, therefore, that the mechanism for 
the photochlorination of methy! chloroformate to mono- 
chloromethyl! chloroformate in the gas phase is ade- 
quately explained in terms of reactions (1), (2), (3), 
(5a), and (6). 

The rather large value of the mean deviation from 
the mean of the values of C given in Table I we attribute 
to the fact that the temperature varied somewhat from 
one experiment to another, as shown in the Table, and 
to the almost inevitable variation in residual impurities 
in the reagents which would have a marked effect on 
quantum yields as large as those found in the present 
work, 


COMPARISON OF LIQUID- AND GAS-PHASE 
REACTIONS 


The essential differences between the reaction in 
carbon tetrachloride solution! and the reaction in the 
gas phase are: (a) inhibition by RH2Cl in the liquid 
phase due to reaction (4); (b) bimolecular chain termi- 
nation by (5) in the liquid phase, by (5b) in the gas 
phase. The first-order chain termination step (6) is 
formally the same in both cases, although the detailed 
mechanisms might possibly be different. 

In view of the fact that (4) is the reverse of (3), it is 
hot unreasonable to expect that the former would be 
more likely to occur within the confines of a solvent 
cage than in the gas phase. 


To facilitate comparison of the two mechanisms it 
is useful to consider the initial rate of the liquid phase 
reaction under the condition that the light absorption 
is of the order of 50 percent or less. In this case the 
observed rate is derived from the Jocal rate by substi- 
tuting J, for 7,, and the term involving k, is eliminated 
from the rate equation. With these restrictions on the 
experimental conditions the rate equation for the liquid- 
phase reaction (Eq. vi, reference 1) becomes identical 
with Eq. (d). 

In our previous investigation! we obtained values of 
the quantities ((kok3/ks)*), and ((ke/2)ks!/(koks)*) 1 
at 25°C.f On the basis of these values, and for the 
conditions specified, the rate of the reaction in carbon 
tetrachloride solution may be written 


Ri= (—d(Cl2)/dt), 
=A (Cl.){(1+Bl,(RH3)/ (Cle) }!— 1}, 


in which 
A= (k3ke/(4ks)),-=6.5X 10 min, 
B= (16koks/(k3ke”)) = 7.41 X10" cm* mole min. 
For the gas-phase reaction, . 
Re= (—d(Clz)/dt)g=C(RH3){[14+DI/.}'—1}, 
in which 
C= (Roke/(4ksp))gG=2.19X 10 min™, 
D= (16k5,,/Re?)g=2.0X 10" cm’ mole! min. 
For large values of I,, (RH3),=(Cl.),=(RHs)q, 


and (J,),= (J,)a, the rates will be of the same order of 
magnitude, viz., 


R,=AB4I,}(RH3)}(Cl2)}, 
in which 
AB'= ((kok3/ks)'),= 1.77 X 10! (cm? mole min-)!; 
Re=CD',}(RHs3), 
in which 
CD! = (ko/ks»*)g=3.10X 10! (cm* mole min-)!, 


For small values of J, the rates are the same within the 
accuracy of the measurements, viz., 


Ri =2(ko/ke)1(RH3)la, 
Ro=2(k2/ke)c(RHs)La, 
in which (k2o/ks),= 1.2010" cm’ mole, and (k2/ks)g¢ 
= 1.10 10" cm? mole. 
The authors are indebted to the Defence Research 


Board of Canada for supporting this research and for 
granting a scholarship to one of us (J.H.B.). 


t The subscripts Z and G will be used to indicate liquid- and 
gas-phase values, respectively. 
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Diffuse Double Layer Theory for Electrolytes of Unsymmetrical Valence Types 
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Equations are derived for the variation of potential with distance and for the components of charge and 
capacity in the diffuse double layer at a plane interface for electrolytes of the 1:2 and 2:1 valence types. 
Some additional relations are also deduced for other valence types. 





HE theory of the diffuse double layer at a plane _ stant. ¢€ is the absolute value of the electronic charge, 
interface has not yet been worked out in detail 2; is the valence (including sign) of the ith ionic type. 
for electrolytes of unsymmetrical valence type. It will 1; is the number of ions of type i per cubic centimeter 
now be shown how the theory can be extended to in- of solution measured at a place remote from the in- 
clude electrolytes of these types, and particularly of the _ terface. 
1:2 and 2:1 types. As far as possible the choice of The summation extends over all types of ions in the 
symbols will be the same as that already employed in a solution. In the derivation of Eq. (1) it is assumed that 
previous paper! discussing the corresponding problem _ the dielectric constant of the solvent retains its bulk 
for symmetrical electrolytes. value even within the diffuse double layer, up to the 
The basic equation, valid for electrolytes of any outer Helmholtz plane, though not necessarily beyond. 
valence type, is given in reference 1, page 474, as Although this assumption cannot be correct, it was 
follows: shown by the author in a previous work? that this fact 
. ; does not render the theory seriously in error when the 
twa (—“re [exp(—z:e/kT)—1] (1) theory is used for the calculation of quantities which 
” Ve a have a real physical meaning, such as n*. In arriving at 
this conclusion the author assumed that the differential 
where the symbols have the following meanings. ¥ is_ dielectric coefficient D of water could be represented 
the potential relative to that of the interior of the solu- as a function of the field strength E by a relation of 
tion of a plane parallel to the interface and not closer to the form 
the interface than the electrical centers of all ionic 
types present at their respective distances of closest 
approach. This plane of closest approach has been called! 
the — Helmholtz plane. n is the charge density in where 6 is a parameter determined by experiment 
the solution (charge per unit area of interface) meas-  (_ 4 210-8 cm?/volt?), m is a parameter of unknown 
ured from the plane to which the potential y refers. magnitude and has to do with the abruptness with 
ce “ange constant of “ esi = ” the which the differential dielectric coefficient falls off with 
labattivity "of tree space, equal to 4mko, where ko IS increasing field strength in the region where it falls off 


the permittivity of free space. Do. has the value 1.1128 . f . iad 
: t ab ly. D—3, where D is th dinar 
X10-" coulomb-volt“-cm™,. & is the Boltzmann con- ee eats alataailinas Y 


a 
D=—-———_— 43, (2) 
[1+ (6/m)E* |" 


dielectric constant. 

A decision as to the magnitude of m could not at the 
time be given unambiguously, although arguments were 
presented which showed that in all probability it did 
not exceed the value m=2. Now an independent calcu- 
lation of the integral dielectric coefficient J has been 
given by Booth [his equation (3.15) ] who finds 


28.N or (n?+ af 73Ep, (w+ “| 3) 
3/73E 
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where # is the optical refractive index, », the dipole 
moment of the water molecule, Vo the number of mole- 
cules per cubic centimeter, and L(x) the Langevin func- 
tion. E is the field strength as above. It is of interest to 

LOG, FIELO STRENGTH IN VOLTS/CM inquire whether any value of m will reproduce Booth’s 
Fic. 1. Integral dielectric coefficient of water at 25°C equation. Figure 1 shows-J as a function of E according 


— re. 2D. C. Grahame, J. Chem. Phys. 18, 903 (1950). 
1D. C. Grahame, Chem. Revs. 41, 441 (1947). 3 F. Booth, J. Chem. Phys. 19, 391 (1951). 
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TABLE I. Calculated charge g and differential and integral capacities, C¢ and K%, of the diffuse double layer for 2:1 (BaCl, type) 
electrolytes in aqueous solution at 25°C. Capacities are in mfd/cm?; q’s are in » coulomb/cm?. 





(2) 


ment 
nown 
with 
with 
Is off 


inary 


it the 
were 
t did 
alcu- 

been 





Concentration 
M 


0.0 v 


0.01 v 


Potential of outer Helmholtz plane, y* 


0.02 v 


0.04 v 


0.06 v 


0.08 v 


0.10 v 





0.5 





279.9 
279.9 
0 


88.52 
88.52 
0 


266.1 
256.4 
— 2.66 


84.16 
81.07 
—0.842 


259.9 
254.0 
—5.20 


82.18 
80.32 
— 1.644 


265.3 
297.2 
— 10.61 


83.90 
93.98 
—3.36 


291.0 
396.9 
— 17.46 


92.01 
125.5 
—5.52 


(336.5) 
(561.2) 
— (26.92) 


106.4 
177.5 
—8.51 


(404.8) 
(812.8) 
— (40.48) 


128.0 
257.0 
— 12.80 





0.12 v 


50.22 
119.0 
— 6.03 


15.88 
37.62 
— 1.906 


0.14 v 


63.77 
174.9 
—8.93 


20.17 
55.30 
—2.82 


0.16 v 


82.50 
257.7 
— 13.20 


26.09 
81.48 
—4.17 


0.18 v 


108.3 
380.0 
— 19.50 


34.25 
120.2 
—6.17 


0.20 v 


(143.9) 
(560.6) 
— (28.79) 


45.51 
177.3 
—9.10 


0.22 v 


(193.1) 
(827.3) 
— (42.49) 


61.08 
261.6 
— 13.44 


0.24 v 


(261.3) 
(1221) 
— (62.72) 


82.64 
386.1 
— 19.83 





—0.01 v 


303.2 
332.1 
+3.032 


95.89 
105.0 
+0.959 


—0.02 v 


338.8 
424.5 
+6.78 


107.1 
134.2 
+2.143 


—0.04 v 


463.4 
807.3 
+18.54 


146.8 
255.3 
+5.87 


—0.06 v 
(705.7) 
(1691) 
(+42.3) 


223.2 
534.8 


—0.08 v 


(1165) 
(3649) 
(+93.2) 


(368.4) 
(1154) 
(+29.47) 


—0.10 v 


(2035) 
(7931) 
(+203) 


(643.5) 
(2508) 
(+64.3) 


—0.12 v 


(3696) 
(17267) 
(+443) 


(1169) 
(5460) 
(+140.2) 


+13.39 











to Eq. (3) and also according to Eq. (2), using several 
possible values of m. The best fit is found for m=3, 
although Booth’s equation (3.15) leads one to expect 
greater dielectric saturation at low field strengths than 
is predicted by any value of m. In a subsequent calcula- 
tion Booth has derived an improved function for the 
integral dielectric coefficient, and this is presented by 
him only as a graph‘ (his Fig. 1). We have scaled his 
figure and present the result on our Fig. 1. The result 
shows practically complete agreement with the result 
obtained by setting m=1 in our Eq. (2). In order to 
obtain this agreement, the constant 3, which was 
chosen by us as the most likely value of the limiting 
value of the dielectric coefficient at high field strengths, 
must be changed to n? to agree with the choice pre- 
ferred by Booth. As far as the calculations made in 
reference 2 are concerned, this change makes very little 
difference. 

These considerations serve to reinforce our confidence 
in the conclusion reached earlier, namely, that dielectric 
saturation does not seriously affect the validity of 
calculations of observable quantities made with the 
assumption of a constant dielectric coefficient. 

Returning to Eq. (1), let 


A= + (DD okT ny’ /27) i (4) 


where 29’ is the number of ions of the less abundant 
type per cubic centimeter of solution in the case of 
electrolytes of unsymmetrical valence type. Thus in a 
solution of BaCls, mo’ is the number of barium ions per 
cubic centimeter. When A is defined in this manner, 
the equations which involve it will be valid only for 
ee 


‘F. Booth, J. Chem. Phys. 19, 1327, 1615 (1951). 


solutions containing only two ionic species in appreci- 
able amounts. 

For a 2:1 electrolyte (BaCl, type), Eq. (1) may be 
written 


nt= A (e~*¥-+- 2e"—3)'= A (e~¥— 1) (142e")}, 


where 


(2:1) (5) 


y= ep /kT (5a) 


and only the positive square root of 1+2e” is to be 
taken. 

The integral capacity of the diffuse double layer, 
K4, is defined as —n*/y and is given by 


K4= — (Ae/kTy) (e~¥—1)(1+2e")4. (2:1) (6) 


The differential capacity of the diffuse double layer, C4, 
is defined as —dn*/dy’, so that 


C4= — (Ae/kT)[ (e¥—e-*") /(e-¥—1) 
 (1+2e"))]. (2:1) (7) 


As y (and therefore y) approach zero, K¢ and C¢ ap- 
proach the same limiting value, namely, vV3A«/kT, 
which amounts to 395.9 4/c; mfd/cm? in aqueous solu- 
tion at 25°C where c; is the molar concentration 
(moles per liter). The corresponding result! for a 1:1 
electrolyte is 228.5 4/c; mfd/cm? or 457.0 «/c; for a 2:2 
electrolyte. If the comparison is made, not at equi- 
molar concentrations but at equinormal concentrations, 
the differences are less great, the results being for a 


1:1 electrolyte, 228.5 «/N mfd/cm’, 
1:2 or 2:1 electrolyte, 279.9./N, 
2:2 electrolyte, 323.2 «/N. 


Here JN is the concentration in equivalents per liter. 
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‘For convenience of reference, values of K? and C? 
and also of n? are tabulated in Table I. It is particularly 
to be noted that these values of K¢ and C? are capaci- 
ties of the diffuse double layer only and are almost in- 
variably larger than the observed capacity of the whole 
double layer, even in the absence of specific adsorption, 
because the potential ¥° to which they are referred is 
almost inevitably smaller than the observed potential E. 

In Table I numbers in parenthesis correspond to 
values of 7? higher than what is usually possible in 
practice (~25u coulomb/cm?). The values are never- 
theless listed because division by 10 gives the result for 
a solution 100 times more dilute. 

An interesting and surprising feature of these results 
is that the minima in K¢ and C? do not occur at Y=0. 
This is a feature which could be checked experimentally 
by a study of the differential capacity on mercury of, 
very dilute solutions of 2:1 or 1:2 electrolytes. 

By reversing the signs of ¥ and of n?, Table I may 
be employed for electrolytes of valence type 1:2. 

It is possible to find an explicit equation for y as a 
function of x as follows: 

Gauss’s law may be written for the case at hand, 


dy/dx=4xn*/DDo, (8) 


where y is the potential of amy plane parallel to the inter- 
face and no closer than the outer Helmholtz plane. n? is 
now the corresponding charge density measured from 
that plane out into the solution. x is the distance of the 
plane from the interface. 

Then from Eq. (5) (which is valid with this definition 
of n¢ provided one writes y instead of y), 


dy /dx= (4A /DDp)(e~¥—1)(1+2e")*. (2:1) (9) 


From the definition of y [Eq. (5a)_] now defined as 
eY/kT, however, because the superscript has been 
dropped from y, 


dy/dx = (€/kT) (dp/dx) 
= (4rA€/DDokT) (e~¥— 1) (1+2e”)! 


and therefore 
du =dy/k’ (e~¥—1)(1+2e")}, 


(2:1) (10) 


(2:1) (11) 


where 
Srey’ 


DD kT 


, 
kK = 


) = 3.288 10%\/c; cm! at 25°C, (12) 


which is identical with the usual definition of x except 
that it does not contain z, the valence of an ion. 

Equation (11) can be integrated in terms of known 
functions, the result being® 


5 The steps in the integration are 
x‘dx=dy/e~¥(1—e”) (1+2e”)4 
=dev/(1—e”) (1+2e")4 
= —dw/w(3—2w)}, 
where w=1—e". This last equation is in a form to be found in 
tables of integrals. 
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Kk’ (x— 4) =K’x’ = (1/V3) In[{ (1+2e”)!+-v3} / 
X { (1+2e”)§—v3}] (2:1) (13) 


for values of y greater than zero, and 


2 1 
"(X— Xe) = (e+ tanh) 
: " V3x' v3 


K 
2 1+2e\} 
== tant( ) (13a) 
v3 3 


for values of y less than zero. In both of these equations 
Xe is a constant of integration and ~’ is the distance of 
the plane in questiori from the plane which would have 
an infinite [positive Eq. (13) or negative Eq. (13a) ] 
potential if Eq. (11) were valid at all values of x, 
Differences in x’ are physically significant, although x’ 
itself is not. 

Equation (13) can be solved for y in terms of x’, the 
result being 


v= (kT /e) In[(p?+4p+ 1)/(p—1)"] 


= (kT /€) in( 1+ ), (2:1) (14) 


(p—1)? 
where 
p=exp(v3x'x’). (15) 


When ~’ is large, 6p/(p—1)? is small, making it 
possible to expand the logarithm, dropping terms after 
the first, 


Wapprox= (kT /€)6p/(p— 1)? |6kT /ep 
= (6kT/e) exp(—V3x'x’). (2:1) (16) 


This result shows that at sufficiently large values of 
x’, y is an exponential function of x with a half-thickness 
of (In2)/v3x’ or 1.217 10-8/4/c; cm at 25°C for 1:2 or 
2:1 electrolytes. The corresponding values are 2.108 
X10-8/,/c; for 1:1 electrolytes and 1.054 10-8//«; 
for 2:2 electrolytes. The differences are less marked if 
concentrations are expressed in equivalents per liter 
rather than moles per liter. Then 


x,= 2.108 10-8/\/N for 1:1 electrolytes 
1.721X10-8/,/N for 1:2 or 2:1 electrolytes 
1.491 10-8/,/N for 2:2 electrolytes. 


This is perhaps a fairer mode of comparison. It does 
show, as expected, that the double layer becomes 
thinner as the valence of either ion increases. 

It might have been anticipated that these limiting 
values of x; would turn out to be inversely proportional 
to the values of K¢ and C4 at y=0. This is so, and since 
it is much easier to find these values of K¢ and Cé than 
x; for other valence types more complicated than these, 
the relationship can be used to establish x; for these 
other valence types. 

In order to see how Eq. (14) differs from Eq. (16) 
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we note that 
¥/Wapprox= (p/6) In[1+6p/{p—1}?]. (17) 


This function lies between 0.85 and 1.15 for poten- 
tials less than 0.16 volt. It reaches a minimum at about 
0.05 volt, passes through unity at about 0.135 volt and 
increases fairly rapidly thereafter. This calculation is 
independent of concentration and indicates that the 
simple exponential function 16 lies within 15 percent 
of the exact function 14 for the potentials met with in 
practice down to about 0.005M solution. (In more 
dilute solutions y can go higher than 0.16 volt.) 

The above equations apply only when y is positive. 
For negative values it is necessary to return to Eq. 
(13a). This can be solved for y to give 


kT 3 v3 1 
y= — in tank] "+0 || 
€ 2 2 2 


kT 13 Inp 1 1 
=— in| tanh] + tanh |--I, (2:1) (18) 
€ 2 2 v31 2 


where 


c= (2/v3x’) tanh—(1/V3) =0.7602/k’. 


At large values of x’, the square of the hyperbolic 
tangent can be approximated by 


tanh?@~1—4e-?, 


Then the logarithm can be expanded, retaining only 
the first term, to give 


Vapprox= — (6k7/ep) exp[ — 2 tanh—1/v3 ]. 
Then 


(2:1) (19) 


p(3 Inp 1 
O/Perprax™ -*|- tanh] + tant || 
612 2 2 


Xexp[—2 tanh-1/v3]. (2:1) (19a) 


This function departs from unity rather more quickly 
than its counterpart for positive potentials, Eq. (17). 
Thus when y= —0.025 volt, the function equals 1.21, 
showing that Eq. (19) is already in error by 21 percent 
at this comparatively small potential. To generalize 
this result, in electrolytes of unsymmetrical valence type 
the variation of potential with distance is less accur- 
ately exponential when the metallic surface has the 
charge of the more abundant ion, the potential of the 
outer Helmholtz plane being held the same except for 
sign. 

For electrolytes of valence type 1:2 the equations 
corresponding to 5, 6, 7, 13, and 13a are 


n’= — A (e2v+ 2¢e-v— 3)! 
= — A (e¥—1)(1+2e}, 
K¢= (Ae/kTy) (ev—1) (14+20-%)}, 


(1:2) (20) 
(1:2) (21) 
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C4= (Ae/kT) (?¥—e-")/(e¥— 1) (14+ 2e7%)}, 


xx’ = (1/v3) In[/{ (1+ 2e-¥)!+-v3} / 
{ (1+ 2e-¥)!—v3}] y<0, 


2 1 
x’ ( x’ -+-— tanh) 
V3K' v3 


2 (— 


=— tanh" 
v3 


(1:2) (22) 


(1:2) (23) 


4 
) y>0O. (1:2) (24) 


For electrolytes of more complicated valence type the 
integration of the counterpart of Eq. (12) is not possible 
in terms of ordinary functions. Naturally a new func- 
tion is defined by each such integral, and in principle 
all that is necessary to solve the problem is to name the 
function, to investigate its qualitative properties, and 
perhaps to tabulate it. The mathematical procedure is 
fully defined, so that in a real sense the problem is 
solved for all valence types. 

It was pointed out to the author by Professor J. Th. 
G. Overbeek that the above type of treatment should 
not be employed, however, for polyelectrolytes or in 
general where the several loci of charge are kinetically 
somewhat independent. This problem has not yet been 
investigated. 


COMPONENTS OF CHARGE AND CAPACITY OF THE 
DIFFUSE DOUBLE LAYER 


It is worth while to inquire how much of the charge 
n? is attributable to an excess or deficiency of cations 
and how much to anions. These ion excesses (or more 
properly the surface charge densities attributable to 
them) are called y,? and y_4 and are formally defined by 
the equations 


nix f (p4—motz,€)dx, (25) 


7-‘= f : (p_—no-2_€)dx, (26) 


where p, is the charge density per unit volume attri- 
butable to cations in the (very small) region in question. 
The x standing as a lower limit of the integral is the 
value of « at the outer Helmholtz plane. According to 
the Boltzmann distribution law, 


(27) 
(28) 


=, — 
P+ =No' 2 €e-*+¥, 
p_=MNo s_€€ *-¥, 


Therefore one has for any valence type 


netmnarsge f (e~*+¥— 1)dx, (29) 


ntamrsef (e~*-¥— 1) dx, (30) 
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ot for a 2:1 electrolyte 


ate tint f (e*v—1)dx, (2:1) (31) 


nt=—2nle f (e"- 1)dx. (2:1) (32) 


In these four equations the limits of integration are the 
same as in Eqs. (25) and (26). 
From Eqs. (8) and (5a) (still defining y as ef/kT, 
however), 
dy = (44n*/DDy)dx= (kT /e)dy. 


Then by Eqs. (32) and (5) 
ny kT DD» f 
2rA ‘ 


(33) 


ev—1 





t= — dy. (2:1) (34 
1 Cage ht 20 6) 
There is a certain mathematical impropriety in this 
equation in that y is used both as the variable of inte- 
gration and as the lower limit of the integral. The mean- 
ing is, of course, that before integration y is taken to 
mean the potential (in suitable units) of a point situated 
anywhere within the electrical double layer, whereas 
after the integration it will mean the potential of the 
outer Helmholtz plane. This kind of double meaning 
for a symbol is probably less confusing, ultimately, 
than the alternative of defining two symbols wherever 
this situation arises. 

Integration of Eq. (34) is effected in the manner 
already indicated for Eq. (11) and leads to the result 


n_4= A[v3— (1+2e")#], (2:1) (35) 


where the simplification of the coefficient comes about 
by noting [Eq. (4) ] that RTDDon,'/21r=A?. y is now 
defined as ef/kT again. 
In the same manner, or by subtracting y_*¢ from 74, 
one finds that 
ny?= A[e-¥ (1+ 2e")!—v3 ]. (2:1) (36) 


It is now desired to find C,?* and C_%, that part of 
the observed capacity attributable to cations and anions 
in the diffuse double layer. These are defined as 


C14°= —dn,7/dE, (37) 

C_%= —dn_*/dE, (38) 
where it is particularly to be noted that the variation 
is with respect to the observed potential E and not y’. 
It is for this reason that the superscript is written de 
and not simply d. In the ‘same way it is possible to 
define a capacity C%* representing the contribution of 


the diffuse double layer to the observed differential 
capacity and defined as 


C4¢= —dn?/dE. 
Since n¢=n,4+7n_4, it follows that 
Clem C', 4¢-4-C_4, 


(39) 


(40) 
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When specific adsorption of ions is absent, C“* may 
be regarded as identical with the observed differential 
capacity C. Thus C%* will be regarded as a known quan- 
tity for certain circumstances, and C,% and C_“ will 
be expressed as functions of C%* and n,?% or n_? not in- 
volving derivatives of these latter. The purpose of this 
derivation is to make it possible to evaluate C,%* and 
C_%* from observable quantities which may not be 
known with sufficient accuracy to make their deriva- 
tives with respect to E at all certain. 

It is convenient to begin by eliminating y from Eqs. 
(35) and (36) to give 


1 
(°—1) 


oo 1 
*=v5+2{ + 
A (b?—1)? 


where b= (n_?/A)—V3. 
Then by differentiation one has, after algebraic sim- 
plification, 


—dn,4/dE=C44=2C_%(1+07)/(b?—1)*. (2:1) (42) 
Eliminating C_%¢ or C,%¢ with the aid of Eq. (40) gives 
C4 2=2C4¢(b?+-1)/(b'+3), = (2:1) (43) 
C_4¢=C4e(6?— 1)?/(b4+-3). (2:1) (44) 





4 
) , (2:1) (41) 


For electrolytes of the 1:2 type the corresponding 
equations are 


:2) (45) 
:2) (46) 
:2) (47) 
:2) (48) 


ny?=A[(1+2e-¥)!—-v3], (1 
n-*= A[v3 —e¥(1+2e~¥)*], 
Cy 4e=C4e(g?—1)*/(g'+3), (1 
C_4¢= 2C%(g?+1)/(g'+3), (1 


where g=V3+ (n,4/A). 

It is necessary for the purposes of evaluating the 
thermodynamic properties of the electrical double 
layer by a method to be presented shortly to be able 
to evaluate dC,.4¢/dE. This can be done with the aid 
of Eq. (47) to give 


dC,%¢ dC4e C.* 4¢(g?+3) (g?— 1) c#.¢,% 


“dE dE C# (g!-+3)? A 





(1:2) (49) 


In the absence of specific adsorption, dC*/dE can be 
set equal to dC/dE and evaluated with adequate ac 
curacy from available experimental data. C,* is given 
by Eq. (47), g by its defining equation together with 
Eq. (45), and y by Eq. (20), assuming ¢ known from 
differential capacity measurements.! This is an entirely 
feasible sequence of calculations. 

It happens that equations for C,#, C_4, and 
dC,,**/dE have not yet been given for 1:1 electrolytes 
These are found as follows: As shown in a previous 
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paper (reference 1, p. 482), 
ny?= A (e-¥?—1), 


n-7= — A (ev?—1), 


(1:1) (50) 
(1:1) (S1) 
Eliminating y gives 

n_*= An,*/(A+n+4) 


or after differentiation with respect to E 


(1:1) (52) 


dn? C,* C.™ 
—-—= = =C_#, (1:1) (53) 
dE ([n42/A]+1)? (1+#)? 
where (=,¢/A. Combined with Eq. (40) this gives 
C4 4¢=C4(1+2)?/(P4+2t+2), (1:1) (S4) 


.C_4=C4/(P+2/+2). (1:1) (55) 





It is possible to derive somewhat more convenient 
equations for these quantities by making use of the 
fact that y can be expressed as an explicit function of 
n’. For 1:1 electrolytes it has been shown (reference 1, 
p. 474) that 


n’=—2A sinh(y/2) (1:1) (56) 


y= —2 sinh, (1:1) (57) 
where v=74/2A. Making use of the identity | 
sinh~y = In[_v+ (12°)? ] 
we have 
y= —2 In[v+ (1+2*)*], 
and from Eqs. (50) and (51) 
ny?=A[o+ (1+2)!—1], 
n-*= A{1—1/[v+ (1+27)*}}. 


Differentiation of Eq. (59) with respect to E gives 


c* v 
Ctra —(14 ), 
2 (1+ 2°)3 


Cée 
C_de— Cae— Coa —( 1— 
2 


(1:1) (58) 


(1:1) (59) 
(1:1) (60) 


(1:1) (61) 


as (1:1) (62) 


and finally 


dC 4 Cae 
| «ci y+ Lata 


dE (14-2)! Cdk 2A(14¢ 
(1:1) (63) 
OTHER VALENCE TYPES 


Some of the equations of the preceding section have 
been worked out for electrolytes of more complex 
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valence types. In general the derivations which require 
integration cannot be solved explicitly in terms of 
common functions for electrolytes of valence types 
more complicated than 1:2 or 2:1. What follows is a 
summary, mostly without derivation because the steps 
are identical with those already given, of formulas for 
some of the above quantities for electrolytes of general 
valence types: (It needs to be borne in mind, however, 
that they are not necessarily valid if the multiple 
charge is distributed along a flexible chain, as in 
polyelectrolytes.) 


n?=(A/2)[2me*¥+-4e""— (2m-+-4) }} 
n?= (A/2)[4e-™"+- 2me*¥— (2m+-4) ]}} 
n?= (A/V/1')[me—'¥+le™’— (m+) }} 


where /’ is the lesser of the two quantities / and m; 


(2:m), 
(m:2), 
(/:m), 


C4= (Aem/kT) (e™’—e”) /[ 2me¥+-4e" 
—(2m+4) }! (2:m), 
C4= (Aem/kT) (e"— ee") /[4e-" + 2me4 
— (2m+4) }} 
C4= (Aem|/2kTV/1') (e™ —e—"")/[ me” + lem 
—(m+l) }} 


As ° approaches zero, K¢ and C4 approach one and 
the same value, namely, 


(m:2), 


(l:m). 


Ké = 


limy®—0 


C4 =15'A€/25kT 


limy’—-0 


(2:3 and 3:2) 


=6'A€/kT (1:3 and 3:1) 


=[m(m+]1) }'A€/2'kT 
(m:l or l:m; m21). 
As indicated above, these equations can also be used 
to estimate the half-thickness of the diffuse double 
layer at distances such that the assumption of an ex- 


ponential decrease is approximately valid. Then the 
half-thickness is given by 


a= (2? 1n2)/x’Lm (m+) }! 
= 2.981 10-8/[m(m+l)c; }! 


(m2 1) 


cm at 25° (m2/l). 


MIXED ELECTROLYTES 


For mixed electrolytes of a single valence type the 
diffuse double layer is the same as for a single electro- 
lyte of the same valence type and the same total con- 
centration. In any volume element the ratio of the ions 
of like charge is the same as in the bulk of the mixture. 
For a mixture of salts of dissimilar valence type, Eq. (1) 
applies, but those which follow do not. In any given 
case it would doubtless prove possible to carry out the 
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analysis numerically if not algebraically, but with such 
matters we are not here concerned. 


CONCLUSION 


The foregoing treatment shows that it is possible to 
carry out the analysis of the properties of the diffuse 
double layer for 1:2 and 2:1 electrolytes in as complete 
a manner as had been done previously for z:z-valent 
electrolytes. In addition certain other properties of the 
diffuse double layer have been evaluated for the first 
time, and equations are given for a few selected proper- 
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ties of the double layer in electrolytes of more com- 
plex valence type. 
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Infrared and Raman Spectra of Fluorinated Ethanes. VI. The Series 
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The infrared spectra of gaseous CF;CH2Cl and CF;CHCI, have been obtained in the range from 2 to 38u, 
and the spectra of the liquids in the range from 2 to 22y, with the aid of LiF, NaCl, KBr, and KRS-5 prisms. 
The Raman spectra of these compounds in the liquid state have been photographed with a three-prism glass 
spectrograph of linear dispersion 15A/mm at 4358A. Depolarization ratios were determined for most of the 


Raman bands. 


All fundamental vibrational frequencies have been assigned; the spectra have been interpreted in detail, 


and thermodynamic functions have been calculated. 


INTRODUCTION 


ETHYL fluoroform and 1,1,1-trifluoro-2,2,2-tri- 

chloroethane, the first and last compounds of 
this series, have been studied previously.!~> The funda- 
mental vibrational frequencies of CF;CH; are known 
with considerable certainty, and for CF;CCl; all fun- 
damentals except the torsional have been assigned 
although with some uncertainty about one of the a, fun- 
damentals.?* In the present paper spectral data are pre- 
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Raman data are taken from a thesis presented by Ching-Yu 
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Degree of Doctor of Philosophy. 
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sented for the two intermediate compounds CF;CH.C! 
and CF;CHCl:, their fundamental vibrational fre- 
quencies are assigned and correlated with the funda- 
mentals of CF;CH; and CF;CCl;, and their thermo- 
dynamic properties are calculated. 


EXPERIMENTAL RESULTS 


The spectra of CF;CH:Cl and CF;CHCl, were 
obtained in the same manner as those reported in 
previous papers.*-* Figures 1 and 3 show the infrared 
absorption of these compounds in the gaseous state at 
25°C. The infrared spectra of the liquids at — 10°C are 
shown in Figs. 2 and 4. The KRS-S5 regions are not 
included. In Tables I and II are listed the wave numbers 
of the observed infrared absorption maxima. The 
Raman frequencies observed in the liquid state at 
about 30°C, are listed in Tables III and IV, which 
include depolarization ratios and relative intensities 
for most of the observed Raman bands. The exciting 


6 Nielsen, Claassen, and Smith, J. Chem. Phys. 18, 485 (1950). 

7 Smith, Brown, Nielsen, Smith, and Liang, J. Chem. Phys. 20, 
473 (1952). 
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847 (1952). 
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Fic. 1. Infrared spectrum of gaseous CF;CH2CI. (KRS-5 region not included). 


mercury lines are given by their Kohlrausch symbols.° 
The samples§ were highly purified, but no quantitative 
information about their purity was available. The 
sample of CF;CHCl, apparently contained a trace of 
water vapor. 


INTERPRETATION 
1. CF;CH; 


The fundamental vibrational frequencies of methyl 
fluoroform, taken from a previous paper,” are shown 
Se 


°K. F. W. Kohlrausch, Der Smekal-Raman-Effekt (Julius 
Springer, Leipzig, 1931). 
Kindly supplied by E. I. du Pont de Nemours and Company, 
Inc., Wilmington, Delaware. 


graphically at the top of Fig. 5. Solid vertical lines de- 
note frequencies observed in infrared absorption, broken 
vertical lines frequencies observed in the Raman effect. 
Coinciding infrared and Raman frequencies are shown 
by slightly separated lines. Dash-dotted vertical lines 
represent fundamentals inferred from overtone or com- 
bination bands but not observed directly. The vibra- 
tional species are given by the usual symbols, and the 
approximate nature of the vibrations is indicated. The 
assignments are probably correct, except for a possible 
interchange of species for the fundamentals at 541 
and 602 cm“, 
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Fic. 2. Infrared spectrum of liquid CF;CH2Cl at —10°C. 


2. CF;CH;Cl 


This molecule has the symmetry C,, and hence eleven 
fundamental vibrations of symmetry species a’ and 
seven of species a’’. Assuming the following interatomic 
distances C—H 1.093, C—C 1.54, C—F 1.36, and C— Cl 
1.77A and tetrahedral angles, one obtains the principal 
moments of inertia 162.4, 466.3 and 467.7 10-® g cm’, 
the axis of smallest moment lying in the symmetry 
plane at an angle of 37°17’ to the C—C bond. Thus, the 
molecule is very nearly a symmetrical top, and funda- 

mentals of species a” should give rise to perpendicular 
bands, and fundamentals of species a’ to bands that 
are intermediate between parallel and perpendicular 





bands. From the theory of Gerhard and Dennison" it 
is found that parallel infrared bands should have a 
PQR structure with a P—R separation of 12 cm", 
while perpendicular bands should have a single maxi- 
mum. Only one of the observed infrared bands has the 
predicted parallel-band contour, and for most of the 
fundamentals, infrared contours are less useful than the 
depolarization ratios of the Raman bands for determin- 
ing the species. 

The two highest fundamentals, associated with sym- 
metric and asymmetric .C—H stretching and having 


10S. L. Gerhard and D. M. Dennison, Phys. Rev. 43, 197 
(1933). . 
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Fic. 3. Infrared spectrum of gaseous CF;CHCl:. (KRS-5 region not included.) 


ing polarization measurements with 4047A excitation. 

The polarized Raman bands at 903, 851, and 796 
cm~ and their very intense infrared counterparts are 
taken to represent three a’ fundamentals. The infrared. 
band at 855 cm™ (in gaseous CF;CH.Cl) has very 
nearly the contour predicted for parallel bands, indi- 
cating that it is associated largely with C—C stretch- 
ing. The other two a’ fundamentals involve CH2 wagging 


species a’ and a’, respectively, are identified with the 
bands at 2990 and 3040 cm (in the liquid state). The 
bands at 1437 cm~ are taken to represent an a” funda- 
mental involving largely a twisting of the CH: group. 
In both infrared and Raman spectra five strong bands 
appear in the region from 1100 to 1350 cm. They are 
interpreted as three a’ and two a” fundamentals asso- 
ciated largely with C—F stretching and CH, deforma- 
tion and rocking. The fundamental at 1103 cm™ prob- and C—Cl stretching. 
ably belongs to species a”. The other a’ fundamental is The frequencies 640 and 537 cm™ are both assigned 


undoubtedly one of the pair at 1262 and 2181 cm™',and as a’ fundamentals and undoubtedly correspond to 
somewhat arbitrarily the higher frequency has been motions that are largely CF; deformation. There is some 
chosen, This uncertainty could be removed by mak- uncertainty about the value of the a” fundamental 
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TaBLe I. Infrared spectrum of CF;CH;Cl. 








Gas 


Wave 
number 


Liquid 
Descrip- 


tion number 


Wave Descrip- 
tion 


Interpretation 


Wave 
number 


Gas 
Descrip- 
tion 


Liquid 
Wave 
number 


Descrip- 
tion 


Interpretation 





~330* 
~355* 
~455* 
~541 
~635 
639 
~643 
~647 
~700 


~740 
~790 
801 
805 
849 
855 
861 


Ww 
vs 
Ww 
Ss 


1101 
1147 
1159 
1174 
1208 
1263 
1277 
1340 


1387 
1435 
1488 
1534 
1587 
1610 
1621 
~1645 


~1675 


a” fundamental 
a’ fundamental 
a” fundamental 
a’ fundamental 


a’ fundamental 


109+540=649 A” 
2X358=716 A’ 

191+540=731 A’ 
109+640=749 A” 


a’ fundamental 


a’ fundamental 


a’ fundamental 
191+801=992 A’, 
455+540=995 A” 
358+640=998 A’, 
109+-905=1014 A” 
191+-855=1046 A’ 
2X540=1080 A’ 
a” fundamental 
358+801=1159 A’ 
a’ fundamental 
540+640= 1180 A’ 


358+855 = 1213 A’ 


a’ fundamental, 
109+1159= 1268 . 
a” fundamental, 
2X640= 1280 A’ 
a’ fundamental, 
540+801 = 1341 A’ 
109+1277=1386 A’ 
a” fundamental 
640+855=1495 A’ 
358+1159=1517 A’? 
109+ 1443=1552 A’, 
640+905 = 1545 A’ 
2 801= 1602 A’ 
358+1267=1625 A’ 
358+1277=1635 A”, 
191+1443= 1634 A” 
540+1110=1650 A”, 
801+855= 1656 A’ 
330+1340=1670 A” 





1695 


1751 
1761 
1799 


1908 
1964 
2008 


2070 


2119 
2123 


2183 
~2215 


2260 
2304 
~2330 


2375 
2445 
2495 
2538 
~2590 
2667 
2710 


2778 


2865 
2994 


3300 
3344 
3390 
3425 
3770 
~3802 
3906 
4098 
4329 
4425 


1693 w 


~1742 
1752 
1803 


1876 
1890 
1948 
1974 


w, sh 


vw, sh 
vw, sh 
w, sh 


w, sh 
w, sh 


w, sh 2002 
2049 
~2070 


2102 
~2123 


2155 
2183 


2242 


2257 
2283 
2326 
2347 


2434 
~2494 
~2525 


2670 
2695 


2770 
~2858 
2866 
2992 
3044 


3339 


Vw 


m, sh 
s, sh 


Vw 
Vw 
vw 
vw 
vw 
vw 
vw 
vw 
vw 
Vw 


358+1340= 1698 A’, 
540+1159= 1699 A’ 
640+1110=1750 A” 
855+905=1760 A’ 
640+1159=1799 A’, 
2X905=1810 A’ 
540+ 1340=1880 A’ 
801+1110=1911 A” 
801+1159=1960 A’ 
855+1110=1965 A”, 
640+ 1340=1980 A’ 
855+1159=2014 A’, 
905+1110=2015 A” 
905+1159= 2064 A’? 
801+1277=2078 A”, 
801+1267 = 2068 A’ 
855+1267=2122 A’ 
855+1277 =2132 A”, 
801+1340=2141 A’ 
905+1267=2172 A’ 
855+1340=2195 A’ 
2X 1110=2220 A’ 
801+1443=2244 A”, 
905+1340=2245 A’ 
1110+1159=2269 A” 
855+1443=2298 A” 
2 1159=2318 A’ 
905 +1443 = 2348 A” 
1110+-1267 =2377 A” 
1110+1340= 2450 A” 
1159+1340= 2499 A’ 
1110+1443 = 2553 A’ 
1159+1443 = 2602 A” 
2X 1340= 2680 A’ 
1267+1443=2710 A”, 
1277+1443 = 2720 A’ 
1340+ 1443 = 2783 A” 
(1159+2851= 2861 A’)t 
2 1443 = 2886 A’ 
a’ fundamental 
a’ fundamental . 
855+1110+1340=3305 A” 
358+2994 = 3352 A’ 
358+3040= 3398 A”’ 
455+2994=3449 A” 
801+2994=3795 A’ 
855+2994= 3849 A’ 
905+2994= 3899 A’ 
1110+2994=4104 A” 
1340+ 2994 = 4334 A’ 
14434-2994 = 4437 A” 








* Observed with KRS-5 prism. 
+ Frequencies used are for liquid state. 


TABLE II. Infrared spectrum of CF;CHCh. 








Gas 


Wave 
number 


Wave 
number 


Descrip- 
tion 


Liquid 


Descrip- 


tion Interpretation 


Wave 
number 


Gas 
Descrip- 
tion 


Wave 
number 


Liquid 


Descri p- 


tion 


Interpretation 





378* 


~519 
525 
527 
~535 
~549 
~553 
559 


s 
~A479 


sh 
526 


555 
575 


a’ fundamental 
218+263=481 A” 
141+379=520 A” 
2X 263=526 A’ 
a’ fundamental 


185+357=542 A” 


a” fundamental 
218+357=575 A’ 





~601 


~617 
622 
~629 
~635 
~666 
668 
672 
679 


600 
608 


617 
632 


VVWw 
vw 


WwW 


Ww 


218+379=597 A” 
872—263 = 609 A” 


263+357 = 620 A” 


263+379 = 642 A’ 
141+527=668 A” 


a’ fundamental 





* Observed with KRS-5_prism. 
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TABLE II.—Continued. 








Gas Liquid Gas Liquid 


Wave 
number 


Descrip- 
tion 


Wave 
number 


Descrip- 
tion 


Interpretation 


Wave 
number 


Wave  Descrip- 


Descrip- : 
number tion 


tion 


Interpretation 





~707 


~727 
735 
~743 


~765 

769 
~770 
~775 
~810 
~844 
~865 

872 
~876 


~915 
923 
~928 
943 
~950 


~980 
988 


996 
~1025 


~1031 
~1041 
1052 


~1060 
~1111 
~1143 
1147 
~1152 
1192 
1195 
1227 


~1235 
~1250 
~1274 
1284 
~1287 
~1318 
1325 
~1330 
1344 
~1351 
1357 
~1366 


~1395 
1399 
~1406 
~1429 
1462 


1504 


vw, b 


vw 
Ww 


711 


725 
737 


Ww 


vw 
Ww 


185+527=712 A’, 
2X357=714 A’ 
357+2185=727 A” 
357+379 = 736 A” 
185+559=744 A”, 
218+527=745 A” 


a’ fundamental 


218+559=777 A’ 
141+672=813 A” 
a”’ fundamental 


a’ fundamental 


379-+527 =906 A’, 
141+769=910 A” 


357+559=916 A’ 


379+559=938 A” 
185+-769=954 A’ 


141+844=985 A’, 
218+769=987 A” 


357+672=1029 A”, 
185+844= 1029 A” 
263+769= 1032 A’ 


379+672=1051 A’, 
2527 =1054 4’, 
185+872=1057 A’ 

218+844= 1062 A’ 

2X559=1118 A’ 


a’ fundamental 
a” fundamental 


357+872=1229 A”, 
559+672=1231 A” 

a” fundamental 

379+872=1251 A’ 


a’ fundamental 


a’ fundamental 
2 672= 1344 A’ 


21841147 = 1365 A” 
527+844= 1371 A”, 
185+1192=1377 A” 
527+872= 1399 A’ 
559+844= 1403 A’ 
263+1147=1410 A’, 
218-+1192= 1410 A’ 
559+872=1431 A”, 
141+1282=1423 A” 
141+1325=1466 A”, 
185+1282= 1467 A’ 
357+1147= 1504 A” 
185+1325=1510 A’, 
672+844= 1516 A” 
379-+1147=1526 A’ 
2X769= 1538 A’, 
672+872= 1544 A’, 


263+ 1282= 1545 A’ | 


379+ 1192= 1571 A” 
379+-1235= 1614 A”, 
769+844= 1613 A” 





~1629 
1637 


1647 
1653 
1672 
1686 


~1696 
1701 
~1710 
1718 
~1730 
~1736 
1741 
1744 
~1764 
1773 
1783 
~1786 
1802 
~1805 
~1815 
1818 
1848 
1859 
~1869 
~1912 


1951 
1959 


~1992 
~2012 
2016 
~2020 
2047 
2058 
~2092 
2114 


~2137 
2146 
~2153 
2188 
~2198 
2288 
2331 


2381 
2398 
~2410 
2421 
~2433 
2463 


~2475 
2513 
2548 


2601 
2639 
2725 
2762 


3012 
~3721 
3729 
3831 
4167 
4310 


vw, sh 1631 w 


1658 


vvw 
w, sh 
vw, sh 
vvw 
w 

w, sh 


w, sh 
vw, sh 


w, sh 


vw, sh 


357+1282= 1639 A”, 
769+872= 1641 A’ 


379+-1282 = 1661 A” 
527+1147= 1674 A’ 
2X 844= 1688 A’, 
357+1325=1682 A” 

379+-1325 = 1704 A’ 
559+ 1147=1706 A” 
844+4-872=1716 A” 
527+1192=1719 A” 


2X872=1744 A’ 

559+-1192=1751 A’ 
527+1235=1762 A” 
559+-1235= 1794 A’ 


527+1282= 1809 A’ 


672+1147=1819 A’ 
527+1325=1852 A’ 
672+1192= 1864 A” 
559+ 1325 = 1884 A’? 
769+ 1147=1916 A’, 
672+-1235=1907 A” 
672+1282= 1954 A’ 
769+1192=1961 A” 
844+-1147=1991 A” 
672+1325=1997 A’ 
769+ 1235 = 2004 A” 
872+1147=2019 A’ 
844+-1192= 2036 A’ 
769+ 1282=2051 A’ 
872+1192 = 2064 A” 
769+ 1325 = 2094 A’ 
872+1235=2107 A”, 
8444-1282 = 2126 A’ 


872+-1282=2154 A’ 
844+ 1325=2169 A” 
872+1325=2197 A’ 


2X 1147 =2294 A’ 
1147+1192=2339 A” 


1147+1235=2382 A’ 
2X 1192 = 2384 A’? 


1192+1235=2427 A’ 
1147+1282=2429 A’ 
2X 1235= 2470 A’, 

1147+1325=2472 A’ 
1192+1282= 2474 A” 
1192+1325=2517 A” 
2X 1282= 2564 A’, 

1235-+1325=2560A” 
1282-+1325 = 2607 A’ 
2X 1325 = 2650 A’ 


a’ fundamental 


769+3012=3781 A’ 
844+3012=3856 A” 
1147+3012=4159 A’ 
1325+3012= 4337 A’, 
1282+-3012=4294 A’ 
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Fic. 4. Infrared spectrum of liquid CF;CHCl: at — 10°C. 


involving asymmetric CF; deformation. It is possible 
that this fundamental overlaps with the a’ fundamental 
at 640 cm~!. However, since no other plausible interpre- 
tation could be found for a weak infrared band observed 
at 455 cm, this band has been tentatively identified 
with the a” fundamental in question. 

The four remaining fundamentals, two of species a’ 
and two of species a’’, may be expected to lie below 
400 cm and to be associated with C—Cl bending, 
in-plane and out-of-plane rocking and torsion. Only 
three Raman bands have been observed in this region. 
The very strong polarized band at 358 cm, which 
also occurs with high intensity in the infrared, is 
assigned as an a’ fundamental. The Raman bands at 


191 and 109 cm~ are taken to be the two lowest funda- 
mentals, of species a’ and a’’, respectively. The last a” 
fundamental is tentatively identified with the weak 
infrared band at 330 cm~ which cannot be satisfactorily 
interpreted otherwise. 

On the basis of these assignments, listed in Table V, 
it has been possible to give a satisfactory interpretation 
of the only Raman band not assigned as a fundamental 
and of all of the observed infrared bands with the excep- 
tion of three or four very weak bands. The interpreta- 
tions are given in the last column of Tables I and III. 
More than one interpretation has been given for sever! 
of the bands, but not all alternatives have been listed. 
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TABLE III. Raman spectrum of CF;CH:CI (liquid). mentals belonging to species a” should have Type B 
contours in the infrared spectrum of gaseous CF;CHCl., 
— a Se. eee Interpretation While the eleven fundamentals of species a’ should have 
= ” contours intermediate between Types A and C. 
14 d 0.85 ek a”’ fundamental os ‘ ; 4 
0.60 e a’ fundamental The band at 3012 cm™, which is strong in both 
0.25  seki a’ fundamental spectra and polarized in the Raman effect, is undoubt- 
= =< o ne edly the highest a’ fundamental and is associated with 
+efkil a’ fundamental C—H stretching. The band at 1325 cm is also as- 
ek a’ fundamental signed as an a’ fundamental, since it is very intense and 
e a’ fundamental h ‘ : d : 
ek of teniiemental as pronounced PQR structure in the infrared and is 
ek a’ fundamental polarized in the Raman spectrum. It probably involves 
ek a fundamental largely C—H bending. The four bands at 1282, 1235, 
a” fundamental uw ‘ af . ‘ 
ek a’ fundamental 1192, and 1147 cm“, while so intense in the infrared 
ek a” fundamental _— that they are assigned as fundamentals, are so weak in 
or 2X 1439= 2878 A" the Raman effect that their depolarization ratios could 
ekilpg a’ fundamental ‘ 
dp € a” fundamental not be measured. However, the infrared band contours 
= indicate clearly that the first and the last of them be- 
long to species a’ and the others to a’. The motions 


3. CF;CHC1, involve C—F stretching and C—H bending. 


This molecule also has the symmetry C,. The follow- The band at 872 cm" is interpreted as an a’ funda- 
ing values were calculated for its principal moments of mental associated largely with C—C stretching. The 
inertia: 410.4, 499.2, and 738.9X10— g cm’. The axis bands at 844 and 769 cm” are taken to be a” and a’ 
of smallest moment makes an angle of 21°4’ with the fundamentals, respectively, involving C—C] stretching. 
C—C bond, and the axis of intermediate moment is The bands at 672, 559, and 527 cm are assigned as 
perpendicular to the symmetry plane of the molecule. fundamentals associated largely with CF; deformations. 
From the curves calculated by Badger and Zumwalt," That at 559 cm~ apparently belongs to a”, and the 
itis found that Type B infrared bands should be doub- others to a’. 
lets with separations 3 and 14 cm between the prin- The very intense polarized Raman band at 379 cm, 
cipal and secondary maxima, while Type A and TypeC and its infrared counterpart observed only with KRS-5 
bands should have PQR structure with P—R separa- prism, is interpreted as an a’ fundamental, and the 
tions of 12 and 22 cm~, respectively. The seven funda- depolarized Raman band at 357 cm~ as an a” funda- 
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"R. M. Badger and L. R. Zumwalt, J. Chem. Phys. 6, 711 (1938). 
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TABLE IV. Raman spectrum of CF;CHCI: (liquid). 











Wave Relative Depolari- Exciting 
number intensity zation Hg lines Interpretation 
105 cm™ Ww e Spurious? 
141 m e€ a” fundamental 
185 w 0.7 e a’ fundamental 
218 16 d 0.8 +e a” fundamental 
263 30 0.80 sek a’ fundamental 
357 15 0.87 tek a” fundamental 
379 74 0.25 tek a’ fundamental 
441 vVVw € 2X218=436 A’ 
526 14 0.37 sek a’ fundamental 
554 10 d 0.86 e a” fundamental 
671 16 sh 0.46 ek a’ fundamental 
732 vvw e 357+379=736 A” 
766.5 100 sh 0.18 sefki a’ fundamental 
836 10 d 0.87 ek a” fundamental 
867 7 0.8 ek a’ fundamental 
1140 x 4 e a’ fundamental 
1189 5 d e a” fundamental 
1226 6 d e a” fundamental 
1270 vw d e a’ fundamental 
1323 9 0.58 ek a’ fundamental 
3003.0 70 0.23 ekt a’ fundamental 








mental. The motions involve CCl, deformation and 
twisting, respectively. 

The Raman bands at 263, 218, and 185 cm undoubt- 
edly represent fundamentals. Although the depolariza- 
tion ratios for these bands are not measured very ac- 
curately, it is fairly certain that the fundamental at 
185 cm belongs to a’, while that at 218 cm™ probably 
belongs to a” and that at 263 cm™ to a’. 

There remains one low a” fundamental. Two Raman 
bands have been observed, at 105 and 141 cm”. 
However, because of the rather large amount of stray 
light in this region, their reality is not quite certain. 
It has been assumed that the higher frequency repre- 
sents an a” fundamental, and that the other is spurious. 
The four lowest fundamentals must be associated 
largely with rocking and torsional motions. 

The assigned fundamentals for CF;CHCl, are listed 
in Table VI. In terms of these fundamentals, satis- 


TABLE V. Fundamental vibrational frequencies for CF;CH,CIl. 
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factory interpretations are given in the last columns of 
Tables II and IV of all observed infrared absorption 
maxima, with the exception of about a dozen very 
faint maxima or shoulders, and of all observed Raman 
bands. All of the unassigned faint bands can be assigned 
as ternary combinations. However, since in each case 
several such interpretations are possible, these are not 
listed in Table II. 
















4. CF;CCI; 


Infrared and Raman data for this compound, and 
assignments of all fundamentals except the torsional, 
have been presented in a previous paper.’ The funda- 
mental vibrational frequencies are shown graphically 
at the bottom of Fig. 5. 













DISCUSSION 





In Fig. 5 totally-symmetric fundamentals of related 
compounds are joined by solid slanting lines, other 
fundamentals by broken lines. Solid (broken) lines may 
not cross. The regularity of the correlation diagram 
supports the essential correctness of the assignments 
made. The advantages of this type of correlation dia- 
gram over one based on molecular group frequencies 
are discussed in a previous paper of this series.” 

Although two of the a” fundamentals for CF;CH.Cl, 
namely, those identified with the weak infrared bands at 
330 and 455 cm™ and the species of the fundamentals 
at 1267 and 1277 cm“ are uncertain, the detailed inter- 
pretation of the spectra of this compound is quite 
satisfactory and complete. For CF;CHCl, on the other 
hand, there is less uncertainty about the assignment of 
the fundamentals, only the lowest a” fundamental 
being uncertain, but there are more faint infrared bands 
that cannot be interpreted as binary sums. This may be 
caused by a small amount of impurity, perhaps a trace 
of water. 
























TABLE VI. Fundamental vibrational frequencies for CF;CHC. 



































bl Infrared cm™ Raman cm~! Approximate aur Infrared cm™ Raman cm=! Approximate 
species (gas) (liquid) (liquid) character species (gas) (liquid) (liquid) character 
a”’ - _— 109 s Torsion a” — — ~141 m Torsion 
a’ — — 191 m Rocking a’ — — 185 w Rocking 
a” 330 — — Rocking a” — — 218 m Rocking 
a’ 355 vs — 358.4 vs Rocking a’ — — 263 vs Rocking 
* 49 455 w _— —_ CF; deformation a” — — 357  m CCl. twisting © 
a’ 541 s 536 s Sar 8 CF; deformation a’ 378 s — 379 s-vvs CCl, deformation 
a’ 639 vs 641 vs 639 m CF; deformation a’ 527 s 526 m 526 m CF; deformation 
a’ 801 s 795 vs 796 vvs CCI stretching a” 559 s 555 m 554 w CF; deformation 
a’ 855 vs 851 vs 851.7 s CC stretching a’ 672 vs 670 vs 671 m CF; deformation 
a’ 905 s 903 vs 903 m CH: wagging a’ 769 s 766 s 766.5 vvs CCI stretching 
ie 1110 vs 1101 vs 1104 m CH: rocking a” 844 vs 834 s 836 m CCI stretching 
a’ 1159 vs 1159 vs 1152 m CF stretching a’ 872 s 868 s 867 m CC stretching 
a’ 1267 vs 1263 vs 1262 m CF stretching a’ 1147 vs 1139 vs 1140 w CF stretching 
a” 1277 vs 1277 vs ~1285 m CF stretching a” 1192 vs_ 1183 vs 1189 w CH bending 
a’ 1339 vs 1340 vs 1340 m CH: deformation a” 1235 s 1229 s 1226 w CF stretching 
"oa 1443s 1435s 1439 m CH; twisting a’ 1282 vs 1272 vs 1270 vw CF stretching 
a’ 2994s 2992s 2988 vs CH stretching a’ 1325 vs 1325 vs 1323 m CH bending 
a” _ 3044 m 3035 w CH stretching a’ 3012 s 3008 m 3003.0 vs CH stretching 
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TaBLE VII. Calculated thermodynamic functions for CF;CH.Cl 
at one atmosphere (cal/deg™ mole~). 
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TaBLe VIII. Calculated thermodynamic functions for CF;CHCl, 
at one atmosphere (cal/deg™ mole). 








— (Fo 


(H*—Ho*)/T Cp? S° —Ho°)/T 


— (Fe 
T°K (H® —Ho®) /T C,? S° —Ho°)/T 





Trans+rot 7.95 7.95 62.99 55.04 
Vib 1.77 5.18 2.49 0.72 
Tors 1.24 1.92 2.26 1.02 


Total 10.96 15.05 67.74 56.78 


Trans+rot 7.95 7.95 67.05 59.10 
Vib 4.19 10.41 6.37 2.18 
Tors 1.54 2.09 3.28 1.74 


Total 13.68 20.45 76.70 63.02 


Trans+rot 7.95 7.95 67.57 59.62 
Vib 4.61 11.25 7.07 2.47 
Tors 1.58 2.12 3.41 1.82 


Total 14.14 21.32 78.05 63.91 


Trans+rot 7.95 7.95 69.90 61.96 
Vib 6.84 15.38 10.98 4.13 
Tors Lie 2.23 4.05 2.32 


Total 16.52 25.56 84.93 68.41 
71.71 63.77 
14.97 6.08 

4.56 2.72 
91.24 72.57 


Trans+rot 7.95 7.95 
Vib 8.89 18.62 
Tors 1.84 2.31 


Total 18.68 28.88 


73.13 65.18 
18.40 7.67 
4.99 3.06 


96.52 75.91 


74.35 66.40 
21.81 9.45 
5.34 3.37 


101.50 79.22 


Trans+rot 7.95 7.95 
Vib 10.73 21.13 
Tors 1.92 2.33 


Total 20.60 31.41 


Trans+rot 7.95 7.95 
Vib 12.36 23.09 
Tors 1.96 2.29 


Total 22.27 33.33 


200 Trans+rot 7.95 7.95 66.56 58.62 
Vib KH i: 9.45 5.56 1.81 
Tors* 1.15 1.82 2.05 0.90 


Total 12.85 19.22 74.17 61.33 


69.74 61.80 
10.29 3.82 
2.79 1.41 


82.82 67.03 


Trans+rot 7.95 7.95 
Vib 6.47 14.44 
Tors® 1.39 1.91 


Total 15.81 24.30 


Trans+rot 7.95 7.95 
Vib 9.10 18.63 
Tors® 1.53 1.95 


Total 18.58 28.53 


72.08 64.13 
15.33 6.22 
3.36 1.84 


90.77 72.19 


73.85 
19.60 
3.80 


97.25 


Trans+rot 7.95 7.95 
Vib 11.30 21.74 
Tors® 1.61 1.96 


Total 20.86 31.65 


65.91 
8.30 
2.19 


76.40 


Trans+rot 7.95 7.95 75.30 67.35 
Vib 13.24 24.04 23.83 10.59 
Tors 1.70 2.04 4.21 2.51 


Total 22.89 34.03 103.34 80.45 


76.53 
27.57 
4.52 


108.62 


77.59 69.64 
31.38 15.00 
4.80 3.01 


113.77 87.65 


68.58 
12.66 
2.78 


84.02 


Trans+rot 7.95 7.95 
Vib 14.91 25.75 
Tors 1.75 2.05 


Total 24.61 35.75 


Trans+rot 7.95 7.95 
Vib 16.37 27.07 
Tors 1.79 2.08 


Total 26.11 37.10 








CALCULATED THERMODYNAMIC FUNCTIONS 


From the molecular dimensions given above, and, 
the fundamental frequencies listed in Table V and VI 
the heat capacity, entropy, free energy function, and 
heat content function, have been calculated for 
CF;CH.»Cl and CF;CHCl, as ideal gases at one atmos- 
phere and at different temperatures. To obtain the con- 
tributions of the torsional motion, the potential barrier 
Vo opposing the rotation of one end of the molecule 
relative to the other was first estimated by the formula” 


v= (0;/2r)(V0/2I,)}, 


where y is the torsional frequency, o;=3 the internal 
symmetry number, and J, the reduced moment of in- 


See S. Glasstone, Theoretical Chemistry (D. Van Nostrand 
Company, Inc., New York, 1944), p. 421. 


® Calculated by regarding the torsional mode as an ordinary vibration. 


ertia. For CF;CH.Cl the value 5700 cal/mole was 
found for the barrier height, and for CF;CHCl, the 
value 22300 cal/mole. The torsional contributions for 
CF;CH.Cl, and for CF;CHCl, above 500°K, were then 
obtained from the tables of Pitzer and Gwinn." The 
range covered by these tables is not wide enough to 
permit calculation of the torsional contributions to the 
thermodynamic functions for CF;CHCl, at 500°K and 
lower temperatures. These contributions were therefore 
estimated by considering the torsional mode as an 
ordinary vibration. The calculated thermodynamic 
functions are given in Tables VII and VIII. No calori- 
metric data appear to be available with which to com- 
pare these results. 


13K. S. Pitzer and W. D. Gwinn, J. Chem. Phys. 10, 429 (1942). 
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The infrared spectra of liquid CCl;CF.2Cl and of CCl;CFCl, as glass and in CS: solution, have been ob- 
tained in the region from 2 to 38u with the aid of LiF, NaCl, KBr, and KRS-5 prisms. The Raman spectra of 
these compounds in the liquid state, at about 50° and 120°C, respectively, were photographed with a three- 
prism glass spectrograph of linear dispersion 15A/mm at 4358A. Relative intensities and depolarization 
ratios were measured for all but the weakest Raman bands. Complete assignments of fundamental vibration 
frequencies have been made, the spectra have been interpreted in detail, and thermodynamic functions have 


been calculated. 





INTRODUCTION 


HE infrared and Raman spectra of CCl;CF; have 
been reported and interpreted in a previous paper 
of this series.! Several investigators” have studied C2Cle. 
Except for the infrared spectrum of CCl;CF.Cl ob- 
tained with low resolution,’ no data have been pub- 
lished for the two intermediate compounds. In this 
paper, spectral data are presented for CCl;CF.Cl and 
CCIl;CFCls, their fundamental vibration frequencies 
are assigned, and their thermodynamic properties are 
calculated. 


EXPERIMENTAL RESULTS 


The spectral measurements were made with the same 
instruments and in the same general manner as de- 
scribed in earlier papers.4~* The infrared spectrum of 
liquid CCl;CF2Cl (mp~35°, bp 90.5°C) at approxi- 
mately 50°C is shown in Fig. 1, and the wave numbers of 
the observed absorption maxima are listed in Table I. 
The Raman spectrum of this compound in the liquid 
state at 40-60°C was obtained by surrounding the 
Raman tube with hot water in a double-walled evacu- 
ated jacket. The data obtained are listed in Table II. 
The exciting mercury lines are given by their Kohl- 
rausch symbols.® 


* This work has been supported in part by the U. S. Atomic 
Energy Commission under Contract No. AT—(40-1)-1074. The 
Raman data are taken from a thesis presented by Ching-Yu Liang 
to the Faculty of the Graduate College of the University of Okla- 
homa in partial fullfilment of the requirements for the degree of 
Doctor of Philosophy. 

t Present address: Phillips Petroleum Company, Bartlesville, 
Oklahoma. 

t Present address: Naval Ordnance Laboratory, Silver Spring, 
Maryland. 

1 Nielsen, Liang, Smith, and Smith, J. Chem. Phys. 21,383 (1953). 

2 See, in particular, Mizushima, Morino, Simanouti, and Kurani, 
J. Chem. Phys. 17, 838 (1949), and D. T. Hamilton and F. F. 
Cleveland, J. Chem. Phys. 12, 249 (1944). 

3 Lacher, McKinley, Walden, Lea, and Park, J. Am. Chem. Soc. 
71, 1334 (1949). 

4 Nielsen, Crawford, and Smith, J. Opt. Soc. Am. 37, 296 (1947). 

5 Smith, Nielsen, and Claassen, J. Chem. Phys. 18, 326 (1950). 

6K. F. W. Kohlrausch, Der Smekal-Raman-Effekt (Julius 
Springer, Leipzig, 1931). 


The infrared spectrum of CCl;CFCl. (mp 100°, 
bp 137°C) was obtained with the compound as a solid 
glass, sublimed onto a cell window and then flowed 
under pressure and at a temperature near the melting 
point to form a film of uniform thickness. The regions of 
strong absorption were also studied with the compound 
in CS: solution. The results are given in Fig. 2 and in 
Table III. The Raman data for this compound in the 
liquid state at 120°C, listed in Table IV, were obtained 
by surrounding the Raman tube by a heating coil and 
a vacuum jacket during exposure. Both samples were 
highly purified, but no quantitative information about 
their purity was available. 


INTERPRETATION 
1. CC1;CF.Cl 


This molecule undoubtedly has the symmetry C,, and 
hence eleven fundamental vibrations of symmetry 
species A’ and seven of species A’. Since no infrared 
data were obtained for the gaseous phase, the determi- 
nation of symmetry species must be based almost en- 
tirely upon depolarization ratios, Raman bands having 
depolarization ratios less than 6/7 belonging to 
species A’. 

There should be one A” fundamental and two 4’ 
fundamentals associated largely with C—F and C—C 
stretching and lying in the region from about 850 to 
1300 cm~. The depolarized Raman band at 1165 cm“ 
is undoubtedly the A” fundamental and the strong 
partly polarized band at 1029 cm one of the 4’ 
fundamentals. The band at 906 cm™, which is very 
weak in the Raman spectrum and of only medium 
intensity in the infrared, can be interpreted satisfac- 
torily as an overtone or a combination band, and its 
assignment as a fundamental would result in 4 
somewhat irregular correlation diagram. The band 
at 1111 cm™, which is somewhat stronger than the band 
at 906 cm™ in the infrared but has not been observed 
in the Raman spectrum, has therefore been assigned as 
an A’ fundamental. Since it can also be assigned as 4 
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combination band, its assignment must be regarded as TaBLe IT. Raman spectrum of CCl;CF:CI (liquid). 
tentative. 
. " - ” Wav Relativ Polari- — Exciti 
= r sat sino vig 5 : 0 : 850 cm a A and saan jaune pe ni He lines Interpretation 
ree undamentals are 
t . oe ee aeons 81 6 dp ek A” fundamental 
ty 165 12 0.8 e A’ fundamental 
TABLE I. Infrared spectrum of CCl;CF2C1 (liquid). 183 25 0.9 +e A” fundamental 
231 37 f sek A’ fundamental 
om emilee. 268 38 ; tek A” fundamental 
number tion Interpretation 298 vv ps ¢ 
331 40 , teki A’+A” fundamentals 
3318 A'+A” fundamentals = = ' tefki A’ fundamental 
rw, 8 , = ”. _ , ~ ’ 37 
aes ———<—-:CC 4458 77 tea) A’ fundamentals Cy 
4208 A’ fundamental 456 21 . s+eki A” fundamental 
444 A’ fundamental 523 5 . ek A’ fundamental 
~473 Ww 81+165+231=477 A” 598 vw e 268+331 = 599 
486 165+331=496 626.8 73 f +tefki A’ fundamental 
~513 ) 183+331=514 637 e 183+456=639 A’ 
525 A’ fundamental; 81+445=526 A’ 751 vw e 331+422 = 753 
~543 81+456=537 A’; 2X268=536 A’ 777 5 . ek A’ fundamental 
~586 ’ 165+421=586 A’ scot 1 ei 4 
600 ny 268+331=599 . A’ fundamental 
627 A’ fundamental 906 é 446+-456=902 A” 
662 . 2X331=662 1029 16 eki A’ fundamental 
675 231+-445=676 A’ 1165 8 0.88 ek A” fundamental 
~688 268+-421=689 A”; 231+456=687 A” 
165+524=689 A’ . 
~699 183+524=707 A”; 81+627=708 A” b 
751 331-4421 = 752: 231-4.524—755 A’ TABLE III. pe —— of CCl;CFCl, 
A’ fundamental; 331+-445=776 eee Soe eee 
A’+A” fundamentals 
421+456=877 a” Wave Descrip- ’ 
445+456=901 A"; 2X456=912 A’ number tion Interpretation 
81+856=937 Phage 165+776=941 A’ ~266" m A” fundamental 
231+776= 1007 A’ ~2818 m,d A’ fundamental 
ra Grannis sie 3158 A’+A” fundamentals 
456+627=1083 A”; 2314+844=1075 A” seme am 
731 +856= 1087 A’ 382* y A’ fundamental 
A’ fundamental; 268+844=1112 A’ ~3958 ‘ A” fundamental 
8141027 = 1108 A”; 331+776=1107 4078 ’ fan 
al 268 +421 +456= 1145 A’? 4388 174+265 = 439 
8) A” fundamental ~470 y 77+395=472 A’ 
metry 2627 =1254 A’; 231+1028= 1259 A’ 508 A’ tendementel 
frared aie er = 268+1028=1296 A” 532 2X 265=530 A’ 
| : =1312 A” is on '. as 
terml- 231+1111=1342 A’; 165+1164=1329 A” rom ‘ py te A — ” 
st en- y 183+1164= 1347 A’; 331+1028= 1359 619 Ww 227+395=622 A” 
. y 627+776= 1403 A’; 231+1164=1395 A” 629 2 315=630 
aving 268+1164= 1432 A’ 636 227+407 =634 A’ 
ig to 331+ 1111 = 1442; 421+ 1028 = 1449 A’ 667 f 281 4 382 = 663 A’; 2664407 =673 A” 
445+1028= 1473 A’; 627+844=1471 A” ad =676 A” 
456-+1028— , 675 281+395=676 A 
4! +1028 = 1484 A : ~691 281+407 =688 A’; 315+382=697 
NO 2X776=1552 A’; 524+1028=1552 A 75 a eae 
c-C w 456-+1164— 1620 4’ ~741 227 +507 =734 A’? 
an . +1028=1655 A’ ~773- Ow 265-+507=772 A”; 3824+395=777 A” 
0 Vw 421+456+776= 1655 A 796 A ” fundamental 
} cm vw 524+ 1164= 1688 A”; 2X844= 1688 A’ ~803 395+407 =802 A”; 77+724=801 A” 
w 844+856= 1702 A ~820 315+507 =822; 227+595=822 A” 
strong vw 627+1164=1791 A” mares ee 
a 776+.1028= 1804 A’ 847 A’ fundamental 
e = sid aa ’ 
vw 856+ 1028 = 1884 A’; 776+1111=1887 A’ a PM Powe ante 
very F 883 A” fundamental 
vw 776+1164= 1940 A 893 174+-724= 898; 382+507=889 A’ 
edium w 856+1164= 2020 A” =903 A” 
2% 1028== 2056 A’ ~905 395+507 =903 A 
tisfac- vw 81-+856-+1164=2101 A’? a anaes 
+1164= 2101 A% 957 77+883=960 A’; 227+724=951 A’ 
nd its vw 1028+1111=2139 A ae 
~969 174+796=970 
in a Pry HA pag ta ype: A” . ~990 y 265+724=989 A” 
4 vw X1111=2222 Ae 1010 2X 507 = 1014 A’; 281+724= 1005 A’ 
ban vw 81+2x1111=2303 A’? 1038 315+724= 1039 
w 2X 1164= 2328 A’ ass ’ ” 
» band . so 1072 227+847 = 1074 A’; 281+796=1079 A 
served 3X 1111=3333 A’? ” 
, . 1109 227+883 = 1110 A”; 315+796=1111; 


ned as vw 1111+2X1164=3439 A’? 265+847=1112 A” 
jas a ~1168 281+883 = 1164 A”; 315+847=1162 











“Observed with KRS-5 prism. 
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TABLE III.—Continued. 








Wave Descrip- 
number tion 


1179 382+796=1178 A” 77+1101=1178 A”; 
174+1010= 1184 
1227 382+847 = 1229 A’; 507+724=1231 A’ 
~1253 407 +847 = 1254 A’ 
1272 265-+1009 = 1274 A”; 17441101 =1275; 
395-+4+883 = 1278 A’ 
~1304 507 ++796= 1303 A” 
1351 507-+847 = 1354 A’ 
1385 281-+1101=1382 A’; 507+883= 1390 A”; 
382+ 1009 = 1391 A’ 
1418 315-+1101 = 1416; 407+1009= 1416 A’ 
~1484 382+1101 = 1483 A’ 
1513 507-+1009= 1516 A’; 407+1101=1508 A’ 
1600 724+883=1607 A”; 507+1101=1608 A’; 
2X796=1592 A’ 
1631 796-+847 = 1643 A” 
~1675 796+883=1679 A’ 
1686 2847 = 1694 A’ 
1805  w,sh  796+1009=1805 A” 
~1855 vw 847-+1009= 1856 A’ 
~1908 vw 796+1101=1897 A” 
1938 w,sh 847+1101=1948 A’ 
2000 3=w 883-+1101=1984 A”; 2X 1009=2018 A’ 
2100 m,sh  1009+1101=2110 4’ 
2180 m,sh 2X1101=2202 A’ 


Interpretation 











® Observed with KRS-S5 prism. 


TaB.eE IV. Raman spectrum of CCl;CFCl: (liquid). 








Wave 
number 


77 ~14 dp ek 
174 14 0.87 € 
227 54 0.59 sek 
265 20 0.8 
281.0 8 sh 0.17 
314 21 0.65 
381.5 71° sh 0.3 
395 ~20 dp 
407.8 75 sh 0.2 
488 vw 
505.4 100 sh 0.08 
723 vw 
797 4 0.88 
848 10 0.68 
882 15 0.59 


Depolari- Exciting 
zation Hg lines 


Relative 


intensity Interpretation 





A” fundamental 
A'+A” fundamentals 
A’ fundamental 

A” fundamental 

A’ fundamental 
A’+A” fundamentals 
A’ fundamental 

A” fundamental 

A’ fundamental 
227+265=492 A” 

A’ fundamental 

A’ fundamental 

A” fundamental 

A’ fundamental 

A” fundamental 
[382+-507=889 A’ ] 
395+507=902 A” 

A’ fundamental 

A’ fundamental 


907 vw 
1008 13 0.37 
1100 5 0.83 








largely C—Cl stretching. Although their proximity 
prevents measurement of separate depolarization ratios, 
the strong Raman band at 856 cm™ appears to be 
polarized and that at 844 cm to be depolarized. They 
are therefore interpreted as A’ and A” fundamentals, 
respectively. In the infrared these bands are not re- 
solved, but only a single broad absorption maximum is 
observed. The two other A’ fundamentals in this spec- 
tral region are readily identified with the bands at 776 
and 627 cm“. 

In the region from 300 to 600 cm™ there should lie 
four A’ and two A” fundamentals involving deforma- 
tions of the end groups of the molecule. Six Raman 
bands have been observed in this region. However, the 


SMITH, AND ALPERT’ 


sharp band at 441 cm™ lies close to the roughly three- 
times stronger band at 445 cm and probably arises 
from molecules having a Cl*’ atom in the CF,C1 group. 
Thus, there is one band too few. Either the missing 
fundamental is too weak to be observable or it overlaps 
another fundamental. It has been tentatively assumed 
that the strong band at 331 cm“, which has a rather 
high depolarization ratio, represents a superposition of 
an A’ and an A” fundamental. In the infrared spectrum 
the absorption maximum at 331 cm™ is accompanied 
by a weaker maximum at about 340 cm™ which may 
be evidence of the assumed overlapping. The bands at 
421 and 445 cm™ undoubtedly represent A’ fundamen- 
tals, while the band at 456 cm must be interpreted as 
an A” fundamental. The last A’ fundamental in this 
region has been identified with the band at 524 cm“ 
which is fairly weak in both spectra but cannot be 
interpreted as 81+-445=526 A”, since it is definitely 
polarized in the Raman spectrum. 


TABLE V. Fundamental vibration frequencies 
for CC1;CF-;CIl. 








Symmetry 


species Wave number Approximate character 





Raman Infrared 
(liquid) (liquid) 
A” 81 — 
165 — 
183 _ 
231 — 
268 — 
331 331 
422 y 420 
445.8 444 
456 456 
523 525 
626.8 627 CCI stretching 
777 775 CCI stretching 
844 847 vy CCI stretching 
856 CCI stretching 
1029 1027 CC stretching 
— 1111 CF stretching 
1165 y 1163 CF stretching 


Torsion 

CCl; rocking 

CCl; rocking 

CCl; deformation 
CF;Cl rocking 
CCl; deformations 
CCl; deformation 
CF-.Cl deformation 
CF.Cl deformation 
CF.Cl deformation 








TABLE VI. Fundamental vibration frequencies 
for CC1;CFCle. 








Symmetry 


species Wave number Approximate character 





Raman Infrared 
(liquid) (glass) 
A” 77 ee 
A'+A"” 174 — CCl; rockings 
227 — CCl; deformation 
265 CFCl,: rocking 
281.0 CFCl, rocking 
314 CCl; deformations 
381.5 CFC, deformation 
395 CFCl, deformation 
407.8 CFCl, deformation 
505.4 CCl stretching 
723 CCI stretching 
797 CCI stretching 
848 CCI stretching 
882 CCI stretching 
1008 CC stretching 
1100 CF stretching 


Torsion 














wl 


id 


lor 
of 
fo. 
an 
an 


ha 
re 


three- 
arises 
roup. 
issing 
erlaps 
jumed 
‘ather 
ion of 
ctrum 
anied 
| may 
ids at 
umen- 
ted as 
n this 

cm 
ot be 
nitely 


iracter 





ion 


‘ions 
ion 

ation 
ation 
ation 


le i Mie ie) 


iracter 


ES 


‘ion 


] 
ions 
ation 
ation 
ation 


i i i i die) 








RAMAN SPECTRA OF CC1;CF:CIl AND CC1;CFCl, 
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Wave Numbers in cm-! 
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Fic. 1. Infrared spectrum of liquid CCl;CF2ClI at 50°C. 


The remaining two A’ and three A” fundamentals, 
which must involve largely rocking and torsion, are 
identified with the observed Raman bands at 268, 231, 
183, 165, and 81 cm™. That at 231 cm™ definitely be- 
longs to A’ and those at 268 and 81 cm to A”’. Because 
of their proximity, the measured depolarization ratios 
for the bands at 183 and 165 cm~ are not very accurate, 
and it is not quite certain which of them belongs to A’ 
and which to A”. 

The fundamentals assigned for CCl;CF.Cl are listed 
in Table V. On the basis of these fundamentals, it 
has been possible to interpret all of the observed infra- 
ted bands and all but one very faint Raman band. These 


interpretations are given in the last columns of Tables 
I and II. 


2. CCl1;CFCI; 


This molecule also has the symmetry C, and hence 
eleven A’ and seven A” fundamentals. The two highest 
Raman frequencies, 1100 and 1008 cm“, and their very 
strong infrared counterparts, undoubtedly represent A’ 
fundamentals involving C—F and C—C stretching. 
The high depolarization ratio observed for the former 
probably results from overlapping with three binary 
combination bands of species A”. In the infrared spec- 
trum the presence of these bands is indicated by a 
shoulder. 
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Fic. 2. Infrared spectrum of CCl;CFCl: as solid (glass) and in CS: solution. 
364.¢ 
The bands at 883, 847, 796, 724, and 507 cm must fundamentals. The former appears actually as an unre- (bp) 
also be interpreted as fundamentals. They correspond solved doublet, and the latter has a rather high de- 
to mucions that are largely C—Cl stretching. The band polarization ratio. An alternative to the assumption 
at 796 cm- definitely belongs to A”. The other A” that 314 represents two fundamentals would be the 400 


assignment of the weak infrared band at 342 cm™ as an 
A" fundamental. However, this band can be interpreted 
as 77+265=342 A’ or as 2X174=348 A’. The assign- 
ment of species for the remaining fundamentals in this 500 
region represents no difficulty. 
The fundamental vibration frequencies assigned for 


fundamental in this region must then be either 883 or 
847. The former has been chosen, since that makes the 
correlation diagram more regular, and since its low 
depolarization ratio can be explained by overlapping 
with 382+ 507= 889 A’. 








So as to assign all of the fundamentals associated with 
deformation, rocking, and twisting of the molecule it has 
been assumed that each of the Raman bands at 174 and 
314 cm™ represents a superposition of A’ and A” 


the CCl;CFCl, molecule are listed in Table VI. On the 
basis of these fundamentals all observed infrared and 
Raman bands have been interpreted. The interpreta- 
tions are listed in the last columns ef Tables III and IV. 
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RAMAN SPECTRA OF CCI1;CF:2Cl AND CCI1;CFCl; 
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Fic. 3. Fundamental vibration frequencies of CCl;CF3;, CCl;CF2Cl, CCl;CFCl2, and CCl;CCls. 


TaBLE VII. Calculated thermodynamic functions for CCl;CF2Cl 
at one atmosphere (in cal/deg mole). 


TABLE VIII. Calculated thermodynamic functions for CCl;CFCl, 
at one atmosphere (in cal/deg mole). 




















T°K (H® —Ho°) /T Cp so — (F° —Ho°)/T Tx (H® —Ho°) /T Cp® so — (F® —Ho°)/T 
Tr+Rot 7.949 7.949 68.796 60.847 Tr+Rot 7.949 7.949 69.433 61.484 
Vib 5.870 13.644 8.674 2.804 Vib 6.512 15.487 9.766 3.254 
200 Tor 1.464 1.932 3.088 1.624 200 Tor 1.487 1.937 3.186 1.699 
Total 15.28 23.52 80.56 65.28 Total 15.95 25.37 82.38 66.44 
Tr+Rot 7.949 7.949 71.969 64.020 Tr+Rot 7.949 7.949 72.602 64.653 
Vib 9.270 19.488 15.012 5.742 Vib 10.468 21.164 16.971 6.503 
298.16 Tor 1.624 1.962 3.867 2.243 298.16 Tor 1.641 1.964 3.966 2.325 
Total 18.84 29.40 90.85 72.00 Total 20.06 31.08 93.54 73.48 
Tr+Rot 7.949 7.949 72.360 64.411 Tr+Rot 7.949 7.949 74.391 66.442 
Vib 9.782 20.214 15.996 6.214 Vib 12.933 24.139 22.177 9.244 
313.16 Tor 1.642 1.964 3.965 2.323 373.16 Tor 1.707 1.973 4.409 2.702 
(mp) Total 19.37 30.13 92.32 72.95 (mp) Total 22.59 34.06 100.98 78.39 
Tr+Rot 7.949 7.949 73.570 65.621 Tr+Rot 7.949 7.949 75.142 67.194 
Vib 11.443 22.404 19.316 7.873 Vib 13.997 25.307 24.514 10.517 
364.66 Tor 1.687 1.970 4.264 2.577 410.16 Tor 1.731 1.975 4.595 2.864 
(bp) Total 21.08 32.32 97.15 76.07 (bp) Total 23.68 35.23 104.25 80.58 
Tr+Rot 7.949 7.949 74.305 66.356 Tr+Rot 7.949 7.949 76.716 68.768 
Vib 12.439 23.626 21.369 8.930 Vib 16.229. 27.417 29.739 13.510 
400 Tor 1.712 1.973 4.445 2.733 500 Tor 1.775 1.979 4.987 3.212 
Total 22.10 33.55 100.12 78.02 Total 25.95 37.34 111.44 85.49 
Tr+Rot 7.949 7.949 76.079 68.130 Tr+Rot 7.949 7.949 78.166 70.217 
Vib 14.965 26.332 26.952 11.987 Vib 18.037 29.022 34.690 16.653 
500 Tor 1.765 1.978 4.887 3.122 600 Tor 1.809 1.982 5.347 3.538 
Total 24.68 36.26 107.92 83.24 Total 27.80 38.95 118.20 90.41 
Tr+Rot 7.949 7.949 77.528 69.579 Tr+Rot 7.949 7.949 79.391 71.442 
Vib 16.970 28.107 31.873 14.903 Vib 19.860 30.096 39.452 19.592 
600 Tor 1.800 1.981 5.247 3.441 700 Tor 1.834 1.983 5.653 3.819 
Total 26.72 38.04 114.65 87.93 Total 29.64 40.03 124.50 94.85 
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DISCUSSION 


The assigned fundamental vibration frequencies for 
CCI;CF.Cl and CCl;CFCl; are correlated with the pre- 
viously assigned fundamentals of CCl;CF; and C2Cle in 
Fig. 3. Solid vertical lines denote infrared bands, broken 
vertical lines Raman bands. Dash-dotted lines indicate 
frequencies inferred from overtone or combination 
bands but not observed directly. Coincident infrared 
and Raman frequencies are shown by slightly separated 
lines. The height of each vertical line roughly indicates 
the band intensity. Corresponding totally-symmetric 
fundamentals of the different molecules are joined by 
slanting solid lines, and other corresponding funda- 
mentals by broken lines. No solid lines may cross, and 
no broken lines may cross. For this reason such a corre- 
lation diagram is more useful than one connecting corre- 
sponding “group frequencies.” 

The regularity of the correlation diagram supports 
the assignments made. As already mentioned, the high- 
est A’ fundamental for CCl;CF.Cl is somewhat uncer- 
tain, as are the species of the fundamentals 165 and 183 
and the assumption that 331 is double. For CCl;CFCl: 
similar uncertainties exist for the frequencies 883, 847, 
314, and 174 cm™. 

One Raman band of CCl;CF2Cl remains uninter- 
preted and may be caused by an impurity. Eight of the 
62 infrared absorption maxima observed for this com- 
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pound are interpreted as ternary combination bands, 
Because of the considerable density with which such 
combinations are distributed over most of the frequency 
range and their generally low intensities, these interpre- 
tations are open to some doubt. For CCl;CFCl, the 
interpretation of the spectra is entirely satisfactory. 


CALCULATED THERMODYNAMIC FUNCTIONS 


Assuming the distance C—C 1.54, C—F 1.37, and 
C—Cl 1.77A, and tetrahedral angles, we obtain the 
following principal moments of inertia: for CCl;CF,C] 
687.4, 906.6 and 950.6 10-® g cm?, and for CCl;CFCl, 
823.8, 971.6 and 1118.8K10-* g cm’. From these data 
and the fundamental frequencies listed in Tables III 
and VI the heat capacity, entropy, Gibbs free-energy 
function, and heat-content function have been calcu- 
lated for these compounds as ideal gases at one at- 
mosphere and at different temperatures. The torsional 
oscillation, or lowest A’ fundamental, has been treated 
as an ordinary vibration, since the potential barrier 
opposing internal rotation is very high for these mole- 
cules. The calculated thermodynamic functions are 
listed in Tables VII and VIII. No calorimetric data ap- 
pear to be available with which to compare these results. 

The writers wish to express their indebtedness to 
General Chemical Division, Allied Chemical and Dye 
Corporation, and to E. I. duPont de Nemours and 
Company, Inc., for the gift of the samples. 
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The Infrared Spectrum of Fluoroform from 2.2 to 20u* 
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The absorption spectrum of fluoroform has been investigated with a Perkin-Elmer double-pass spectrom- 
eter from 2.2 to 20u. The resolution is sufficient to make possible an unequivocal assignment of all six 
fundamentals on the basis of the observed band envelopes. An anomaly is found in the symmetrical C-F 
stretching vibration; on the evidence now available this vibration should be assigned to the parallel band 
at 1209.3 cm~ in the infrared (vapor) and to the polarized Raman line (liquid) at 1117 cm™. Overtone and 
combination bands measured include the A; and E components of the second harmonic of each of the three 
degenerate fundamentals. The separation of the maxima of the P and R branches of the parallel bands is 
discussed in relation to the theory of Gerhard and Dennison. 





N connection with some high resolution work on the 

overtones of fluoroform in this laboratory it was 
considered advisable to re-examine the fundamentals. 
Previous infrared work! indicated doubt as to the 
character of the two of lowest frequency and the value 
of the frequency of the symmetrical C-F stretching 
vibration. This study was carried out on the new double- 
pass Perkin-Elmer spectrometer, made available re- 
cently, which has considerably more resolving power 
than the Model 12-C. Measurements were made with 
LiF, NaCl, and KBr prisms, and the frequencies deter- 
mined from calibration curves made from the spectra 
of CH,g, HBr, CO, H.O, NHs, and CH;0OH. Two differ- 
ent samples of the vapor were studied in a 10-cm cell, 
the pressures ranging from atmospheric down to low 
enough values to make use of the full. resolving power 
of the spectrometer. While this instrument is not cap- 
pable of resolving the rotational structure of a molecule 
with moments of inertia such as those of fluoroform, the 
envelopes of the bands for the six fundamentals, as well 
as those of a number of combinations and overtones, 
are clearly distinguished. 


DISCUSSION OF THE FUNDAMENTALS 


The fluoroform molecule, being a symmetric top of 
symmetry C3,, has six fundamental modes of vibration 
represented by three parallel and three perpendicular 
type bands all of which are both infrared and Raman 
active.’ A trace of the infrared spectrum for the region 
2.2 to 20u is given in Fig. 1, and the wave numbers and 
assignments of the bands are given in Table I. The three 
perpendicular fundamentals (species £) at 1375, 1152.0, 
and 507.6 cm™ are seen to have a very simple form 
consisting only of a strong central absorption maximum. 
The various sub-bands, corresponding to different 
values of the quantum number K, which have been 

* This research was assisted by support from the U. S. Office of 
Naval Research. ; 

‘H. J. Bernstein and G. Herzberg, J. Chem. Phys. 16, 30 (1948) 
(reporting the unpublished measurements of the fluoroform 
fundamentals of W. C. Price). 

*E. K. Plyler and W. S. Benedict, J. Research Natl. Bur. 
Standards 47, 202 (1951). 


°G. Herzberg, Infrared and Raman S pectra of Polyatomic 
Molecules (D. Van Nostrand Company, Inc., New York, 1945). 


resolved in many other molecules of this symmetry 
class, are here so overlapped that they cannot be 
separated even by a spectrograph of much higher resolv- 
power than the one employed in this work. 

The other three fundamentals at 3035.0, 1209.3, and 
699.2 cm™ all exhibit the P, Q, R structure found in 
bands of species A; of the C3, symmetric tops. The high 
frequency vibration representing the C-H symmetrical 
stretching mode is observed to have what appears to be 
a superfluous Q branch at 3042.0 cm~. While this 3042 
cm band should probably be ascribed to an impurity 
since no combination of the other fundamentals seems 
capable of yielding a band of this frequency, still it 
occurs in both samples, remains strong at low vapor 
pressure with only a 10-cm path, and does not appear 
to be found in the other freons. It may be noted that the 
Q branch of the 3035 cm™ band has a sharp edge on the 
short-wavelength side as has been found in both the first 
and second overtones, while the 3042 cm™ band is sharp 
on the long-wavelength side. The low frequency funda- 
mental at 699.2 cm shows the same separation between 
the maxima of the P and R branches, about 37 cm™, as 
the high frequency one. The P branch is somewhat 
distorted by atmospheric absorption. The intermediate 
frequency fundamental of the parallel type at 1209.3 
cm is partly covered by the very strong perpendicular 
band at 1152.0 cm™. However, the R and Q branches are 
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Fic. 1. Infrared absorption spectrum of CF;H from 500 to 4430 
cm™ at various vapor pressures. Bands distorted by atmospheric 
absorption are indicated by dotted lines. 
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well resolved, the separation of these two being about 
16 cm“. 

As mentioned above, there has been some question 
about the assignment of the symmetrical and the 
degenerate CF; deformation vibrations. The band here 
measured at 699.2 cm™ has a sharp Q branch with 
prominent P and R branches, while the one at 507.6 
cm~ has only a central maximum which although not 
very broad is definitely not sharp on either side. Thus 
there can be no question that these are, respectively, 
parallel and perpendicular bands of species a, and 
species e. This evidence agrees with the polarization 
data‘ of Rank, Shull, and Pace who report a partly 
polarized line at 697 and a depolarized one at 508 cm. 
A comparison of the infrared and Raman® measurements 
for all six fundamentals is given in Table II. 


TABLE I. Infrared spectrum of fluoroform from 2.2 to 20u. 








Pyac (calc)> 
em" 
4410 
4187 


Band type 
and intensity* 


¥yac (obs) 
cm"! 
4400 oh. 


4189 
4177 


3440 3¥5 
3410 i v3t+2y,4 
3054.5 
3035.0 
3017.3 
3042.0 
2754.4 
2729.2 
2710.5 
2692.9 
2519.8 
2318 
2305 
2294.4 
2287.4 
2283.2 
2276.7 
1849 
1654°¢ 
1385°¢ 
1375¢ 
1225.6 
1209.3 
1185 
1152.0 
1015.2 
977.8 
972.4 
967.6 
719.5 
699.2 
680° 
672.6 
507.6 


Assignment Species 
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* Abbreviations R, 0, P denote envelopes of R, Q, P branches of parallel 
bands. . =perpendicular band, sh =shoulder, v.s., s., m., w., v.w. =Vvery 
strong, strong, medium, weak, very weak, respectively. 

> Neglecting effect of anharmonicity. 

¢ Band obscured or distorted by atmospheric absorption. 


‘ Rank, Shull, and Pace, J. Chem. Phys. 18, 885 (1950). 

* Earlier Raman wave-number measurements without polari- 
zation data were made by G. Glockler and W. F. Edgell, J. Chem. 
Phys. 9, 224 (1941). 


a. D. RIX 


Concerning the C-F stretching vibrations there is 
still a serious difficulty. While the infrared shows a 
parallel band of medium intensity at 1209.3 cm, in 
which the Q branch is sharp and moderately strong, the 
Raman work shows a very strong, partly polarized line 
presumably representing the same vibration at 1117 
cm~!. Similarly the strongest band of the infrared 
system at 1152.0 cm“ is clearly a perpendicular band, 
while there is a weak depolarized Raman line at 1160 
cm~!. On the basis of the band envelope, polarization, 
and relative intensity data it would appear that »; is 
92 cm higher in the infrared (vapor) than in the 
Raman (liquid) spectrum, while », is 8 cm™ lower; 
moreover, v; would be of higher frequency than vy, in the 
infrared but lower in the Raman. The explanation 
previously advanced?* to resolve this difficulty that 
the 1209 cm™ band is a combination of v3+-¢ is now 
seen to be untenable, as that combination would be of 
species E (it is apparently found in the infrared spec- 
trum as a shoulder on » at 1185 cm~), but the present 
study shows the 1209 cm~ band to be of species A. Also 
no other combination of species A should occur in this 
region. Further support for this infrared assignment 
can be found in the infrared spectrum of methy] fluoro- 
form® in which the corresponding C-F stretching vibra- 
tions are assigned to the 1281(a;) and 1234(e) cm™ 
bands, the envelopes of which clearly mark them, 
respectively, as parallel and perpendicular bands. 

Owing to the strongly electronegative character of 
the fluorine atom, frequency shifts in the liquid phase 
are to be anticipated. Thus the C-H stretching fre- 
quency for fluoroform is 27 cm™ higher in the Raman 
(liquid) spectrum than in the infrared. As another 
example of such a shift may be mentioned the symme- 
trical C-F stretching frequency in difluoromethane, 
which is observed’ at 1116 cm™ in the infrared and 
1078 cm™ in the Raman.‘ If the magnitude of these 
shifts may be expected to increase with the number of 
fluorine atoms in the molecule, a shift of appreciably 
more than the 38 cm~ observed in difluoromethane for 
the vibration in question should certainly be possible 
in fluoroform. Unless evidence to the contrary is ob- 
tained from a Raman spectrum taken in the vapor 
phase, it would seem that it is in this direction one 
should look for an explanation of the present anomalies 
in the infrared and Raman spectra of fluoroform. 


OVERTONE AND COMBINATION BANDS 


In the spectral region investigated in this study a 
number of overtone and combination bands could be 
identified using only a 10-cm absorption path. The first 
overtones of the perpendicular fundamentals should 
each be represented by two components, one perpen- 
dicular and one parallel. The perpendicular component 
for 2v, appears at 2754.4 cm~, the Q branch of the 
parallel component at 2710.5 cm7. The separation of 


6 Cowan, Herzberg, and Sinha, J. Chem. Phys. 18, 1538 (1950). 
7H. B. Stewart and H. H. Nielsen, Phys. Rev. 75, 640 (1949). 
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TABLE II. Fundamentals of fluoroform. 








Infrared (vapor) Raman (liquid) 





Plyler and Present Glockler and Rank, Shull, 
Vibration Assignment Price Benedict work Edgell and Pace 
Symmetric C-H stretching vi (a1) 3035.6 3031 3035.0 3062.0 3062 pol. ° 
Symmetric C-F stretching v2(ai) 1209 (1150?)> 1209.3 1116.5 1117 p.pol. 
Symmetric CF; deformation v3(d1) 703.2 700 699.2 696.7 697 p.pol. 
Degenerate C-H bending v4(e) 1351.5 1372 1375 1376.2 1376 dep. 
Degenerate C-F stretching v5(e) 1152.4 1152 1152.0 936.8" 1160 dep. 
Degenerate CF; deformation ve(e) 509.4 507 507.6 508.1 508 dep. 








® This line is apparently due to an impurity. The authors did not observe the weak line at 1160 cm™, which shows up clearly in the polarization plates 
of Rank, Shull, and Pace but is barely resolved from the heavy 1117 cm™ line on the ordinary Raman plate. 
b This is a hypothetical band presumed to be covered by the strong band at 1152 cm™. The authors report a band at 1206 cm™ which they assign to 


ute. , 
¢ pol. = polarized, p.pol. =partly polarized, dep. =depolarized. 


the maxima of the P and R branches of the parallel 
component is about 36 cm, close to the corresponding 
separations for the fundamental bands of the parallel 
type. The two components of 276 are likewise clearly 
resolved, and the separation of the perpendicular 
component from the Q branch of the parallel component, 
42.8 cm™, is about the same as for 274. However, in this 
band the P and R branch maxima are only about 10 
cm~! apart. For 2»; the structure is less clearly resolved. 
What appears to be the Q branch of the parallel com- 
ponent is the central peak of the strong band at 2283.2 
cm-! which has partially resolved shoulders with a 
separation of about 10 cm™ that might be the P and R 
branch maxima. In this same region are absorption 
peaks of medium intensity at 2318 and 2294 cm™ with 
a weak band between them at 2305 cm™. One of these, 
probably the one at 2294 cm™, must be the perpen- 
dicular component of 2»;, while the one at 2318 cm™ is 
possibly v2+ v5, and the weak band between them could 
be the difference band »;— 3. 

In the shortest-wavelength region investigated in this 
study there is a weak perpendicular band at 4400 cm“, 
which is »;+- v4. Below this is a double-headed band with 
peaks at 4189 and 4177 cm™ representing »;+»;. The 
presence of two maxima here may arise from the 3042 
cm band described above. Below the region of intense 
atmospheric absorption are two weak bands at 3440 and 
3410 cm= which may be due to v3+2»4 and to 35 
respectively, the resolution being too low to determine 
the character of the bands from their envelopes. A band 
of medium intensity at 2519.8 cm™ is the combination 
%s+s5. The short-wavelength side of this band is sharp, 
but there is no resolution of the components for the 
A, and E states. The combination v3+ 5 gives rise to a 
clear-cut perpendicular band at 1849 cm~. In the region 
of strong H,O absorption below this there is a band 
which should represent the A; and E states of vs+y.. 
Beneath the overlapping water vapor band there is some 
suggestion of the two components expected, but there is 


nothing definite enough for accurate measurement. 
Finally, at 672.6 cm™ there is a weak absorption peak 
which is probably the difference band 2»;— 3. 


MOMENTS OF INERTIA 


A theoretical treatment of the relation between the 
separation of the maxima of the P and R branches and 
the moments of inertia of symmetric top molecules by 
Gerhard and Dennison® showed the separation of the 
maxima to be given by 


Av= (S/cr)(kT/Tp)', 


where S is a function that varies from about 1.55 for a 
disk-shaped molecule to 1.0 for the limiting case of a 
linear molecule (infinitely thin spindle). This theory 
yields moderately good results for the prolate tops such 
as the methyl! halides, for which the variation of S with 
the ratio of the two unequal moments of inertia is small, 
permitting the calculation of the moment J¢ about the 
figure axis when the other moment /, is known. For the 
oblate tops such as fluoroform, however, the function S 
varies quite rapidly with the ratio of the two moments. 
Substituting the measured value! of Jz, 81.08K10-" g 
cm*, in the above equation along with an average value 
of Av for fluoroform of 37 cm=', one obtains a value of 
I¢ of about 372K10-” g cm’, although the presumed 
value of Jc from the known bond distances and angles 
is of the order of 150X10-“ g cm*. Inasmuch as a 
separation of 35 cm™ would give I¢ as 130K10™, it is 
apparent that measurements of this type cannot 
provide reliable information about the moments of 
inertia of oblate tops, since the uncertainty of the 
measurement is at least one or two wave numbers. 

Acknowledgments are due Dr. W. H. Pearlson of the 
Minnesota Mining and Manufacturing Company and 
Dr. R. C. McHarness of the Jackson Laboratory for 
making available the samples of fluoroform. 


8S. L. Gerhard and D. M. Dennison, Phys. Rev. 43, 197 
(1933). 
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A model is presented which describes the geometrical effects in the radiolysis of water as a result of the 
diffusion of free radicals. The motion of secondary electrons immediately following the passage of the ionizing 
particle is discussed in an appendix, and it is concluded that radicals are most likely formed in pairs at the 
approximate sites of the original ionizations. Models for the diffusion of these radicals are shown to result in a 
definite fraction of radicals which undergo initial recombination for gamma- and fast beta-rays, for which the 
spurs are considered as diffusing independently. For alpha-rays a connected-track model is used. For the 
intermediate case of tritium beta-rays, a two-stage model is constructed. In each case the comparative yields 
of the “forward” and “radical” reactions (Gr and Gp) are calculated. Subsequent chemical effects in pure 


water and solutions are also considered briefly. 





N the first paper of this series,’ the importance of 
track effects and spatial inhomogeneity in the con- 
sideration of radiation chemical reactions was pointed 
out. In this paper we construct, in some detail, a model 
to describe the effects in the radiolysis of water which 
may be ascribed to geometrical inhomogeneity. 

After an ionizing particle passes through water, an 
initial pattern of ionizations is obtained. Only an ap- 
proximately quantitative description of this pattern is 
possible at present, and the details are conveniently 
summarized by Lea.” Along the more or less rectilinear 
path of the ionizing particle, primary ionization events 
are separated by an average distance d which is a func- 
tion of the velocity of the ionizing particle. Secondary 
ionizations occur within a few angstrom units of the 
primary events. A group of ionizations corresponding to 
one primary ionization, which may contain one or more 
ion pairs, may be designated a spur.* There are also ex- 
cited molecules, both in the spurs and between them, 
probably one or more per ion. The distance d is of the 
order of thousands of angstroms for fast electrons (for 
example, it averages about 4600A for 450-kev electrons) 
and the spurs corresponding to the individual primary 
ionizations may be considered as isolated phenomena in 
the first stages of their development. In the case of 
alpha-particles, d is much smaller (about 9A for 6-Mev 
particles) and the spurs will overlap from the moment of 
formation. Slow electrons (for example, tritium beta- 
rays) constitute an intermediate case. 

* Condensed from a dissertation presented by Aryeh H. Samuel 


as partial fulfillment of requirements for the degree of Doctor of 
Philosophy at the University of Notre Dame. 


TA contribution from the Radiation Project of the University. 


of Notre Dame, supported in part by the U. S. Atomic Energy 
Commission under contract AT (11-1)-38. 

1J. L. Magee, J. Am. Chem. Soc. 73, 3270 (1951). 

2D. E. Lea, Actions of Radiations on Living Cells (Cambridge 
University Press, Cambridge, 1947), pp. 1-68. 

*Our term “spur” corresponds to the “cluster” in the termi- 
nology of E. Kara-Michailova and D. E. Lea, Proc. Cambridge 
Phil. Soc. 36, 101 (1940). We have preferred to use the term “spur” 
in order to avoid confusion with the cluster theory of Lind, The 
Chemical Effects of Alpha-Particles and Electrons (Reinhold 
Publishing Company, New York, 1935). The term also corresponds 
to the “hot spot” of Allen, Disc. Faraday Soc. 12, 79 (1952), 
but not to the “hot spot” term used by that author in J. Phys. & 
Colloid Chem. 52, 479 (1948). 


It has been generally assumed that the ions which are 
formed initially in water are transformed into radicals.* 
For reasons which are given in the Appendix, it appears 
probable that the H and OH radicals are formed in close 
proximity, most likely from a highly excited water 
molecule. Thus, after a time interval of the order of 10-" 
seconds (see Appendix) after the passage of the ionizing 
particle, the spur consists of an equal number of H and 
OH radicals. One expects that these radicals should have 
a finite probability of combining chemically to form Hy, 
H,O., and H:0 while the spur is dissipated by diffusion. 


THE “FORWARD” AND “RADICAL” REACTIONS 


Experimentalists*-* have distinguished between two 
initial reactions in the radiolysis of water: the initial 
formation of product molecules, which is known as the 
“forward” reaction (Ff), and the initial formation of 
radicals, the ‘‘radical’’ reaction (R), 


(F) H,O—3H.+ +H.O2, 
(R) H.O>-H-+4OH. 


The relative yields of these reactions have also been 
determined. The fraction of chemically detectable radi- 
cals which undergo the forward reaction is given by 
Gr/(Gr+Gpr); and the experimental values of this 
quantity for gamma-rays are 0.21 (Hart) and 0.25 
(Hochanadel). 


DIFFUSION MODEL FOR A SPUR 


Although it is not clear a@ priori that all chemical 
effects in the radiolysis of water are due to H and OH 
radicals, it would appear that reactions of these radicals 
have all the features necessary to explain the observed 
phenomena. We have, therefore, attempted to construct 
a detailed theory which involves only H and OH 
radicals.’ We are neglecting the possibility of significant 

4 J. Weiss, Nature 153, 748 (1944). 

5A. O. Allen, J. Phys. & Colloid Chem. 52, 479 (1948). 

6. J. Hart, J. Phys. Chem. 56, 594 (1952). 

7C. J. Hochanadel, J. Phys, Chem. 56, 587 (1952). 

8 Allen, Hochanadel, Ghormley, and Davis, J. Phys. Chem. 56, 
575 (1952). 


® A qualitative description along the same lines has already been 
given by A. O. Allen, Disc. Faraday Soc. 12, 79 (1952). 
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THEORY OF TRACK EFFECTS 


IN RADIOLYSIS OF WATER 


TABLE I. Probability of undergoing the radical reaction for different values of No and x. 








x =0.01 0.05 0.10 0.15 


0.20 0.25 0.30 0.50 





0.9922 0.9025 0.9291 0.8991 
0.9815 0.9149 0.8452 0.7871 
0.9733 0.8805 0.7888 0.7162 
0.9663 0.8526 0.7455 0.6629 
0.9600 0.8289 0.7101 0.6230 


0.6802 
0.6543 
0.6304 
0.6111 
0.5926 


0.5891 
0.5566 
0.5346 
0.5140 
0.4947 


0.4774 
0.4618 
0.4476 
0.4345 
0.4225 


0.8079 
0.7893 
0.7715 
0.7569 
0.7425 


0.9543 
0.9501 
0.9437 
0.9392 
0.9348 


0.5760 
0.5606 
0.5464 
0.5334 
0.5212 


0.7292 
0.7165 
0.7050 
0.6941 
0.6835 


0.9304 
0.9261 
0.9223 
0.9186 
0.9146 


0.5099 
0.4992 
0.4892 
0.4797 
0.4708 


0.4115 
0.4011 
0.3915 
0.3825 
0.3740 


0.6736 
0.6644 
0.6552 
0.6468 
0.6385 


0.9110 
0.9077 
0.9041 
0.9007 
0.8978 


0.8720 0.8474 0.8252 0.7533 
0.7379 0.6958 0.6594 0.5523 
0.6574 0.6089 0.5679 0.4540 
0.6002 0.5487 0.5063 0.3924 
0.5562 0.5035 0.4608 0.3492 


0.4677 0.4253 0.3166 
0.4384 0.3966 0.2911 
0.4127 0.3716 0.2695 
0.3927 0.3523 0.2530 
0.3744 0.3347 0.2383 


0.5208 
0.4913 
0.4652 
0.4446 
0.4256 


0.3581 
0.3437 
0.3308 
0.3191 
0.3085 


0.3193 
0.3056 
0.2935 
0.2825 
0.2726 


0.2635 
0.2552 
0.2475 
0.2405 


0.2256 
0.2146 
0.2048 
0.1961 
0.1883 


0.1812 
0.1748 
0.1690 
0.1636 


0.4087 
0.3935 
0.3799 
0.3675 
0.3562 


0.2987 
0.2898 
0.2815 
0.2752 
0.2667 


0.3457 
0.3362 
0.3271 
0.3188 
0.3111 








contribution by several other chemical species’ and 
excitons, although in special cases this may not be 
justified. 

We consider first the diffusion of a single spur. Let the 
distribution of radicals in the spur be random, and let 
the normalized probability function for finding a radical 
in a volume element at distance r from the center of the 
spur correspond to a spherically symmetrical dis- 


tribution, 
3 


B' 
o(r)=— exp(— Fr’), (1) 


where 8 is a time-dependent variable giving the extent of 


diffusion : ‘ 
2= ——__.. 2 
Lo(t+7) @) 


8 has the dimensions of length and is equal to the 
mean distance of the radicals from the center of the spur 
multiplied by a factor of +}/2=0.886. We define 7=8—. 
v is the velocity of the radicals and LZ their mean free 
path. At =0, *=(Lvr)?, and the fictitious time 7 is 
equivalent to the time, it would have taken the spur to 
reach its initial distribution, if it had expanded from a 
point. 

In a volume element dV the probability of finding 
two radicals is V(N—1)¢?(dV)? (where JN is the total 
number of radicals in the spur), and the probability of 
their colliding is ov/dV times this value (¢ is the 
collision cross section), so that 


oa p§ 
—dN/dt=ovN (N— 1) f #av=oon vf je 
0 


-exp(—26°r")-4ar’dr, (3) 


” See, for instance, M. Haissinsky and M. Lefort, Compt. rend. 
230, 1156 (1950). 


—dN/dt=018*N (N—1)/ (82°)! 
ovN (N—1) 
~ (8n*)[Lo(t+7) 


It is true that a distribution function of the type used 
would only be strictly maintained, if there were no loss 
of radicals by combination. However, we believe that 
the results of this treatment will be essentially correct in 
spite of this defect. 

Separating the variables and integrating from /=0, 
N= No to {= 0 ; N= Na, 


1— (1/No) o o 
n = = " 
1—(1/N.) (2n*L*vr)} v2riL, 








(5) 


If the initial volume of the spur is directly pro- 
portional to the initial number of radicals, 


To= 7o’N oi}. (6) 


The quantity o/(2n*)!Li’, appears as an important 
parameter and will be designated as x. 


1 
No /No= 5 . (7) 
No- (No— 1) exp(— xNo-) 





This result means that for a group of radicals in a 
spherical spur diffusing into three-dimensional space, a 
certain fraction will escape and remain uncombined. 
This separation into combined radicals and escaped 
radicals is just what is needed for explanation of the 
forward and radical reactions. The yield of the radical 
reaction in terms of the initial number of radicals 
formed is given in the present model by the number 
N./No in Eq. (7). The corresponding yield of the 
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TABLE II. Probability of undergoing the forward reaction for different values of No and x. 








x =0.01 0.05 0.10 0.15 


0.20 0.25 0.30 0.50 1.00 





0.0710 
0.1135 
0.1445 
0.1676 


0.1868 
0.2046 
0.2172 
0.2287 
0.2394 


0.2489 
0.2574 
0.2651 
0.2723 
0.2788 


0.2848 
0.2904 
0.2956 
0.3004 
0.3050 


0.0516 
0.0845 
0.1091 
0.1283 


0.1454 
0.1596 
0.1725 
0.1830 
0.1930 


0.0284 
0.0478 
0.0632 
0.0760 


0.0873 
0.0972 
0.1066 
0.1144 
0.1220 


0.0062 
0.0107 
0.0144 
0.0178 


0.0208 
0.0230 
0.0263 
0.0286 
0.0309 


0.0331 
0.0353 
0.0373 
0.0392 
0.0412 


0.0431 
0.0448 
0.0466 
0.0483 
0.0498 


0.2019 
0.2101 
0.2177 
0.2247 
0.2311 


0.1290 
0.1356 
0.1416 
0.1473 
0.1528 


0.1579 
0.1627 
0.1674 
0.1718 
0.1761 


0.2371 
0.2428 
0.2481 
0.2531 
0.2578 


0.1946 
0.2716 
0.3144 
0.3421 


0.3616 
0.3763 
0.3880 
0.3970 
0.4046 


0.4110 
0.4165 
0.4212 
0.4254 
0.4290 


0.4322 
0.4352 
0.4378 
0.4401 
0.4425 


0.1492 
0.2184 
0.2604 
0.2892 


0.3106 
0.3272 
0.3409 
0.3515 
0.3608 


0.3688 
0.3756 
0.3817 
0.3871 
0.3919 


0.3962 
0.4001 
0.4036 
0.4070 
0.4099 


0.1135 
0.1728 
0.2116 
0.2396 


0.1014 
0.1564 
0.1934 
0.2207 


0.2420 
0.2592 
0.2741 
0.2854 
0.2963 


0.3057 
0.3139 
0.3212 
0.3278 
0.3333 


0.3393 
0.3443 
0.3490 
0.3526 
0.3572 


0.0874 
0.1370 
0.1713 
0.1973 


0.2178 
0.2348 
0.2498 
0.2614 
0.2721 


0.2816 
0.2901 
0.2976 
0.3045 
0.3108 


0.3166 
0.3218 
0.3268 
0.3314 
0.3356 


0.2612 
0.2785 
0.2933 
0.3048 
0.3151 


0.3241 
0.3321 
0.3391 
0.3455 
0.3512 


0.3564 
0.3611 
0.3655 
0.3695 
0.3732 








forward reaction is then given by 
(1—N2/No)(2N0—1)/(No—1), (8) 


allowance having been made for the occurrence of the 


reaction 
H+OH—H.0. 


CALCULATED Gr/(Gr+Gr) FOR GAMMA- AND 
FAST BETA-RAYS 


Since the spurs, in the case of gamma- and fast beta- 
rays, are separated by distances which are so large that 
this initial combination process will be completed before 
they merge, it should be possible to compare the yields of 
the forward and radical reactions on the basis of 
formulas 7 and 8. In this connection it should be noted 
that the greatest part of the. combination takes 
place during the earliest period of the diffusion; at 
*#= 1007.(V = 10°V,) the process is practically complete. 

The yields of both reactions are functions of the spur 
size No, and it is therefore necessary to have the spur 
size distribution. For convenience the distribution has 
been taken in the analytical form 


f(No) =0.65 exp(— 0/4), (9) 


where 0.65 is a normalization factor. This curve agrees 
with the experimental results of Wilson" for ionization 
frequency within their limits of error. This distribution 
corresponds to an average spur size of 2.54 radical pairs 
per primary ionization.” 


1 C, T. R. Wilson, Proc. Roy. Soc. (London) A104, 192 (1923). 
See also W. J. Beekman, Physica 15, 327 (1949). 

2 This value is rather lower than the average number of ion 
pairs per primary ionization in the gas phase. If a function is 
chosen which gives a higher value of this average, the result will, in 
general, be a higher value of Gr/(Gr+Gp) for a given value of x. 
The lower average was chosen because it seemed to accord with 
the larger number of small spurs which would be expected in the 


Values of the yields of the forward and radical 
reactions were calculated for values of Vo ranging from 
2 to 40 and for values of x ranging from 0.01 to 1.00. 
These results, which express the a priori probability of 
undergoing the forward or radical reaction for a particle 
formed in a cluster of a certain size, are given in 
Tables I and II. The total probability of occurrence of 
the two reactions is given by multiplying these 
values by the appropriate weighing factors }No-f(No) 
=0.325No exp(—4No). After summing over all values 
of No, the ratio of the yield of the forward reaction to 
the sum of both yields can be obtained for any value of 
x. This ratio should correspond to the experimentally 
obtained ratio Gr/(Gr+Gr). Table III shows this 
ratio as a function of x. 

A comparison of the theory with the experimental 
results can be made, if we can determine a reasonable 
value of x. If the sum of the collision radii of H and OH 
is 2A, so that o is 4r-10~'* cm’, and if L is taken as 10° 
cm and 7)’ as 5-10-* cm, 


x=o/(2n*) LF’ = 0.284. 


The value of Gr/(Gr+Gr) corresponding to this 
value of x is 0.231. The experimental values are 0.21 
(Hart®) and 0.25 (Hochanadel’). 


DIFFUSION MODEL FOR ALPHA-RAYS 


Since the value of d for alpha-particles is of the same 
order as 7 for the spurs, it is assumed in this model that 
the spurs overlap from the moment they are formed. 
The expansion is then treated as that of a cylindrically 


liquid phase, where the effective ionization potential is lowered. In 
this connection it should be mentioned that the value of Gr 
(Gr+Gp) is not very sensitive to the actual spur size distribution 
function as long as a constant average number of radical pairs pet 
spur is maintained. . 
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THEORY OF TRACK EFFECTS 


symmetrical track. For this track we assume that the 
spatial distribution of radicals is given by the nor- 
malized probability function, 


o= (8°/nZ) exp(—f*r’), (10) 


where the column has length Z. 
—dN 
dt 


ca) B4 
=ov f N°¢?dV = avN? f —— exp(— 2r’) 
0 rZ? 


ov? 


- 2xZrdr = —————_, 
2nZLv(t+71) 


N : (11) 
No 1+(oNo/2eZL) In[(t-+7)/7] 


(Z can be taken long enough so that N is small 
compared with V?.) 

It is seen that for this case, in contrast with the 
spherical case, the number N of free radicals surviving at 
time / approaches zero as / goes to infinity. It is therefore 
necessary to consider the largest actual value of 
((+7)/7, which will be attained at the moment when 
neighboring tracks begin to overlap. Since the average 
distance of the radicals from the axis of the cylinder is 
approximately given by *=[Lv(t+7) |}, this ratio will be 
the same as the ratio X of the track volumes at times /¢ 
and 0, if the volume is that of a cylinder with radius 
proportional to the average radical distance. Magee! has 
given a formula which connects the maximum value of 
this ratio and the dose rate. In water it is 





DNo 
2-1027= , (12) 
2Z002Xm(Xm—1) 





where J is the dose rate in rep/sec, D is the diffusion 
constant, v% is the initial track volume per unit length, 
and X,=Vm/Vo is the ratio of the final and initial track 
volumes. 

For J=200 rep/sec, No/Z=8.5-10" radicals/cm 
(equivalent to the average ion density in a 6-Mev alpha- 
particle track), »9=2-10-" cm*/cm, D=8-10-°, X», is 
obtained as 0.93-108 or (within our limits of accu- 
racy) 108. 

Equation (11) then becomes 


N/No=1/(1+1.7 InX). (13) 


Table IV shows the variation of V/ No with increasing 
X. At X=2, more than one-half of the radicals have 
combined, and at X = 10 (0.01 percent of the life of the 
track having passed), 97 percent of all the radicals 
which are going to combine during the life of the track 
will have done so. This makes it possible to consider the 


® This formula is derived from the requirement that »V mtm/ 
=1 where » is the number of tracks falling on 1 cm? of the 
ong V,, is the final volume, and ?¢,, the lifetime of a track of 
ength Z. 


IN RADIOLYSIS OF WATER 


TABLE III. Calculated values of Gr/(Gr+Gr). 








x Gr/(Gr+Gr) Gr/(Gr+Gr) 


0.01 0.0134 ; 0.2126 
0.05 0.0605 ' 0.2387 
0.10, 0.1088 \ 0.3190 
0.15 0.1491 J 0.4316 
0.20 0.1830 











life of an alpha-particle track as a two-stage process, 
with the greater part of the recombination of radicals 
taking part in the first stage, the duration of which is 
small compared to the total track life. 

There is no unequivocal value of Gr/(Gr+Gr) for 
this case, but if the initial combination stage is con- 
sidered as ending at X = 10', a value can be obtained as 
follows: The ratio Gr/Gr must be proportional to 
4(1—N/No)-No/N. The factor 3 is introduced because 
one-half of the recombinations result in H,O molecules, 
which cannot be detected as reaction products. For 
X=10', the ratio Gr/(Gr+Gr) then becomes 0.887. 
This is approximately the observed value. It is not very 
sensitive to the value of X and therefore does not 
greatly depend upon the rate of irradiation. 


DIFFUSION MODEL FOR TRITIUM BETA-RAYS 


The beta-rays emitted by tritium have a mean energy 
of only 5.7 kev, and the corresponding value of d is 
150A. Using the value of 2.54 for the average number of 
radical pairs per cluster, 7)=79’No! and 7o’=5A, this 
value of d is found to be equal to about nine times the 
initial average spur diameter. It is therefore possible to 
treat the expansion of the track as equivalent to the 
independent expansion of the spurs for #<97% and 
consider the track as expanding as a single unit for 
larger values of ¢. In the first stage we again have 


dN oN(N—1) 


ween , 4 
dt (8x*)'[Lv(t-+7)}! a 


i dN o f dt 
vo N(N—1) (8m°L30)t Jy (t-+-7)* 


1 1 1 1 








and —————_=_, 
(Lor)? % [Lv(t+r) ]* 9% 


TaBLeE IV. N/N> as function of X in alpha-ray track. 








xX N/No X N/No 


1.0000 10° 0.0785 
0.4591 10* 0.0600 
0.2677 0.0486 
0.2035 10° 0.0408 
0.1641 10” 0.0352 
0.1133 0.0309 














1084 A. H. 


this integration gives 


Mi 1 


= . (15) 
No No- (No— 1) exp(—8xN,-!/9) 





- Hart® has obtained an experimental value of Gr/ 
(Gr+Gp) for tritium beta-rays (0.30). In order to com- 
pare this model to his result, « has been taken as 0.245, a 
value which, when applied to Eq. (7), gives the ratio 
Gr/(Gr+Gr)=0.21 for gamma-rays, which fits Hart’s 
experimental conditions. Taking Vo=5700-2/30= 380, 
and the same distribution of cluster sizes as in the 
gamma-ray case, NV, is found to be 237.56, and Fi, 
57.18. N; here is the average number of radicals which 
escape recombination, and F; is the average number 
which combine to give Hz and H:O; in the first stage of 
the expansion of a tritium track. 

In the second stage of the expansion the track is 
considered as a unit. Since it expands independently in 
all dimensions, it will approach the shape of a prolate 
spheroid, although the initial shape, which is nearly 
‘cylindrical, must be corrected for. A Gaussian distri- 
bution corresponding to a prolate spheroid is 


$(x, y, 2) = exp(—2*/a?+ y’/b?+-27/b"), (16) 


ab?ri 


4 


—~—=N(N—1)ov f gdV = 


dt 


N(N—1)ov 
samme, EEG) 
2v2ab?r} 


a= [Lo(t+ Ta) }', b= [Lo (+70) }', 
then 
odt 


we 6 aN - 
Cex : 
ni N(N—1) Yo [8x*L50(t+-7,) |* (t+ 72) 





and, since tTa>T», 


Ta'— (to— Tp)? 
o in 
] 1— (1/1) Tait (tTa— Td)! 
= =— 
1—(1/Ne) — [8a*L40(ra— 70) } 








and 


y 


Ni Vy (\ 1) Co 
—=N,-U a exp om 
V 2v2m'L iy} (ra— 74)? 





AY 
470 





n 


Tat Ta Tb 4 
+ ( ) | 1) 


Ta!— (ta— To)! 


But (Lora)!=Fao and (Lor,)!=F 50, where 729 and 7 yo are 
the initial root-mean-square distances from the center of 
the track along the directions of the axes of the spheroid. 
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Therefore, 





Ni o 
——ae Ni-— (Ni- 1) exp — 
No 2vV2 Lr 4 (Fa0?—Fy0?)? 


Foot (Fa0’—F 07)! 
| (22) 


Fao— (Fav?—Fr0?)? 





n 


An initial correction is necessary here. In order to 
obtain a correct initial volume (and hence initial 
concentration), it is necessary to allow for the initial 
cylindrical shape of the track. This can be done by 
multiplying the value of #49 by a factor of (3/2), since 
the volume of a cylinder is $ that of the inscribed 
prolate spheroid. Thus, 


Foo=9.19-10~7 cm (instead of } d=7.5-10-7 cm), 
Fa9=4.5-10-* cm (3 the range of a 5.7-kv beta-ray), 
Faot (Fo°— F yo") a ae 8.999 - 10-5 cm, 


A . Foo? 
Fa0— (Fa0?—F 02)! ~——=9.38- 10-9 cm. 


27-20 
Since we are taking «=0.245, o/(2n°*)'L 


=0.245-5-10-§=1.225-10-8. The exponent then be- 
comes 1.248-10~*, and we obtain 


New 
= 0.7717, 
N, 


N= 183.33. (23) 


The number of radicals undergoing the forward reac- 
tion during the expansion of the spheroid is 


Ni (1—N.2/N1) ($N1—-1) 
(N\—1) 7 


Fy= 27.00. (24) 





For the entire expansion 
Gr/(Gr+Gr)= (Fit F2)/ (Fit F2+N.)=0.315. 


This value compares with the experimental result of 
0.30. 


APPLICATION TO AQUEOUS SYSTEMS 


The description of the initial stages of radical diffusion 
thus yields values of Gr/(Gr+Gr) which are dependent 
only on the parameter « and the spur weighting factors 
for the cases of gamma- and beta-ray irradiation and on 
the parameters ¢/L, No/Z and X for alpha-ray irradia- 
tion. In the gamma- and beta-ray cases, this treatment 
exhausts all effects resulting from the inhomogeneous 
initial distribution, and subsequent events can be 
treated by the ordinary kinetic equations, which have 
the time as the only independent variable. In the case of 
the cylindrically symmetrical (alpha-ray) model, it is 
not possible to take all geometrical effects into con- 
sideration by a simple integration to infinity. However, 
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since this is a “low-background” model, in the termi- 
nology of Magee,' it is possible to describe the effects in 
the life of an average track; the total effect is then 
obtained by a simple summation, as all tracks are 
independent. It can be assumed that the recombination 
of radicals is confined to the first stage of the life of the 
track and that all other reactions are essentially con- 
fned to the second stage, comprising 99.99 percent of 
the life of the track. Since the steady-state concentra- 
tions of products in the alpha-ray case are high, it is 
possible to regard them as constant over the life of a 
single track ; and since all reactions in which the radicals 
take part are first order with respect to the radical 
concentration, the radical concentration will then de- 
crease exponentially. It is then possible to estimate the 
increment of the various products (the total amount 
formed or consumed) over the life of a track by integra- 
tion of the kinetic formulas for any set of product 
concentrations. 

In many aqueous solutions most of the detectable 
reaction occurs in the solute. This indicates a radical- 
solute reaction which competes efficiently with the 
radical-product (back) reaction. It might be expected 
that large concentrations of solute would tend to inhibit 
the forward reaction by action on the radicals in the 
initial combination stage, but the results of Hochanadel’ 
indicate no such result for concentrations of KBr up to 
1M. In the absence of such an effect it may be inferred 
that the radical-solute reaction can be ignored for the 
initial combination stage. In this case, geometrical 
eflects can again be neglected with the exception of the 
distinction between forward and radical reaction. 

The authors wish to thank Professor M. Burton and 
Dr. H. A. Dewhurst for their helpful suggestions and 
criticisms. 





























APPENDIX: THE MOTION OF THE FREE ELECTRON 








The ionization process creates a positive ion and an 
electron which may possess a considerable amount of 
kinetic energy. Here we shall consider the special case in 
which the electron has insufficient energy to cause 
further ionization. The positive ion H,O* will be able to 
move also by charge exchange with neighboring mole- 
cules, but without loss of generality we can neglect this 
effect. 

A rigorous treatment of the motion of a free electron 
in liquid water is, of course, impossible and the dis- 
cussion of this section is, at best, approximate. From 
experimental data obtained in gas-phase work" it is 
known that the scattering cross section for electrons in 
the energy range of interest (one to ten ev or so) is about 
10~® cm?; so we feel certain that the electron cannot go 
very far without suffering wide deflections resulting 
from scattering. If scattering were predominantly 
elastic, the electron would still escape from the influence 
of the positive ion. It is also known from experimental 


Siecinmccpetiniaaciaaaees 


*E. Briiche, Ann. Physik 1, 93 (1929). 
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IN RADIOLYSIS OF WATER 


work" in the gas phase, that electrons in this energy 
region lose energy very readily to vibrations of the H,O 
molecule. We now have the quantitative problem as to 
whether the electron loses its excess energy while it is 
still in the strong field of the ion or whether it escapes. 
We have constructed a classical model which gives an 
answer to the problem. 

The critical intercharge distance r, beyond which the 
electron can be considered as free is such that the 
Coulombic attraction is equal to the thermal energy.’ 
Let us take it as 


e/Dr.=kT. (26) 


For times less than the relaxation time of water (and our 
calculations show that the recapture is effected in a 
considerably shorter time), D can be taken as 3. We 
then get, for kT = 1/40 ev, 


r-= 192A. 


For the classical model we assume that the electron 
moves randomly with a relatively short mean free path. 
Instead of considering the entire distribution function 
for such motion we consider an electron which has the 
average r’. Thus, in a time increment such that there 
are An mean free paths traversed, the average r* changes 
as 


A(r’)=L?An, (27) 


where L is the mean free path. 

The kinetic energy of the electron is diminished by the 
collisions and because of its outward motion in the 
Coulombic field of the positive ion. If the fractional 
energy loss per collision is A, 


e dr e” d(r’) 
dE/dn= —\E—— —=—)dE- : 
Dr? dn 2Dr® dn 








(28) 







dividing through by Eq. (27) in differential form, 


d(E) 
(29) 








In the general case, Z and \ will be functions of EZ. A 
numerical solution is possible if they are known. 

Values of L were obtained from data of Briiche." His 
values were corrected for the density difference, under 
the assumption that, so far as the motion of electrons in 
it is concerned, water behaves like a condensed gas. For 
E<1 ev, L was taken to be the same as for 1 ev, though 
it is probably lower. 

Values of \ for water vapor are available only up to 
electron energies of 1.8 volts.* At these low energies d is 
in the vicinity of 0.04 (4 percent of the energy is lost per 
collision). Few values of in triatomic gases are 


1b o A. Bailey and W. E. Duncansson, Phil. Mag. [7], 10, 145 
(1930). 
16, Onsager, Phys. Rev. 54, 554 (1938). 
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TABLE V. Minimum and maximum times for return of electron 
from distance R to positive ion. 











RinA tmin in sec émax in sec 
5 1.25-10715 6.89- 10715 
10 1.00- 10-14 3.90- 10-4 
20 8.02- 10-4 2.20- 107% 
30 2.71-10-% 6.08 - 10-8 
40 6.42- 1078 1.24-10-” 
50 1.25- 10-2 2.18-10-” 
100 1.00-10- 1.23-10-! 
12.5 1.96- 10-4 6.81- 10-4 
17.6 5.47-10-4 1.60- 10-8 








available.!’"— They show, in general, values of \ in the 
range 0.05 to 0.10 at moderate energies and not varying 
much with the energy. It can therefore be assumed that 
\ for water vapor is between 0.025 and 0.05 over the 
energy range which we are considering. These high 
values of \ apparently are due to the large number of 
vibrational degrees of freedom which can be excited in 
triatomic molecules. 

Numerical solutions of Eq. (29) were carried out for 
A=0.05 and A\=0.025. The initial condition in each case 
was taken to be E= 15 ev at r=1A. In the first case the 
kinetic energy of the electron drops below the Coulombic 
potential energy at r=12.5A and in the second case at 
r=17.6A. 

The time necessary for the slowing process can be 
obtained by a numerical integration, 


t= f ds/2, (30) 


d(r?) 
ds= Ldn= . 
L 


d(r?) sm} pf d(r’) 
SON SB a 
Iv 2 LE} 
Using the plot of E vs r* obtained by taking A=0.025, 
the value /=2.83-10-" sec was obtained. 

Once the total energy of the electron drops below 
zero, it may be regarded as having been recaptured by 
the positive ion with formation of a highly excited H.O 
molecule. It is also of interest to determine the classical 
time it would take the electron to return to the vicinity 
of the positive ion. The radial velocity of an electron in 


a central electric field (based on a formula of Town- 
send”) is 











Ze L el 
—dr/dt=}tat=}-—-—= . (32) 
m v 2mvDr 





17M. F. Skinker, Phil. Mag. 44, 994 (1922). 

18M. F. Skinker and J. V. White, Phil. Mag. 46, 630 (1923). 

19H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952), p. 279. 
1949; J. Townsend, Electrons in Gases (Hutchinson, London, 
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where Z is the field strength, e the electronic charge, L 
the mean free path of the electron, m its mass, 2 its 
velocity, and r its distance from the positive ion. The 
value to be taken for v will be determined by the kinetic 
energy of the electron, which can be no less than the 
thermal nor more than the Coulombic potential energy. 
In the former case the drift velocity is a maximum and / 
is at a minimum, 


v= (3kT/m)!- (8/32)}, (33) 


where the second factor converts root-mean-square 
velocity to mean velocity, 


f (3mkT)'Dr?dr (mkT/3)*DR?® 
tinin= = : 
r  0.46e2L 0.46eL 





In the second case / is a maximum, 


E=é/Dr, v= (2e?/mDr)}, (35) 

dr/d. 26 36 
je ——____—, 

scalar” (2mDr3)} a 


If L is taken to be fixed at 10-* cm (a value smaller than 
any obtained from Briiche’s data), 


(8mDr°)} 


snememeemcae, (37) 
2.5-10-%e 


max — 


Taking D=3, T=300°K, the values obtained for /min 
and fmax are tabulated in Table V as functions of R. 

Thus a time of the order of 10~" seconds suffices for 
the dissipation of the electron’s kinetic energy and for 
its return to the vicinity of the positive ion. It will be 
noted that all assumptions regarding the values of 
numerical constants have been taken in a sense un- 
favorable to the completion of this process. 

The process of electron capture by a neutral water 
molecule might compete with the recombination of 
charges. Magee and Burton”! discuss the probability of 
this process and come to the conclusion that it is not 
exothermic unless the solvation energy of the OH™ ion 
which is formed is available. The solvation energy is not 
available in the case we are considering, which is com- 
pleted in a small fraction of the time necessary for the 
solvation process. The cross section for the electron 
capture process is given as 10~-*° cm?, which is equivalent 
to about 10-° of the geometrical cross section. The 
entire process resulting in charge recombination involves 
only about 10* collisions, and the electron capture 
process can, therefore, probably be disregarded. 

No attempt has been made to follow the details of 
radical pair formation. It is sufficient for the purposes of 
this paper to point out that after the recapture of the 
electron, the qualitative difference between the ionized 
and the excited water molecules disappears. There are, 


21 J. L. Magee and M. Burton, J. Am. Chem. Soc. 73, 523 
(1951). 
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instead, only water molecules with different amounts of 
excitation energy. These may follow any of three paths: 


(a) The excitation energy is lost without dissociation 
into radicals (by collision, or possibly radiation, as in 
aromatic hydrocarbons). 

(b) The molecules dissociate, but the resulting radi- 
cals recombine without escaping from the liquid cage. 

(c) The molecules dissociate and escape from the 
cage. In this case we would not expect them to move 
more than a few molecular diameters through the dense 
medium before being thermalized. 


In accordance with the notation introduced by 
Burten, Magee, and Samuel,” the molecules following 


% Burton, Magee, and Samuel, J. Chem. Phys. 20, 760 (1952). 
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paths (a) and (b) can be designated H,O* and those 
following path (c) can be designated H,Of. It seems 
reasonable to assume for the purpose of these calcula- 
tions that the ionized H,O molecules will become the 
H,Of molecules, but this is not likely to be a complete 
correspondence. 

In conclusion we would like to emphasize that the 
qualitative result of this section is not critically de- 
pendent on the exact values of the physical parameters 
used. However, this treatment is classical, and a correct 
treatment must be wave mechanical; therefore the 
result of this section cannot be taken as an a priori 
theoretical prediction. The success of the radical diffu- 
sion model given above lends some plausibility to the 
occurrence of electron capture as described by this 
crude calculation. Further work is clearly needed. 
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Equation of State Calculations by Fast Computing Machines 
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A general method, suitable for fast computing machines, for investigating such properties as equations of 
state for substances consisting of interacting individual molecules is described. The method consists of a 
modified Monte Carlo integration over configuration space. Results for the two-dimensional rigid-sphere 
system have been obtained on the Los Alamos MANIAC and are presented here. These results are compared 
to the free volume equation of state and to a four-term virial coefficient expansion. 


I. INTRODUCTION 


HE purpose of this paper is to describe a general 
method, suitable for fast electronic computing 
machines, of calculating the properties of any substance 
which may be considered as composed of interacting 
individual molecules. Classical statistics is assumed, 
only two-body forces are considered, and the potential 
field of a molecule is assumed spherically symmetric. 
These are the usual assumptions made in theories of 
liquids. Subject to the above assumptions, the method 
is not restricted to any range of temperature or density. 
This paper will also present results of a preliminary two- 
dimensional calculation for the rigid-sphere system. 
Work on the two-dimensional case with a Lennard- 
Jones potential is in progress and will be reported in a 
later paper. Also, the problem in three dimensions is 
being investigated. 
*Now at the Radiation Laboratory of the University of Cali- 
fornia, Livermore, California. 


II. THE GENERAL METHOD FOR AN ARBITRARY 
POTENTIAL BETWEEN THE PARTICLES 


In order to reduce the problem to a feasible size for 
numerical work, we can, of course, consider only a finite 
number of particles. This number V may be as high as 
several hundred. Our system consists of a squaret con- 
taining N particles. In order to minimize the surface 
effects we suppose the complete substance to be periodic, 
consisting of many such squares, each square contain- 
ing N particles in the same configuration. Thus we 
define d4z, the minimum distance between particles A 
and B, as the shortest distance between A and any of 
the particles B, of which there is one in each of the 
squares which comprise the complete substance. If we 
have a potential which falls off rapidly with distance, 
there will be at most one of the distances AB which 
can make a substantial contribution; hence we need 
consider only the minimum distance d4,. 


t We will use the two-dimensional nomenclature here since it 
is easier to visualize. The extension to three dimensions is obvious. 
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Our method in this respect is similar to the cell 
method except that our cells contain several hundred 
particles instead of one. One would think that such a 
sample would be quite adequate for describing any one- 
phase system. We do find, however, that in two-phase 
systems the surface between the phases makes quite a 
perturbation. Also, statistical fluctuations may be 
sizable. 

If we know the positions of the N particles in the 
square, we can easily calculate, for example, the poten- 
tial energy of the system, 


Mz 


N 
E=3 | 2» V (d;;). (1) 
ify 


t 


(Here V is the potential between molecules, and d;; is 
the minimum distance between particles 7 and j as 
defined above.) 

In order to calculate the properties of our system we 
use the canonical ensemble. So, to calculate the equi- 
librium value of any quantity of interest F, 


F= | f F exp(— E/T)" pg | / 


f exp(—E/AT)a" pe, (2) 


where (d?"pd?"q) is a volume element in the 4.V-dimen- 
sional phase space. Moreover, since forces between 
particles are velocity-independent, the momentum in- 
tegrals may be separated off, and we need perform only 
the integration over the 2/-dimensional configuration 
space. It is evidently impractical to carry out a several 
hundred-dimensional integral by the usual numerical 
methods, so we resort to the Monte Carlo method.{ 
The Monte Carlo method for many-dimensional in- 
tegrals consists simply of integrating over a random 
sampling of points instead of over a regular array of 
points. 

Thus the most naive method of carrying out the 
integration would be to put each of the NV particles at a 
random position in the square (this defines a random 
point in the 2V-dimensional configuration space), then 
calculate the energy of the system according to Eq. (1), 
and give this configuration a weight exp(—E/kT). 
This method, however, is not practical for close-packed 
configurations, since with high probability we choose a 
configuration where exp(— E/kT) is very small; hence 
a configuration of very low weight. So the method we 
employ is actually a modified Monte Carlo scheme, 
where, instead of choosing configurations randomly, 
then weighting them with exp(—E/kT), we choose 


t This method has been proposed independently by J. E. Mayer 
and by S. Ulam. Mayer suggested the method as a tool to deal 
with the problem of the liquid state, while Ulam proposed it as a 
procedure of general usefulness. B. Alder, J. Kirkwood, S. Frankel, 
and V. Lewinson discussed an application very similar to ours. 
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configurations with a probability exp(—E/kT) and 
weight them evenly. 

This we do as follows: We place the N particles in any 
configuration, for example, in a regular lattice. Then 
we move each of the particles in succession according 
to the following prescription: 


X—X+ aé; 


3 
foe Y+ ase, ( 


where a is the maximum allowed displacement, which 
for the sake of this argument is arbitrary, and £, and £, 
are random numbers§ between (—1) and 1. Then, after 
we move a particle, it is equally likely to be anywhere 
within a square of side 2a centered about its original 
position. (In accord. with the periodicity assumption, 
if the indicated move would put the particle outside the 
square, this only means that it re-enters the square from 
the opposite side.) 

We then calculate the change in energy of the system 
AE, which is caused by the move. If AE<0O, i.e., if 
the move would bring the system to a state of lower 
energy, we allow the move and put the particle in its 
new position. If AE>0, we allow the move with 
probability exp(—AE/RT); i.e., we take a random 
number £3 between 0 and 1, and if &;<exp(—AE/RT), 
we move the particle to its new position. If &; 
>exp(—AE/kT), we return it to its old position. 
Then, whether the move has been allowed or not, i.e., 
whether we are in a different configuration or in the 
original configuration, we consider that we are in a new 
configuration for the purpose of taking our averages. So 


M 
F=(1/M) > F;, (4) 
j=l 


where F; is the value of the property F of the system 
after the jth move is carried out according to the com- 
plete prescription above. Having attempted to move a 
particle we proceed similarly with the next one. 

We now prove that the method outlined above does 
choose configurations with a probability exp(— E/kT). 
Since a particle is allowed to move to any point within 
a square of side 2a with a finite probability, it is clear 
that a large enough number of moves will enable it to 
reach any point in the complete square.|| Since this is 
true of all particles, we may reach any point in con- 
figuration space. Hence, the method is ergodic. 

Next consider a very large ensemble of systems. Sup- 
pose for simplicity that there are only a finite number of 
states] of the system, and that y, is the number of 


§It might be mentioned that the random numbers that we 
used were generated by the middle square process. That is, if &* 
is an m digit random number, then a new random number £n+1 
is given as the middle m digits of the complete 2m digit square of &n. 

| In practice it is, of course, not necessary to make enoug 
moves to allow a particle to diffuse evenly throughout the system 
since configuration space is symmetric with respect to interchange 
of particles. 

fA state here means a given point in configuration space. 
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CALCULATION OF STATE BY FAST MACHINES 


systems of the ensemble in state r. What we must 
prove is that after many moves the ensemble tends to a 
distribution 

v,<exp(—E,/kT). 


Now let us make a move in all the systems of our 
ensemble. Let the a priori probability that the move 
will carry a system in state r to state s be P,,. [By the 
a priori probability we mean the probability before 
discriminating on exp(— AE/kT). ] First, it is clear that 
P,,= Ps,, since according to the way our game is played 
a particle is equally likely to be moved anywhere within 
a square of side 2a centered about its original position. 
Thus, if states r and s differ from each other only by the 
position of the particle moved and if these positions 
are within each other’s squares, the transition prob- 
abilities are equal; otherwise they are zero. Assume 
E,> E,. Then the number of systems moving from state 
r to state s will be simply v,P,,, since all moves to a 
state of lower energy are allowed. The number moving 
from s to r will be »,P,,exp(— (E,—E,)/kT), since 
here we must weigh by the exponential factor. Thus the 
net number of systems moving from s to r is 


P,.(v, exp(— (E,—E,)/kT)— p,). (5) 
So we see that between any two states r and s, if 


(v,/v.)>Lexp(—E,/kT)/exp(—E./kT)], (6) 
on the average more systems move from state r to 
state s. We have seen already that the method is ergodic; 
ie., that any state can be reached from any other, 
albeit in several moves. These two facts mean that our 
ensemble must approach the canonical distribution. It 
is, incidentally, clear from the above derivation that 
after a forbidden move we must count again the initial 
configuration. Not to do this would correspond in the 
above case to removing from the ensemble those sys- 
tems which tried to move from s to r and were forbidden. 
This would unjustifiably reduce the number in state s 
relative to r. 

The above argument does not, of course, specify how 
rapidly the canonical distribution is approached. It may 
be mentioned in this connection that the maximum dis- 
placement @ must be chosen with some care; if too large, 
most moves will be forbidden, and if too small, the con- 
figuration will not change enough. In either case it will 
then take longer to come to equilibrium. 

For the rigid-sphere case, the game of chance on 
exp(— AE/kT) is, of course, not necessary since AE is 
either zero or infinity. The particles are moved, one at 
a time, according to Eq. (3). If a sphere, after such a 
move, happens to overlap another sphere, we return it 


_ to its original position. 


III, SPECIALIZATION TO RIGID SPHERES 
IN TWO DIMENSIONS 


A. The Equation of State 


The virial theorem of Clausius can be used to give 
an equation of state in terms of 7, the average den- 
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Fic. 1. Collisions of rigid spheres. 


sity of other particles at the surface of a particle. 
Let X;“ and X,“" represent the total and the internal 
force, respectively, acting on particle 7, at a position 
r;. Then the virial theorem can be written 


(u X,(eo ° ri) w= 2PA +X X,fint) ’ Ti) w= 2E xin. (7) 


Here P is the pressure, A the area, and Ej, the total 
kinetic energy, 


Exin= Nmi?/2 


of the system of N particles. 

Consider the collisions of the spheres for convenience 
as represented by those of a particle of radius do, twice 
the radius of the actual spheres, surrounded by 7 point 
particles per unit area. Those surrounding particles in 
an area of 2mrdov cos@At, traveling with velocity v at 
an angle ¢ with the radius vector, collide with the cen- 
tral particle provided |¢| <7/2. (See Fig. 1.) Assuming 
elastic recoil, they each exert an average force during 
the time A/ on the central particle of 


2mv cos/ At. 


One can see that all ¢’s are equally probable, since for 
any velocity-independent potential between particles 
the velocity distribution will just be Maxwellian, 
hence isotropic. The total force acting on the central 
particle, averaged over ¢, over time, and over velocity, is 
F,= mi-rdon. (8) 

The sum 


(du X98 - yy 


—2 LAD risFis}, 
rors 


with F;; the magnitude of the force between two par- 
ticles and r;; the distance between them. We see that 
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Fic. 2. Initial trigonal lattice. 
r;;=d, and >. jF;; is given by Eq. (8), so we have 
(X Xi" - 1) = — (Ni? /2) dea. (9) 
Substitution of (9) into (7) and replacement of 
(N/2)mé? by Exin gives finally 
PA=Exin(1+a2dei/2)=NkRT (1+2d°7/2). 


This equation shows that a determination of the one 
quantity 7, according to Eq. (4) as a function of A, 
the area, is sufficient to determine the equation of 
state for the rigid spheres. 


(10) 


B. The Actual Calculation of 7 


We set up the calculation on a system composed of 
N= 224 particles ({=0, 1- - - 223) placed inside a square 
of unit side and unit area. The particles were arranged 
initially in a trigonal lattice of fourteen particles per 
row by sixteen particles per column, alternate rows 
being displaced relative to each other as shown in Fig. 2. 
This arrangement gives each particle six nearest neigh- 
bors at approximately equal distances of d=1/14 
from it. 

Instead of performing the calculation for various 
areas A and for a fixed distance do, we shall solve the 
equivalent problem of leaving A = 1 fixed and changing 
dy. We denote by Ao the area: the particles occupy in 
close-packed arrangement (see Fig. 3). For numerical 
convenience we defined an auxiliary parameter v, which 
we varied from zero to seven, and in terms of which the 
ratio (A/Ao) and the forbidden distance dy are defined 
as follows: 


dy=d(i—2”-*), d=(1/14), (11a) 
(A/Ao)=1/(3'de?N/2)= 1/0.98974329(1—2°-8)?. (11b) 
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Fic. 3. The close-packed arrangement for determining A. 


The unit cell is a parallelogram with interior angle 60°, 
side do, and altitude 3d)/2 in the close-packed system. 

Every configuration reached by proceeding according 
to the method of the preceding section was analyzed in 


terms of a radial distribution function NV (r?). We chose } 


a K>1 for each v and divided the area between 1d/’ 
and K*rd, into sixty-four zones of equal area AA’, 


AA?= (K?—1)ad;?/64. 


We then had the machine calculate for each configura- 
tion the number of pairs of particles V», (m= 1, 2, - - -64) 
separated by distances r which satisfy 


(m—1)AA2+-nde<ar<mAA2+nde. (12) 


The VV, were averaged over successive configurations 
according to Eq. (4), and after every sixteen cycles (a 
cycle consists of moving every particle once) were extra- 
polated back to r?=d,? to obtain N;. This Ny differs 
from 7% in Eq. (10) by a constant factor depending on 
N and K. 

The quantity K was chosen for each v to give reason- 
able statistics for the V,,. It would, of course, have been 
possible by choosing fairly large K’s, with perhaps 4 
larger number of zones, to obtain V(r’) at large dis- 
tances. The oscillatory behavior of N(r*) at large dis- 
tances is of some interest. However, the time per cycle 
goes up fairly rapidly with K and with the number of 
zones in the distance analysis. For this reason only the 
behavior of V(r?) in the neighborhood of dj)? was in 
vestigated. 

The maximum displacement a of Eq. (3) was set to 
(d—do). About half the moves in a cycle were forbidden 
by this choice, and the initial approach to equilibrium 
from the regular lattice was fairly rapid. 
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CALCULATION OF STATE BY FAST 
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Fic. 4. A plot of (PA/NkT)—1 versus (A/Ao)—1. Curve A 
(solid line) gives the results of this paper. Curves B and C (dashed 
and dot-dashed lines) give the results of the free volume theory 
and of the first four virial coefficients, respectively. 


IV. NUMERICAL RESULTS FOR RIGID SPHERES 
IN TWO DIMENSIONS 


We first ran for something less than sixteen cycles in 
order to get rid of the effects of the initial regular con- 
figuration on the averages. Then about forty-eight to 
sixty-four cycles were run at 


y=2, 4, 5, 5.5, 6, 6.25, 6.5, and 7. 


Also, a smaller amount of data was obtained at »=0, 1, 


and 3. The time per cycle on the Los Alamos MANIAC 


is approximately three minutes, and a given point on the 
pressure curve was obtained in four to five hours of 
running. Figure 4shows (PA/NkT)—1 versus (A/Ao)—1 
on a log-log scale from our results (curve A), compared 
to the free volume equation of Wood! (curve B) and to 
the curve given by the first four virial coefficients 
(curve C). The last two virial coefficients were obtained 
by straightforward Monte Carlo integration on the 
MANIAC (see Sec. V). It is seen that the agreement 
between curves A and B at small areas and between 
curves A and C at large areas is good. Deviation from 
the free volume theory begins with a fairly sudden break 
at v= 6(A/Ag~1.8). 

A sample plot of the radial distribution function for 
v=5 is given in Fig. 5. The various types of points repre- 
sent values after sixteen, thirty-two, and forty-eight 
cycles. For v=5, least-square fits with a straight line 
to the first, sixteen V,, values were made, giving extra- 
polated values of Ni =6367, Ny°=6160, and NV, 
=6377. The average of these three was used in con- 
structing PA/NkT. In general, least-square fits of the 
first sixteen to twenty Vm’s by means of a parabola, or, 
where it seemed suitable, a straight line, were made. 


Wi aritnninianines 


‘William W. Wood, J. Chem. Phys. 20, 1334 (1952). 
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Fic. 5. The radial distribution function VN», for »=5, (A/Ao) 
= 1.31966, K=1.5. The average of the extrapolated values of 
N;_in N;=6301. The resultant value of (PA/NkT)—1 is 
64N,/N?(K?—1) or 6.43. Values after 16 cycles, @; after 32, X; 
and after 48, O. 


The errors indicated in Fig. 4 are the root-mean-square 
deviations for the three or four NV; values. Our average 
error seemed to be about 3 percent. 

Table I gives the results of our calculations in numeri- 
cal form. The columns are v, A/Ao, (PA/NkT)—1, and, 
for comparison purposes, (PA/NRkT—1) for the free 
volume theory and for the first four coefficients in the 
virial coefficient expansion, in that order, and finally 
PAo/NkT from our results. 


V. THE VIRIAL COEFFICIENT EXPANSION 
One can show? that 
(PA/NRT)—1=C,(A0/A)+C2(A0/A)? 
+C3(A0/A)®+C4(A 0/A)*+0(A0/A)5, 
Ci=7/3?, C2=49°A; 3/9, 
C3= 7° (6A4 5—3A4 1—Aa6)/3}, 
C4= (89°/135)-[12A5,5—60A5,6’—10A5, 6” 


+ 30A 5, 7+ 60A 5, 7/+ 10A 5, /"— 30A 5, 3 
—15A5,3"+10A59—As,10]. (13) 


TaBLeE I. Results of this calculation for (PA/NkT)—1=X, 
compared to the free volume theory (X2) and the four-term virial 
expansion (X3). Also (PAo/N&T) from our calculations. 








(A/Ao) Xi Xe 


1.04269 49.17 47.35 48.11 
1.14957 13.95 13.85 s 13.01 
1.31966 6.43 6.72 ’ 5.63 
1.4909 4.41 4.53 ‘ 3.63 
1.7962 2.929 2.939 2.187 
2.04616 2.186 2.323 1.557 
2.41751 1.486 1.802 1.028 
4.04145 0.6766 0.990 0.4149 


(PAo/NkT) 





WMmbo nn 
mn 








2 J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New York, 1940), pp. 277-291. 
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Fic. 6. Schematic diagrams for the various area integrals. 


The coefficients A ;,; are cluster integrals over configura- 
tion space of 7 particles, with k bonds between them. 
In our problem a bond is established if the two particles 
overlap. The cluster integral is the volume of configura- 
tion space for which the appropriate bonds are estab- 
lished. If k bonds can be distributed over the 7 particles 
in two or more different ways without destroying the 
irreducibility of the integrals, the separate cases are 
distinguished by primes. For example, A;3 is given 


schematically by the diagram 


353° 


and mathematically as follows: if we define f(7;;) by 


f(rij)=1 
f (rij) =0 


if r:;<d, 
if T33> d, 
then 


Az -—f- » [ drdeadedysdyay(f ofosfsi). 


The schematics for the remaining integrals are indicated 
in Fig. 6. 

The coefficients A; 3, A44, and A4s5 were calculated 
algebraically, the remainder numerically by Monte 
Carlo integration. That is, for As,5 for example, particle 
1 was placed at the origin, and particles 2, 3, 4, and 5 


ROSENBLUTH, ROSENBLUTH, TELLER, AND TELLER 


were put down at random, subject to fis=fos= fs, 
= fi5= 1. The number of trials for which f4;= 1, divided 
by the total number of trials, is just As, 5. 

The data on A4,¢ is quite reliable. We obtained 


Ag 6/A 44= 0.752 (+0.002). 


However, because of the relatively large positive and 
negative terms in C, of Eq. (13), the coefficient C,, 
being a small difference, is less accurate. We obtained 


C= 82° (0.585)/135 (+~5 percent). 
Our final formula is 


(PA/NRT)—1=1.813799(A0/A) 
+2.57269(A o/A)?+3.179(Ao/A)? 
+3.38(Ao/A)*+0(Ao/A)® (14) 


This formula is plotted in curve C of Fig. 4 and tabu- 
lated for some values of (A/Ao) in column 5 of Table I. 
It is seen in Fig. 4 that the curves agrees very well with 
our calculated equation of state for (A/Ao)>2.5. In 
this region both the possible error in our last virial 
coefficients and the contribution of succeeding terms in 
the expansion are quite small (less than our probable 
statistical error) so that the virial expansion should be 
accurate. 


VI. CONCLUSION 


The method of Monte Carlo integrations over con- 
figuration space seems to be a feasible approach to 
statistical mechanical problems which are as yet not 
analytically soluble. At least for a single-phase system 
a sample of several hundred particles seems sufficient. 
In the case of two-dimensional rigid spheres, runs made 
with 56 particles and with 224 particles agreed within 
statistical error. For a computing time of a few hours 
with presently available electronic computers, it seems 
possible to obtain the pressure for a given volume and 
temperature to an accuracy of a few percent. 

In the case of two-dimensional rigid spheres our re- 
sults are in agreement with the free volume approxima- 
tion for A/Ao<1.8 and with a five-term virial expansion 
for A/Ay>2.5. There is no indication of a phase 
transition. 

Work is now in progress for a system of particles with 
Lennard-Jones type interactions and for three-dimen- 
sional rigid spheres. 
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The general theory of unimolecular reactions is re-examined to determine what type of information about 
rate constants for specific activated states may be determined from the experimental reaction rate-pressure 
curves. It is found that the possibilities in this respect are very limited. Contrary to a recent statement by 
Johnston, data on decomposition of nitrogen pentoxide in the presence of nitric oxide are adequately fitted 
by the Kassel theory. Data on decomposition of nitrous oxide, however, cannot be fitted by this theory. 
Failure of the theory in this case is the result of too small a range of decomposition rate constants for various 


activated states. 





i} oe« Rice-Ramsperger-Kassel theory of unimolecu- 
lar reactions was developed in the remote past.' 
This theory permits calculation, in terms of a few 
molecular parameters, of the variation with pressure of 
the first-order rate constant for a unimolecular reac- 
tion from the high pressure region in which the constant 
is independent of pressure down to the expected low 
pressure region where it is proportional to pressure. 
Failure of the intervening years to produce any refine- 
ment in the theory must be attributed not so much to 
the perfection of its original form as to the very scanty 
and unreliable experimental data on which it can be 
tested. Recently however, Mills and Johnston? and 
Johnston and Perrine® have presented data on the de- 
composition of nitrogen pentoxide in the presence of 
nitric oxide, and Johnston‘ has summarized the work 
of previous observers on the decomposition of nitrous 
oxide. Both of these reactions have been studied over the 
major part of the interesting range in which the transi- 
tion from first-order to second-order kinetics takes 
place. 

It becomes of interest to re-examine the theory in 
order to extract a maximum amount of information 
from the experimental data. The general expression for 
the first-order rate constant of a unimolecular reaction 
based on a collisional mechanism of activation is 


aM 
k=k’M =), (1) 
bM+<¢; 


where a;, b;, and c; are rate constants for collisional 
activation, collisional deactivation, and reaction, re- 
spectively, and M is the reactant concentration. (In 
the presence of added gases, M on the right side of (1) 
is replaced by a properly weighted sum.) At sufficiently 
high pressures, first-order rate constants approach a 


___. 


‘For references, see L. S. Kassel, Kinetics of Homogeneous Gas 
an oo Catalog Company, Inc., New York, 1932), 
dosh)” Mills and H. S. Johnston, J. Am. Chem. Soc. 73, 938 
(19st) ‘. Johnston and R. L. Perrine, J. Am. Chem. Soc. 73, 4782 

*H. S. Johnston, J. Chem. Phys. 19, 663 (1951). 


limiting value, 


kn=)>.0,¢;/bi, (2) 


and at sufficiently low concentrations second-order rate 
constants approach a limiting value, 


ko = La. (3) 
R=kz/ko ; (4) 


R has the dimensions of a concentration, and it will be 
seen to represent the mid-point of the change from a 
first-order to a second-order reaction. Define reduced 
values of the observable variables 


fi=k/Re, 


fo=k'/ko’, (5) 
C=M/R. 


Define 


It is then convenient to plot log/; against logC for values 
of C greater than 1, and log/s against logC for values of 
C less than 1. These two plots may be joined to give a 
single curve which is asymptotic to the value 0 at both 
logC= — © and logC= ~, and which reaches its lowest 
value at a cusp located at logC=0. Making the substi- 
tutions (5) in (1) gives 


a,ciC 
bCDaci/b+cDa; 


It is also convenient, moreover, to introduce reduced 
values of the molecular parameters: 


pi=ai/ Da; 
"i= (a,c;/b;)/Dasc;/bi. 


The theoretical form of the relationship between rate 
constant and concentration is then given by the simple 
expression 





h=fc=>d (6) 


(7) 


’; 
r:/Pit+C 
The maximum information about the detailed mecha- 


nism of activation, deactivation, and reaction which 
could be extracted from the data would be a set of 


fh=fe= ZL (8) 
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values r; and p;. We now examine the practical problem 
of extracting such information. 

It is convenient to have a small number of parameters 
which describe at least approximately the shape of the 
experimental curves. There are two different approaches 
to the determination of such parameters, depending 
upon whether they are based on the region near the 
asymptotes, or the region near the cusp. Parameters of 
the former type may be defined as follows: 


F=[—dfi/d(1/C) Jom» 
= [d(1/f1)/d(1/C) Jomo 
=Dr?/di, 

G=[-df2/dC ]c-o 
= [d(1/fo)/dC ]o=o 
=) p2/ri. 


These parameters are identical with F and G as used 
by Johnston.* The natural selections for the second type 
of parameter are the value and slope at the mid-point 


C=1: 
f=AM=A()=Lripi/ (rit dy), 
| (d log fi/d logC) cn1 
=1— (d logfe/d logC) c-1 


7 ri 
-Ep.( ) Epi( ). 
rit pi / rit+Pi 


The form of the function (8), together with the physical 
necessity for the r; and /; to be positive, places certain 
limitations upon the parameters. These limitations are 
Fai, 
Gal, 


=1 
=2 


1—f2=g=f. 
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When there is only a single term in the sum, the 
shape of the curve in uniquely determined. In this case 


F=G=1, 
f=g=}. 


When the sum contains two terms, the curve is 
completely defined by either pair of parameters, F, G 
or f, g. The relation between the parameters and the 
vy and p; is most conveniently stated in terms of new 
sum and product functions: 


S=1i/pitre/ po, 
P=ryro/ pipe. 


(11) 


The following relations may then be derived: 


P=(F—1)/(G—1), 
S=(GF—1)/(G—1), 

P= (1—f—g)/(g—/), 

S= (1—f)(1—2f)/f(g—f). 


The relations between the two pairs of parameters are 
of particular interest. These are 


F=(1—4f+3P+f¢)/f(g—f), 
G= (1—3f+3f°—fg)/f(i—f—8), 
f=(F+G—2)/(GF+F+G-3), 
g= (@F+F?—2G—3F+3) 

+ (GF+F+G—3)X (F+G—2). } 


(12) 





The following three theorems, which will be helpful 
in the analysis of experimental data, have been proved 
rigorously. They are given here without the proof, 
which involves merely tedious algebraic manipulation. 

Theorem 1: For any summation of the form (8), 


1 Pid sPu(ri/Pi—15/P i)? (ri/ Pi— Te / Pu)? (1 5/Pi—re/ Pr)” 





(1+7:/pi)?(1+15/pj)?A+re/ px)? 





6 
F—(1—4f+3P-+fg)/f(g—f) = 


where the single summation signs indicate multiple 
summations over all indices. A similar relationship 
involving G may be obtained by making the substi- 
tutions 


FG, 
g—1—g, 
I f ? 
r—p. 


5H. S. Johnston, J. Chem. Phys. 20, 1103 (1952). 


i bibs (ri/Pi—15/ pi)” 
2 (it+ri/pi)?(i+r5/p;)” 








the right member of (14) vanishes for a summation 
over two terms and is clearly positive for more than two. 
Hence comparison with (13) shows that the minimum 
values of F and G consistent with a pair of values f, § 
are given by the uniquely determined two-term summa- 
tion. Any summation over more than two terms will 
give larger values of F and G. 

Theorem 2: Consider all summations corresponding to 
a given pair of values F, G. The uniquely determined 
two-term summation gives the smallest values of /: and 
fe at all values of C between.0 and ~. 





- (13) 
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MECHANISM 


Theorem 3: For any summation, f; and 1/f; may 
be expanded in power series in 1/C as follows: 


1/fi=1+ (1/C)Ur?/p: 
— (1/C?) [S7r3/p?—(Xr?/pi)*]+--:. 


It may be shown that 
Lor} /pi—(Lr2/pi)?=Lravilri/pi—1i/Pi", (16) 


which is clearly positive. This shows thst the plot of 
1/f; against 1/C has smaller curvature at the origin, 
and the same slope, as the plot of fi against 1/C. 
The former plot, therefore, is more suitable for determi- 
nation of the limiting slope. This means that it is better 
to plot 1/k against 1/M, rather than k against 1/M. 
In similar manner, it can be shown that for the low 
pressure range it is better to plot 1/k’ against M rather 
than k’ against M. 

Johnston® has derived the following values from the 
data for the decomposition of nitrogen pentoxide in the 
presence of nitric oxide: 


(15) 


ko, sec 0.277, 

ko’, cc mole sec! 1.80X 10°, 
F 3.1, 

G 11.4. 


From his values for k, and &’, one calculates that 
R=1.54X10-* mole/cc= 28.8 mm. His value of F is 
based on a plot of & against pressure over the range of 
C from 76.7 to 244. His value of G is based upon a plot 
of k’ against concentration over a range of C from 0.0025 
to 0.0662. If his method of calculation is applied not to 
experimental data but to calculated values derived 
from the uniquely determined two-term distribution 
with values F= 3.1, G=11.4, using these same ranges of 
C, the apparent values would be F=2.94, G=5.36. 
It is apparent from Theorem 1 that if the same type of 
calculation were made for any other distribution with 
the same true values of F and G, the apparent values 
would be even lower. Furthermore, the data used for 
the determination of F do not lead to as small an ap- 
parent value as is given by Johnston unless one assumes 
that, on the basis of unpublished work cited in his paper, 
the relative efficiency of activation for nitrogen has 
been taken as approximately one-fourth of that for the 
mixture of nitrogen pentoxide and nitric oxide. If this 
has been done, the range of C over which experimental 
measurements have been made is moved towards smaller 
values, and the maximum possible apparent value cor- 
responding to the true value of 3.1 is again decreased. 
It is concluded, therefore, from study of the rate data 
at extreme pressures, that the correct values of F and G 
must be substantially greater than those given by 
Johnston. 

This same conclusion is derived from analysis of the 
central portion of the curve. In this analysis we have 
used the values for the limiting rates given in earlier 
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Fic. 1. Comparison of experimental rate constants for 
nitrogen pentoxide with theoretical curves. 


references 223 


0.290, 
1.27X 105. 


k, sec”! 


ko’ cc mole 


These values correspond to R=2.28X10-* mole/cc 
=42.7 mm. Examination of the experimental data 
shows that f=0.155. The value of g is not determined 
with any accuracy, but the data are not inconsistent 
with g=0.5. It is calculated from (13) that for the 
unique two-term distribution with f=0.155, g=0.50, 
we have the values F=G=9.90. Any distribution with 
the same values of f and g which involves more than two 
terms will give larger values of F and G. The smallest 
possible value of F which is consistent with the value 
{=0.155 is given by the two-term distribution with the 
maximum possible value of g= 0.845. For this combina- 
tion of f and g values, the two-term distribution gives 
F=5.45,G=. Although the experimental data do not 
determine g with much precision, there is no doubt 
that its value is substantially below 0.845. It is consid- 
ered, therefore, that data in the central part of the pres- 
sure range indicate that the value of F must be very 
substantially greater than 5.45. 

Johnston® has computed theoretical values of F and 
G on the basis of the Kassel theory for various numbers 
of oscillators and assumed vibration frequencies. He 
finds that there is no choice of these quantities which 
leads to theoretical values of F and G which are at all 
close to the “experimental” values of F=3.1, G=11.4. 
On the basis he states: ‘Thus Kassel theory fails for 
nitrogen pentoxide, and this failure is very large com- 
pared to experimental error.’’ It seemed worth while, 
however, to subject Kassel theory to a test of a more 
direct character. There are two major disposable param- 
eters in the simple form of this theory; the number of 
oscillators s in the molecular model, and the frequency 
of these oscillators, which is most conveniently replaced 
by the ratio m, 


m=E/hv. 
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TABLE I. Calculated first-order constants for high 
pressure branch. 








fi —Afi/A(1/C) 


0.149617 0.1135 
0.206372 0.2774 
0.275718 0.6470 
0.356598 1.436 
0.446354 3.021 
0.540774 6.004 
0.634583 11.23 
0.722296 19.68 
0.799164 32.26 
0.862168 49.33 
0.910338 70.32 
0.944673 93.56 
0.967516 116.7 
0.981760 137.0 
0.990123 161.8 
1.000000 


A(1/fi)/A(1/C) 


3.676 
4.875 
6.581 
9.022 
12.52 
17.49 
24.49 
34.09 
46.82 
62.85 
81.77 
102.4 
122.8 
141.0 
163.4 











Using fixed values s=15 and E/RT=35, f was calcu- 
lated for a number of values of m with the following 
results: 
f 

0.3266 

0.1925 

0.1496 

0.1269 


Agreement with the experimental f=0.155 was con- 
sidered sufficiently good at m=25, and the complete 


theoretical rate-pressure curve was calculated for this 
case. Comparison between the calculated curve and the 
experimental values is shown in Fig. 1. Agreement is 
clearly within the rather large experimental error except 
in the case of experiments where nitrogen was used as 
the diluent. These latter experiments fall into two dis- 
tinct groups. The first group comprises experiments 
made at pressures less than 500 mm. In most of these 
experiments, the diluent: reactant ratio was about 30, 
and in no case was it as great as 100. All these experi- 
ments give rates which fall below the theoretical curve, 
as would be expected for a small molecule with few 
internal degrees of freedom. The second group of nitro- 
gen points were all obtained at pressures in excess of 
2000 mm, and with diluent: reactant ratios in the range 
800-9000. These points were obtained in a different 
apparatus and with a different experimental technique 


TABLE II. Calculated second-order constants for 
low pressure branch. 








fa — Af2/AC 


0.149617 0.1214 
0.210301 0.3053 
0.286629 0.7384 
0.378926 1.734 
0.487320 3.892 
0.608941 7.791 
0.730678 13.10 
0.832991 18.41 
0.904904 22.51 
0.948875 26.18 
1.000000 


A(1/f2)/AC 


3.857 
5.065 
6.798 
9.392 
13.11 
17.51 
21.51 
24.42 
26.22 
27.59 
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than was used for any of the other measurements. In 
the absence of confirmatory evidence, it is not believed 
that these high pressure points should receive much 
weight. 

Table I gives calculated values of f; for the high 
pressure branch of the rate curve, extending far above 
the experimental range. This table shows also values 
for the functions —Afi/A(1/C) and A(1/f1)A(1/C) 
calculated between the concentrations shown and the 
next higher concentrations. Both of these functions 
approach F as a limit, and it is apparent by rough 
extrapolation that the value of F is about 180. It is 
also apparent, however, that there is no possibility of 
obtaining direct experimental evidence for such a value 
unless extremely precise rate measurements are made 
very near to the high pressure limit. Table II is a similar 
presentation of the calculated second-order rate con- 
stant fo for the low pressure branch of the curve. This 
table contains also values of the functions —Af2/AC 
and A(1/f2)/AC. Both of these functions approach G asa 
limit, and it is evident that the limiting slope corre- 
sponds to approximately G= 28. 

It is evident from Tables I and II, as is expected from 
theorem 3, that plots of 1/k against p and 1/p) are 
superior to plots of k for determination of G and F, 
respectively. Neither plot, however, is of any real value 
for the determination of F and G when these param- 
eters have true values greater than about 5. Either plot 
is reasonably satisfactory for the limiting values k. 
and ko’, with the plot of 1/z having a slight advantage. 

Figure 1 contains also the calculated curve for the 
case F=G=9.90, based on the two-term distribution. 
It is evident that this curve fits the experimental data 
somewhat less well than does that based on the Kassel 
theory. The data can be fitted, however, by curves 
based on a three-term distribution. Such curves are not 
presented, since they are considered to have no theo- 
retical significance. It is noteworthy, however, that dis- 
tributions which fit the data involve a spread of relative 
rate constants for the various states of at least 1000:1. 
It is necessary to have a spread of at least this magni- 
tude to fit the ends of the curves, and it is necessary to 
have at least one state of intermediate rate constant in 
order to avoid too low a value of f. Given these condi- 
tions, almost any distribution with two disposable 
parameters can be made to fit the experimental data. 
It is apparent that the shape of the reaction rate-pres- 
sure curve is a relatively feeble tool for studying the 
form of the distribution. 

The situation is rather different in the case of nitrous 
oxide. The agreement between the direct measurements 
of Hunter® and the smoothed rate constants derived by 
Johnston‘ from the observations of all other workers is 
so poor that it is necessary to select one or the other of 
the two groups as representing the data to be fitted. 
The smoothed points have been chosen for this purpose, 


6 E. Hunter, Proc. Roy. Soc. (London) A144, 386 (1934). 
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MECHANISM OF UNIMOLECULAR REACTIONS 


largely because they extend over a wider range of con- 
centrations. These points can be fitted very well by the 
empirical equation 


7.13 1.211 


10*k= 





| 
1+3.89/10'‘M  1+.0927/10!M" 


in which the constants have been evaluated by the 
method of least squares. The parameters calculated 
from this equation are as follows: 


F=5.9,  G=5.31, 
f=0.232,  g=0.476. 


It will be noted that even in this case, where the values 
of F and G are relatively small, the method used by 
Johnston® gives unsatisfactory results. His values were 
F=3.3, G=2.6. In accordance with Theorem 2, the 
minimum value of f which is consistent with these values 
of F and G is 0.340, and the minimum value which 
could be obtained with the Kassel theory is even 
greater. It is not surprising, therefore, that when John- 
ston determines the parameters of Kassel theory from 
his incorrect values of F and G, he finds a poor fit with 
experiment in the middle part of the curve. It might be 
expected that by using the values of f and g as given 
above to determine the parameters of Kassel theory, 
satisfactory agreement would be obtained as in the 
case of nitrogen pentoxide. In fact, however, using the 
maximum physically possible value, s=4, and the maxi- 
mum plausible value m=50, Kassel theory gives 
f=0.3241. The apparent cause of the difficulty is that 
for small values of s, Kassel theory predicts a relatively 
narrow range of reaction rate constants. Thus the suc- 
cessful empirical equation corresponds to a model with 
two activated states whose rate constants are in the 
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approximate ratio of 42:1. For Kassel theory with 
E/RT=35, s=4, m=50, this rate constant ratio of 
42:1 covers the lowest six activated states which con- 
tribute 75 percent of the limiting high pressure rate and 
97.9 percent of the limiting low pressure rate. Kassel 
theory may be improved in this respect by a modifica- 
tion which involves splitting each activated state as 
defined by energy content alone into two states with 
different reaction rate constants. The more abundant 
states with the lower rate constant contribute largely 
to the low pressure limit and are relatively unimportant 
at high pressure. The small fraction of states with high 
constants make a major contribution at high pressures 
and only minor at low. Such a modification possesses 
physical plausibility, since energy stored in the different 
degrees of freedom might be expected to have differing 
effectiveness in facilitating decomposition. In a larger 
molecule such as nitrogen pentoxide, where the im- 
portant activated states cover a relatively enormous 
range of rate constants, there is a better chance for the 
specific rates to be averaged out, and for a purely 
statistical theory of the Kassel type to succeed. 

Study of reaction rate—pressure curves at different 
temperatures offers the possibility of distinguishing 
between total energy content and specific quantum 
numbers as the cause of differing specific rate constants. 
Further speculation along this line cannot be justified 
by the available data for nitrous oxide, which is not 
only of limited range and low accuracy, but suffers also 
from the possibility of a pressure shift in the ratio of the 
two secondary reactions: 


O+N:0=N2+0», 
0+0+M=0.+M. 


Such a shift would distort the rate-pressure curve. 
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Exact expressions are derived for the molecular distribution functions in a one-dimensional fluid whose 
particles interact with a nearest neighbor pair potential. The pair distribution function for rigid spheres is 
found to be identical with Frenkel’s result. The one-dimensional form of a new set of integral equations for 
the molecular distribution functions is examined. The superposition principle is found to be exact in a one- 


dimensional fluid with nearest neighbor interactions. 





E have recently derived a new set of integral 
equations for the molecular distribution func- 
tions.' In order to understand the nature of the theo- 
retical and mathematical problems presented by these 
equations, we felt that it would be profitable to study 
them for the case of a one-dimensional system. With 
certain assumptions about the intermolecular potential, 
an exact solution can be obtained. In this article, we 
derive exact expressions for the distribution functions 
in a one-dimensional system whose particles interact 
only with nearest neighbors and whose potential can be 
expressed as the sum of pair potentials. We then use 
these distribution functions to calculate the thermo- 
dynamic properties of the fluid. Finally, we discuss the 
integral equations for a one-dimensional system and 
use the known distribution function to test these equa- 
tions for a system of rigid spheres having no attractive 
forces between them. 

As an alternative to the well-known method of calcu- 
lating the partition function, the thermodynamic func- 
tions of a macroscopic system can be obtained from a 
knowledge of the distribution functions for sets of x 
molecules and the forces between individual particles. 
When the potential of intermolecular force is approxi- 
mated by a sum of pair potentials, 


Vyv=d > V (Ri;), 
i<j 

then the pair distribution function plays a central role. 
It has not yet been possible to calculate the pair dis- 
tribution function for three-dimensional systems with- 
out using an approximation, the validity of which is 
hard to assess in an a priori way. However, in the one- 
dimensional system with nearest neighbor interactions, 
the pair and higher-order distribution functions may be 
evaluated exactly. 

The classical statistical mechanical theory of a one- 
dimensional system has been developed in recent years 
by several authors.?-® 

* This work was carried out with support from the U. S. Office 
of Naval Research under Contract Nonr-410(00) with Yale 
University. 

t Contribution No. 1173. 

1J. G. Kirkwood and Z. W. Salsburg, Trans. Faraday Soc. 
(to be published). 

2K. F. Herzfeld and Maria Goeppert-Mayer, J. Chem. Phys. 2, 


38 (1934). 
’L. Tonks, Phys. Rev. 50, 955 (1936). 


In these investigations, the partition function has 
been integrated exactly for several special forms of the 
intermolecular potential which is restricted to nearest 
neighbor interactions. However, a satisfactory treat- 
ment of the distribution function approach is lacking. 


I. DERIVATION OF THE DISTRIBUTION FUNCTIONS 


We will consider a system of N identical particles, 
located at the points Ri, ---, Rw on a straight line of 
length L. The probability distribution function in con- 
figuration space for such a system in a canonical en- 
semble is 


PO (Ri, +++, Ry) =exp[8(4y—Vy—Vw)], 
B=1/kT, 


L L 
expl—Ady]= f of 


N 
Xexp[—B8(Vwt+Vw)] IL dR: (1) 
i=1 


T is the absolute temperature and & is the Boltzmann 
constant. V y is the potential of intermolecular force, and 
Vw is the potential of the wall forces, which act on the 
N particles inside the length L. A y is the configurational 
contribution to the free energy of the system. 

If o(Ri, ---, Ry) is a function of the coordinates of 
the particles, then the expectation value of ¢ is given by 


L L 
(o)n=exp[ew] f al J ae 
0 0 


N 
Xexp[—B(VwtVw)] I] dR. (2) 


i=l 


The most general conveniently applicable method for 
evaluating multiple integrals of this type is that at- 
tributable to Giirsey.? This is restricted to potentials 
that may be expressed as sums of pair potentials be- 


4T, Nagamiya, Proc. Phys.-Math. Soc. Japan 22, 705 (1940); 
1034 (1940). 

5J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, New York, 1940), p. 126. 

6 G. Rushbrooke and H. Ursel, Proc. Cambridge Phil. Soc. 44. 
263 (1948). 

7F. Giirsey, Proc. Cambridge Phil. Soc. 46, 182 (1950). 

8 R. Kikuchi, J. Chem. Phys. 19, 1230 (1951). 
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DISTRIBUTION FUNCTIONS IN A ONE-DIMENSIONAL FLUID 


tween nearest neighbors. If we choose the convention 
0<Ri<R<---<Ryv<L, 
then the potential is 


N-1 

Vr=XL DL V(Ri)= LV (Rit — Rj). (3) 
i<7 j=1 

The wall effects are easily handled if one assumes that 

the walls behave like particles identical with those of 

the system, fixed at R=0 and R=J, so that the total 

potential energy is 


N-1 

Vyt+ Vw=V(Ri)+ Ye V (Rigi — Rs) + V(L—Ry). (4) 
7=1 

We further assume that the potential V(R) has these 


properties : 
(a) lim V(R)=-, 
R-0 


(b) lim V(R)=0, 
Ro 

strongly enough that any integrals we may encounter 
(e.g., Eq. 29) will converge. Condition (a), which is 
satisfied by most of the commonly used potential func- 
tions, insures the maintenance of a given order of 
particles. For example, particles three and four cannot 
exchange places under this type of force. Therefore, we 
are permitted to label the particles so that Ri <R2<, 
+++, <Ry and be sure that all available configurations 
of the system will retain this order. 

The method of Giirsey may be used only if we assume 
that ¢ is symmetric in the variables R,---Ry. Then 


(¢)w=N ! exp[+BAw] 


L 
x f exp[ —BV (L— Rw) |dRw 
0 
RN 
x f exp[ —BV (Rw—Rw-1) |dRw-1 
0 


R2 
K:: f expl —BV (Ri) Je(R1, tee, Ry)dR,. (5) 


This identity can be proven by mathematical induction. 
In a physical sense, it is equivalent to the process of 
ordering the particles on the line, and prohibiting the 
exchange of particles. The factor NV ! corrects for those 
configurations which are permutations of the order 
Ri<Ro<, +++, <Ry. In the case g=1, we have 


L 
ep[—pAy]=N! f exp[—BV (L— Ry) Rn 
0 


RN 
x f exp —BV n-1,n |dRn-1 
0 


Re 
f expl—BV (Ri) ]dRi. (6) 
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This integral is an V+1 fold convolution for the La- 
place transform? of the function exp[ —@V (R) ], and one 
can therefore write 


f exp[—sL—BAy }dL=N ![Q(s) 8", 
: (7) 
a6)= f expl—sR—BV (R) ]dR. 


The inversion formula for the Laplace transform® 
yields 


N ! ction 
exp[—BdvJ=— fo ead, 
TL Y c_in 
where c is greater than the real parts of all the singu- 
larities of Q(s). 

We shall now express the molecular distribution func- 
tions as expectation values of certain functions over the 
same ensemble. The probability that the kth molecule 
will be between R;, and R;.+dR;,, is given by 


L L 
PY (R)dRi= f of 
0 0 


(N—-1) 


XK PAR, «++, dRy-1, dReys, +++dRy-dR,. (9) 


By introducing Dirac’s 6-function, we can express 
this probability in the form 


P® (r)=(6(Ri—1)) wv 
= ff sane Thar. (10) 
0 0 = 


The average number density in singlet space (i.e., 
the probability per unit length that any molecule will 
be at the point r) is defined by 


p@~)=> (6(Re—1))w=(¥ 6(Ri—r))m (11) 


Similarly the average density of ordered pairs is 
given by 


p2(r,r=(X DX 8(Ri—1)8(Rj—1')) wy (12) 


k=1 j=1+k 


p” is the probability per (unit length)? that one mole- 
cule will be at r and another will be at 7’. 
Let 


N 
= z 5(Ri—1), 
k=I 
then from Eq. (11) and Eq. (5) we obtain 


_ oN 
pO (r)=N lexp[BAv] UML, 1), — (13) 
k=1 


9E.g., see G. Doetsch, Theorie und Anwerdurg der Laplace 


— (Dover Publications, New York, 1943), pp. 
157-167. 
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where 
nendsn= f 
0 


Ret 
xX f 5(Ri—7r) exp —BV«, e41JdRy, 
0 


L 


exp[ —BV (L— Ry) ]dRw 


xX: f exp[ —BV (Ri) ]dRi. 


Again we recognize the convolution form for the 
Laplace transform and obtain 


f eh) (L, rd L 
0 


=[20(s) x f 5(L—r)hy (Led L, 


” = [0(s)}¥-*He-*rha(r), (14) 
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where 
in()= f exp —BV (r—Ry-1) JdRi_1 
0 


exp[ —BA,_1(r) ] 
(k—1)! 





“a f exp[ —BV(R,) MRi= 


ctio 


= a e”[ Q(t) }*dt. 


(15) 


c—in 


The second line follows from the first by the use of 
Eqs. (6) and (8). After using the inversion formula for 
the Laplace transform on Eq. (14) and substituting 
the result together with Eq. (8) into Eq. (13), we obtain 


c—10 


N ct+io 1 ctio 
u | f e—)s[ Q(s) }¥- vast — f | e™{Q(2) ] a 





pY(r)= 


1 c+ in 


21 


This function represents the probability per unit 
length of finding a particle at a distance r away from 
the wall. Since the wall was replaced by a fixed particle, 
one may state that p(r) is also the probability per 
unit length that a particle will be found at a distance r 
from a given particle fixed at r’ on a line of length 
L++1’. In this manner, one might anticipate the formal 
result for p® in an infinite system. 

To get the analogous expression for p® we let 


N WN 
g=L 3s 6(Ri— 


k=1 j=1+k 


r)6(R;—1’). 

Then 

p?(r,r’)=N! exp[BAw] = x 
XL ix 


(M(L,7,7.); r>9 


_  N-l NW 
=! exp(s4x] © zs 


k=1 j=k+1 


XTi (L, t. r); r<r’, (17) 


where 


L 
Tx (L, 1,7) = f exp[—V (L—Rw) Ry 
0 


Rk+1 
Mee f 5(Ri.—1r) exp[ —BV;, n41.1dRx, 
0 


itl 
xX f 6(R;—1’) expl—BV;, +1 ]dR; 
0 


> oe f exp[ —8V (R;) ]dRi. 


c—in 


e&[Q(s) tds 





The Laplace transforms of Jj.“ and J;,; can be 
computed since these functions have the form of a 
convolution, and one obtains, for example, 


f eT 5) (L, tT; r')dL 
0 


=[2(s)]¥*He"T 0 (7, 1’). (18) 


By using the inversion formula and the known result for 
I,» (r, r') we get 


1 ct+in 
Tx (r, r')= |— J at—onfa(s) P-Hids| 


TL ¥ iw 


1 c+io 
x{— f erat] 


21 


c—iw 


«lif oo 


c—10 


and 


1 ct+io 
Ty (r’, r)= | — f er) O(s) A-Hds 
2ri —in 


x |. f “ erp (0 Yt] 


271 


c—ioo 


xl fF eau) Pan. (19) 


TL c_io 


It is shown in Appendix A that asymptotic expres- 





(18) 


ilt for 
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sions for p™ and p® for large V take the following form: 


N exp[—rc] 1 et™ 
p()=E 


k=1 [Q(c)]* 2ni elo) Pat, 


(20a) 


and 
N k-1exp[—rc ] 


Pr,r=r XL 


ime tt [O(c) }* 


1 ct+io 
xi— f e*{0(9)Yas| 


2ri c—iw 


1 c+iw 
x{— f c-tayiatl, (20b) 


2ri c—iw 


when r>r’. 
The constant c is determined by the condition that 
the function 


Ls 


c= a 
N+1 


+InQ(s) 


has a stationary value at the point c on the real axis. 

The integrals in Eqs. (20a) and (20b) are most con- 
veniently evaluated by the theory of residues. In order 
to insure the validity of converting the complex integral 
into a contour integral around the origin in the complex 
plane, we assume that 


V(R)= @ ; 
=V(R); 


R<a 
ax<R<xr (21) 
R>d. 


In the case of a hard core model with a finite range of 
the potential one can, for example, readily show’ that 


1 c+io 1 
— eL[Q(s) }¥'ds=— 
ei 


71 c—iw 71 


eL*[Q(s) ]¥+ds, (22) 


where L> (N+1)a. 

Equations (20a) and (20b) include the effects of the 
wall, which persist for any finite values of r and 7’. 
However, if r and r’ are allowed to become infinite in 
such a manner that r—r’ remains fixed, the following 
expressions, calculated in appendix A, are obtained. The 
step function A (R—na) occurs since we have explicitly 
introduced the hard core model, with a diameter (a). 


p=1/la; 1=L/[(N+1)a] (23a) 


2(R)  pehelitive. 1 
eo (R)= ——__—__. —— 


n—1 la 2ri 


ct iv Q(s)]" 
iat ds, (23b 
xJ ° nol a 


c—in 


®(R)=p®(—R), 
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where 
R=r-r’ 
A(x)=0 x<0 
=] x>0. 


The average density py of ordered sets m in a 
canonical ensemble of systems of N particles is given by 


py\™ (ri, chad” rn) 


=(> >  : II 8(Ri:—r.)) me (24) 


In=Vlni=to h=li=l 

+n $1; (j =2,+++m) 

For a one-dimensional system in which the inter- 
actions are restricted to nearest neighbors, a fixed sub- 
set of m molecules effectively divides the system into 
n+1 independent subsystems. An extension of the 
analysis given in this section shows that 


le—1 On-1,4+1(L—frp) 
On (ZL) 


N ln—l 


pmr= D 


ln=n ln-i=n—1 i4=1 
$1; 





n 


n—1 : 
X II Qiisi-ti(riga—7)Qu(ri), (25) 
i=1 
where fn>fn-1>°°*>n1, 
1 c+io 
On)=— fers). 
Wt —ia 


The asymptotic expression for large V takes the form 


N Ila-l1 


p\” = z 


ln=n ln-1=7n—1 ly=1 


2-1 exp[ —rnc | 
[Q(c) }'* 


n—l 
XOn(r1) IL Qtiti-ti(rins 7), 
i=1 
with 7r,>r,1>--::>mn. By substituting the expres- 
sion for Q;(r) and rearranging, we obtain 


n—1 (| N—bj 
p= > i K (Ri i+), a| 


i=l ki=l 


xz— 


N-bo 1 ctia 2 (s) 
erieo| 


li 
| ds, (25) 


Q(c) 
where 


1 ctiao Q(s) ki 
KR, i41; o=— expLRi vals] | ds, 


TY ix 
Ri i=in Ni, 
n—1 
6;= 2 k;—1, 
7=it+l 


k=l; 
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If we now let 7; approach infinity in such a manner 
that all R; ;; are held fixed, then, as the calculation in 
Appendix A proves, we get 


1 n-1 oo 


pr=— II pM A (R;. ip1— kia) K; (Ri i+], c) 


la i=1 ki=1 
n—1 
= (a)"-* TT p®(Ri iss) (27) 
i=l 


l=L/(N+1)a. 
II. THE EQUATION OF STATE 


The pressure p in a thermodynamic system may be 
calculated from the partition function Q by the rela- 
tion 

p=hkTo |nQ/dL, (28) 
where L is the length of the system. There are several 
ways of deriving an expression for the pressure in terms 
of the distribution functions and the intermolecular 
potential. For example, we may use the method due to 
Born and Green." 

Since the kinetic contribution to the partition func- 
tion does not depend on the length LZ, we can put Eqs. 
(1) and (28) together with the substitution y;=R;/L 


to obtain ” 
0 expl[—BAy ] 


=kT exp[BAw ] ; 
p p[BA w ] aL 


1 1 
=kT exp(d y]] VE" f oi f 
0 0 


. 
Ly,) ) IT dy, 
i=1 





Xexpl—BV (Ly, **°; 


—BLN f- fz Ey 


We have neglected the wall wanes in this expression. 
With the assumption 


Vv=X Dd V (Ris), 


i<j 


* ext BV wn} I dy; 


we find that 


L 
Haak fe 
NRT 2N 


where R= |r—7’|. As N approaches infinity, at constant 
N/L, the equation of state takes the form 


pL L pr? _aV(R) 
=1-6— f R 
NET N'Y, 


where p®(r, r’) is a function of R= 
now expressed by p® (R). 


1 M. Born and H. S. Green, A General Kinetic Theory of Liquids 
(Cambridge University Press, New York, 1949), p. 23. 


p”) (r, r’)drdr’, 


p(R)dR, — (29) 


|r—r’| only and is 
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By using Eqs. (23b) and (29), we obtain 


pL 0 1 c+io Q(s) n 
ds 


= 1 shai eel 
NkT n=l Qi 6 ix 1Q(c) 


2 aV 
x f R—e®-OdR. (30) 
aR 


As an illustration of this equation, we consider the 
one-dimensional system of rigid ‘‘spheres’’ with diam- 
eter a, where the intermolecular potential is given by 


V(R)=~; R<a, 
=0; R>a. 


1 
Q(s)=- exp[—as ]. 
s 


With the use of the theory of residues,’ 


1 ct+io 


oa e®s[ Q(s) ]"ds 
-— fem [Q(s) meee (31) 
(n—1)! 


Using Eqs. (23b) and (31) together with the rigid 
sphere value for c, c=1/a(/—1), we find that for />1, 


@=—F Ac-H(—) 


la? k=1 


(x—k)* 
(k-1)! 


x—k 
exp(-——), (32) 
Il—1 
where x= R/a is a reduced distance. This function can 
be interpreted as the probability per unit length of 
finding a particle at a distance R= xa from an arbitrary 
fixed particle. This function was first derived by Frenkel’ 

who used an elementary probability argument. 

For this system of rigid ‘‘spheres,’’ the equation of 
state is completely determined by the value of p® (x) at 
x=1. From Eqs. (29) and (32), we obtain the familiar 
Tonks” equation of state, 


pla/kT=1/(I—1). (33) 


III. INTEGRAL EQUATIONS FOR THE DISTRIBUTION 
FUNCTIONS 


It has not yet been possible to obtain the average 
densities of ordered sets for a three-dimensional system 
by direct integration. However, an alternative approach, 
which attempts to solve a set of integral equations, has 
been formulated and is amenable to numerical calcula- 
tion. In view of the importance of these equations in 
the three-dimensional problem, we will consider the 
one-dimensional case, even though we have obtained 
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expressions for the distribution functions by direct 
integration. 

In the theories of Kirkwood," Born-Green,” Yvon," 
and of Mayer," systems of integro-differential equa- 
tions for the distribution functions have been formulated 
in several equivalent forms. These systems have the 
common feature that they involve derivatives of the 
distribution functions with respect to suitable param- 
eters upon which the potential of intermolecular force 
is assumed to depend. Integration with respect to these 
parameters offers difficulties, which have allowed it to 
be performed only after approximations, such as the 
superposition assumption” in the space of molecular 
triplets, has been introduced. We shall see that the 
superposition approximation is only true in the one- 
dimensional system in which we only consider nearest 
neighbor interactions. Recently, Kirkwood! has de- 
rived a new system of integral equations for the distri- 
bution functions by a method which does not depend 
upon the device of differentiation with respect to param- 
eters in the potential of intermolecular force. This 
method leads directly to a system of integral equations 
rather than to a system of integro-differential equations. 

The set of equations for a one-dimensional system 
where wall effects are neglected can be written in the 
form 


g™ (1, 2, Si n) 
= explB(ut—Va)Jg°P 2, «+5 


L 
+f KOC, 2+) n41) 
0 
XK g™ (2, +++, n+ 1)dRags, 


K™ (1, 2, ---,2+1) 


1 
= Sunes expla ut Va)] 
a 


Xft e=l er f 


Xp" (2, ++, 


n+1/n+2, ---, n+s+1) 


o=n+2 


n+s+1 
Xx II fulRe, 


p™ (2, +++, m+1/n+2, +++, n+s+1) 


(: # gints) (2, -++,n+s+1) 
" J g™ (2, +++, n+1) 


J. G. Kirkwood, J. Chem. Phys. 3, 300 (1935). 

2 M. Born and H. S. Green, Proc. Roy. Soc. A188, 10 (1946). 

J. Yvon, Actualités Scientifiques et Industrielles (Herman et 
Cie, Paris, 1935), p . 203. 

Wy, E. Mayer, i" Chem. Phys. 15, 187 (1947). 
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exp[ —6y* ]= 


+E SJ 


X g (2, dial 


s+1 


s+ 1) II Sicdvs, 


o=2 


g = (a) "9, 


fio=expl—BV (Rie) ]—1, 


Vi%=) V(Ri 3), 


i=2 
l= L/ Na. 


u® is the excess chemical potential per molecule. 
v+1 is the maximum number of spheres of radius a, 
which can be packed into a sphere of radius \ [see 
Eqs. (21) ]. p:* is the probability per (unit length)* 
that s molecules will be at the specified positions 
Ruse, Rags, +++, Raseys, if 2, 3, +++, u+1 are fixed, and 
it is independent of the positions of the remaining 
N—n—s—1 molecules. p is, as before, the average 
density of ordered sets in » tuplet space, and the corre- 
lation function g‘” for a subset of m molecules is defined 
by the last equation in (34). The derivation of these 
equations is given elsewhere.' 

In principle one could solve these equations for a 
system in which one considers more than only nearest 
neighbor interactions. Since most non-ionic forces have 
a range of only a few molecular diameters, the number 
of terms in the sums of Eq. (34) could be taken to be, 
say, less than six. However, when we restrict our con- 
siderations to nearest neighbor interactions, a consider- 
able simplification takes place, for as we have seen in 
Eq. (27) a fixed molecule effectively divides the system 
into two independent subsystems. If we fix molecule x 
of an arbitrary subset of m+1 molecules, then the posi- 
tion of molecule u+-1 is independent of the positions of 
molecules 1, 2, -- +, #—1 and depends only on the posi- 
tion of molecule ”. We can express this principle analyti- 
cally by stating that, for nearest neighbor forces, the 
conditional probability 


gt) (1,2, +++, 2,n+1) g®(n, n+1) 
g™(1, 2, «++, m) 7 g(n) 


This superposition law is exact for a one-dimensional 
system in which the interactions are restricted to nearest 
neighbors. That this result is consistent with the system 
of integral equations can be easily verified by substi- 
tuting Eq. (35) into Eq. (34). 

As an illustration of the nature of these equations, we 
consider the special case of a system composed of rigid 
“‘spheres.’’ Then 





(35) 


fiv=0; 
fie=—1; 


Ri.> a, 


36 
Rig<a, ( ) 
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where a is the diameter of a rigid sphere. Although the 
following discussion could be carried out in terms of an 
arbitrary intermolecular potential, the simplicity of the 
expressions for a hard sphere potential aids in the 
clarity of the presentation. Since we shall only attempt 
to illustrate the type of integral equation which one 
encounters, this simple model will be sufficient. 

Since v+1 is the total number of particles that can 
possibly fit into a closed interval of length 2a, we see 
that v= 2. The superposition principle, Eq. (35), termi- 
nates the chain of integral equations so that we need 
only consider the equation for g®. Equation (35), to- 
gether with Eq. (34), also yields 


pr) (2, +++, m+1/n42, ---,n+s+1) 
1\* nto 
m ee IT g®(,e+1). (37) 
la o=n+1 


With these simplifications, the equation for g® takes 
the form 


g?(1,2)=0; Rie<a, 
g® (1, 2)=exp[6y*] 


Rita 


+ K (1, 2, 3)g (2, 3)dRs; 


Ri-a 
Ry»>a, 
K(1, 2,3)=0; Rj3><a, 


1 
K(1, 2, wee exp[ Bu" ] 
a 


Rita 


1 
x | —1+4+--—- J g® (3, 4)dRa} ; 
2la J Ria 


Ri3> a, 
and 


2 
exp —By* ait 


4G) 


Since g® = g® (Ri), that is to say the radial distribution 
function is a function of only the relative distance be- 
tween the two molecules, we let 


Rita .. 


oe g(2, 3)dRydRs. (39) 
Ri-—a Ri-a 


Ry»= xa, 
R23= sa, (40) 
R34= ua. 


In terms of the reduced distances «x, s, « the equations 
take the form 


g?(x)=0; |x| <1, 
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g® (x)= exp[Bu*] 


1 z+1 
Xx | a f K' (x—s)g® as} : 
z—1 


|a|>1, (41) 
where 
1 
K(=—14+- f g?(u)du; —1<t<1. 
0 
In addition, we obtain 
1 1 
expl —But]= 1+ f K’ (thd (42) 


A solution of Eq. (41) is given by Eq. (32) and has 
the explicit form 


t (wk) 


g? (x) =1 > A (= -) — 
k=l l—1 (k—1)! 








x—k 
| (43) 
I—1 


xexp| ~ 
It is shown in Appendix B that this is indeed a solution. 
Straightforward calculation with Eqs. (41)—(43) shows 
that 


K'(t)=—exp[—t/(J—1)]; 1>¢>0, 
— ? 0>1>-1, (44) 
=(); [¢|>1 


and that 
exp[ —Bu* |= (1-1/1) exp[1/(1—J)]. (45) 


This expression for the excess chemical potential y° 
can also be obtained by integrating the equation of 
state, Eq. (33). 

The one-dimensional and three-dimensional formula- 
tions of the integral equations [see Eq. (34) | differ only 
by the replacement of the volume per molecule in the 
latter by the length per molecule. The major simpli ‘ca- 
tion that can be made in the one-dimensional problem 
with nearest neighbor interactions only is the super- 
position principle given by Eq. (35). The general form 
of these integral equations can be seen to be a non- 
homogeneous linear form of the Fredholm type in 
which the kernel depends upon the distribution func- 
tions. Even under the simplifications introduced by con- 
sidering a one-dimensional system of rigid spheres this 
general form is maintained. Therefore, the one-dimen- 
sional form of the integral equations may prove to be a 
useful guide in investigating the solution of the three- 
dimensional problem. For example, one might decide 
between the use of two numerical methods on the basis 
of the investigation of the convergence of both methods 
in the one-dimensional problem, where the solution is 
known. 
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DISTRIBUTION FUNCTIONS IN 


APPENDIX A 


In his article,’ Giirsey investigated the partition func- 
tion Qy in the limit of large V by considering the series 


S(Z) _ is QnZ", 
N=0 


for then 
lim (Qy)'/4tH1= R, 
Ne 
where R is the radius of convergence for the series S(Z). 
However, we will find it more convenient to obtain the 
asymptotic expansion for large V by a procedure which 
utilizes the method of steepest decent. The two ap- 
proaches lead to identical results. 
From Eqs. (16) and (19), we see that it is convenient 
to define a function My by 
1 c+iw 
My = ae 


2rt J ix 
f(s)= (Ls/N+1)+1nQ(s). 
When x(s)=1, My is the partition function 
exp[ —BAw |/N !. 


In the discussion of the distribution functions the func- 
tion x(s) is taken to be 


x(s)=[2(s) } expl—rs ], 
as stated in Part I, we first want to obtain 


lim My. 


Nox 


expl (V+ 1) f(a) Jx(s)ds, 
(Al) 


As the path of integration, we take the line s=c+ iy, 
which is assumed to be the line of steepest decent, which 
passes over the saddle point for the function f(s). This 
saddle point is located at the point c on the positive 
real axis. For a system of rigid spheres one can show 
that c=1/a(/—1). For any given potential one can 
readily obtain ¢ by solving the equation, 


(0f/0S) c= 0. 
We now expand f(s) in a power series around the 
point ¢c: 
f(\=fO+2(s—c)f"O)+--:, 
=f()—ay9f"(O)+--:, 
where iy= (s—c). Then 


My exp[— (V+1) f(0)] 


1 st | N+ 
=— exp| — 
2n J_» 2 


(A2) 





1 
"(ds fle iy)dy. (A3) 


The integral is now in the form considered by G. N. 
Watson!® who obtained the asymptotic expansion for 


1° G. N. Watson, Proc. London Math. Soc. (2) 17, 133 (1918). 
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such integrals. The first term of this expansion gives 


x(c) 
My exp[— (N+1) f(O]~— . (Ad) 
epl— + DIO I~ pre) 


By using Eqs. (A1) and (A4) together with Eqs. (16), 
(17), and (19), we obtain 





c+i~x 


N —fr 1 
expl— re] e™({ Q(t) }'dt (A5a) 


re OR, gg 
0 O~E Ta} I Ip o 





and 
nv k-1exp[—rc ] 


(2) i. r\~ z cbt 
OnE iP 


k=2 j=1 
1 c+ in 
x —f e106) Yas} 


2ri 





c—in 


1 c+is 
xX |— f eMC -iat} r>r’. 


2nri 


cC—iD 


We now wish to consider the limit as r and r’ ap- 
proach infinity in such a manner that r—r’ remains 
constant. From (A5a), we obtain for infinite V 


1 ¢” ~ fQ(c+ in) }* 
prn=— | ei z. —| du. (A6) 
2r —w k=l 2(c) 


Within the radius of convergence of the infinite 
series, p"’ can be represented by 


1 2 ei" (c+ in) 
p (r)=— f du, 
2n Y_,. 2(c)—Q(c+ iu) 








(A7) 


and using the principle of analytic continuation, we will 
take this as the definition of p™ (r) beyond the singular 
points of the integrand. 

From the theory of residues, we obtain 


Q(c+ in,) 
Q’ (c+ in,) 


0’ (s)= 00/ds. 


pPYn=> expLin]} - | ; (A8) 


where 


u, is a pole of the integrand of Eq. (A7) which has a 
positive imaginary part. A particular pole is u,;=0, for 
this is a solution of the equation, 


Q(c)—Q(c+iu)=0. 
Therefore, we obtain 
Q(c) 
—0' (c) 





lim p” (r) = 


ro 


f exp —cR—BV(R)]dR 
tai _ (A9) 


J R expl—cR—BV(R) ]dR 
0 
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The second line follows from the definition of Q(c), 
Eq. (7). From the normalization condition on p™, 


L 
f 0 (*)dr=N, 
0 


we see that 
lim p™ (r)=1/la. 


R--0 


(A10) 


After changing the summation in Eq. (A5b), we 
obtain 
N-1 


p®(r, 1) 


n—l 


1 c+ iso N—n [Q(s) 
am aed od 
Qi J. ix = LO(0) 


1 ot io Q(s) 7" 
xi—— ir—1’)(e—e) ds}, (All 
oa ' I | _— 


c—in 


where r>r’ and n=k—j. If we adopted the hard core 
model, Eq. (21), then w<(r—r’)/a, where a is the 
diameter of the hard core. Then for finite R=r—r’ and 
infinite V we find that 


«© A(R—na) 1 


9 (R) = ——_— — 
n=l la 2ri 


c+in Q(s) n 
Xx neal ds, (A12 
J ° os iiiaaiee 


R=r—r'>0. 
The step function A(R—na) expresses explicitly the 
restriction imposed by the hard core intermolecular 
potential. 


APPENDIX B 


We wish to show here that the correlation function 


g(x) =1E A(a—h) 


1 \* (ak) 
k=l = 


satisfies Eq. (41). By using Eqs. (44) and (45), the 
integral equation can be written in the form 


(x) l—1 | 1 {1 a ry, \d 
) (x) =——- exp] ——_ ——f g® (x—u)du, 
, l ' i—/ LJ_y 


iL alee | 
—- exp| —— |[g® (~—u)du }; 
L J see 


|x|>1. (B2) 
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By using Eq. (B1) we find 


, u 
f exp| ——] (@—a)a 

0 i-l 

Pea 
exp] ——— 
l—1 


(ke—1)! 


“'E(5) 


1 
x f A(x—k—u)(x—k—u)*"'du  (B3) 
0 


° 00 i ,* 1 
f g? (x—u)du=1 >> —) 
” k=1 \J—1/7 (k—1)! 


0 
x f A(x—k—1u)(x—k—1u)* 
=f 


x—k—u 
x exp ~ |. 


However, 


1 
f A (x—k—u)(x—k—u)*"'du 
0 


A (ax—k—1) 
= ——_—__—{ (x— k)*— (x— k—1)*) 


A(x—k)A(k+1—2) 
id k 


(x— k)*, (B4) 





and 


“ x—k—u 
f A (x—k—u)(x—k—u)* exp| - | 
i l-1 

=A (k—2,A(x—k+1)(1—1)*(R-1)! 


(k—1) 1(J—1) "4 
-(x—k)*--” 





+3 A(x—s) 
=o (k—1—»)! 


a—k k-1 


(k—1)!(/—1)"#! 
(k—1—v)! 





+A (x—k)A(x—k+1)} 


—] 


X (eB exp| = a 


By substituting Eqs. (B4) and (B3) into the right-hand 
side of (B2) and after interchanging summation signs 








(B3) 


(B4) 


hand 
signs 
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and rearranging terms, we obtain 
r.h.s. = g® (x)—1 > 
k=1 


X {A (x—k) +A (x4+1—k)A (R—-x)} 
(x—k+1)* x—k 

xX exp| ——| 
(l—1)*(k—1)! 

















l-1 
41E ¥ AG+i-b-») 
(x+1—v—k)* | 

exp} — 

(k—1) !(1—1)* l—1 
(x—k—v)* x—k—-v—-1 
ee 
(k—1) !(J—1)* l—1 

* (BS) 
r.h.s.= g® (x) —exp — |g («+ 1) 
1] 
+exp| — D> g?(«+1—7) 
1—1] »=0 





1 1” 
~exp| — | > g? (x—v) 


v=0 


= g® (x), 


We have formally proved that the correlation function 
obtained by direct integration satisfies the integral 
equation, Eq. (42). 


ADDENDUM 


An alternative statistical mechanical formulation of 
a one-dimensional fluid in which the averages are taken 


for an ensemble whose systems all have a specified tem- 
perature, pressure and total number of particles has 
been given by Takahasi.* The probability density for 
this ensemble is 


P™ (Ry, +++, Rv, L)=exp[6(Py—Vy—Vw—pL)], 
where 
expl—BF y] 
cs) L L 
-f f of exp[—6(Vv+Vw+pL)] 
0 0 0 


dR, «++,dRydL 


® 


-{ e~6PL exp[ —BAy(L) dL. 


Since exp[—SFy] is the Laplace transform of 
exp[ —BAw ], the utilization of p and T as independent 
variables in place of Z and T eliminates the necessity of 
considering the inverse of the Laplace transform (see 
Eqs. (7) and (8)). This method leads directly to 


o e~ Apr 1 Bptio 


ti [2(8p) }* 2ui Spin 


() (y) = 





p e™[ Q(t) ]kdt. 


The fact that the constant c introduced by the method 
of steepest descents is identically equal to Bp was used 
by Giirsey’ to determine the equation of state. In 
order to express this result for p™(r) in terms of the 
length per molecule, one would have to solve the equa- 
tion of state given by L= (dF y/d)r, y for p [see Eqs. 
(20) ]. Since we wish to stress the integral equations for 
the distribution functions which are formulated in terms 
of the canonical ensemble, we have retained this form- 
ulation in our discussion. 


*H. Takahasi, Proc. Phys.-Math. Soc., Japan 24, 60 (1942). 
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In computing the kinetic-energy matrix for vibrations of large molecules of useful symmetry, a tedious 
double matrix multiplication is usually involved. A theorem is presented, replacing this by a shorter calcula- 
tion, which may be used either to save labor or to check the result. 





HE methods introduced by Wilson’? have 
greatly facilitated normal-coordinate calcula- 
tions, and the tables recently published by Decius,’ 
giving explicitly the elements G,; for the most usual 
valence-force coordinates R;, have still further reduced 
the labor involved. Still, the use of symmetry involves 
the transformation from the G;; given by Decius to the 
elements of the symmetry-factored G matrix, which we 
shall call G;;. The tedious multiplication of large 
matrices may be avoided by using the theorem we 
present here; it is closely related to some of the reduced 
expressions given by Wilson.” 

It is possible to eliminate‘ the explicit determination 
of the symmetry transformation U, which we use here. 
However, this transformation is so easy to determine, 
either intuitively or by analytical methods,® and the 
perusal of it is so helpful in understanding the forms of 
the vibration that our current practice is to write it 
down explicitly. Actually, not all the transformation 
coefficients are needed in the equation given here. 

The reader will easily see that our result also applies 
to the potential-energy matrix F and its transformation 
to the symmetry-factored F. 


STATEMENT OF THE THEOREM 


Let the symmetry group of the molecule be C. Then 
the basic coordinates R; will fall into equivalent sets. 
From the mth equivalent set of g» coordinates we may 
form’ symmetry coordinates S» which reduce C; 


TABLE I. Species E coordinates: Na=6-+, N»=27+ 








Ari Are AB AB2 4B; Aa: Aa? 


Sre* 2Na —Na 
Spa” 2Na —Na —Na 
Sua” —2Na Na 


Sv® —N, No 
Spo 
Sar® No 











1E. B. Wilson, Jr., J. Chem. Phys. 7, 1047 (1939). 

2 E. B. Wilson, Jr., J. Chem. Phys. 9, 76 (1941). 

3 J. C. Decius, J. Chem. Phys. 16, 1025 (1948). 

4 See reference 2; also C. W. Lippman, thesis, Harvard Univer- 
sity, some methods from which are quoted in J. C. Decius, J. 
Chem. Phys. 16, 214 (1948). 

35) H. Berryman and J. R. Nielsen, J. Chem. Phys. 17, 659 
(1949). 

®In forming coordinates in this way redundancies may be 
included. They may be removed from the G matrix later: Sun, 
Parr, and Crawford, J. Chem. Phys. 17, 840 (1949). 


Sm will belong to the jth irreducible representation 
I’; of C, and if I’; is degenerate we must write S,,4, 
Smo, (Sme) to distinguish its 2 (or 3) components. 
We shall need the transformation,’ which we take as 
unitary (or orthogonal if we use real coordinates), 


Sma” = D> Une, i R;. (1) 


We want the element Gina, na. From the gm coordi- 
nates of set m choose one, say R;. Then the symmetry 
operations which leave R,; unchanged form a group H 
(a subgroup of C). We choose R; so that the Sn“) 
reduce H as well as C; this may require a little foresight 
when choosing the S,,4, but it pays. Now the coordi- 
nates of set n—all equivalent under C—will not be all 
equivalent under H; they will fall into subsets. Let the 
subset A contain g4‘”) coordinates, equivalent under H, 
with typical member Ra; subset B contains gp”? 
coordinates, Rg being typical, etc.; ga“)+g,+--- 
+g, =9,,. 

Then our useful result, which we prove below, is 


7 ne = (gm/d;) > 8A (H) 
A 


— Oma, U ne, A *G,, Ay (2) 
a 


where a is summed over those components of I’; which 
are totally symmetric under H. The asterisk denotes the 
complex conjugate, meaningful only if we have chosen 
complex coordinates, and d; is the degeneracy of Ij. It 
is clear that in summing over A we may look ahead and 
omit coordinates for which G;, A vanishes. The sum over 
components a will usually reduce to one term only. 


AN EXAMPLE 


We shall illustrate with the doubly degenerate species 
of CH;F, although this simple molecule scarcely calls 
for such methods. Number the H atoms; call the dis- 
tance C—Hy,;, the angle FCH,8;, and the angle 
H;CH;,a;; note that a; is opposite B;. For our coordinates 
we may use the Ar;, Aa;, AG;, together with the C—F 


7 Our notation implies that the mth set of R; will yield only one 
symmetry coordinate Sna% for.a given I’; and a; as is usually the 
case. This is not necessary for our results, however; we may have 
several, and write Sma%, Sma”, etc. But in such cases we must 
define U carefully, being sure that, under C, Sma% mixes only 
with Sn, and not with Smo. - 
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distance. Then the symmetry group C is C;,; if we 
consider the doubly degenerate species j=, so that 
d;=2, we may use the symmetry coordinates of Table I. 

Let us calculate Gge.aa%. Set m contains the three 
AB;, set n the Aa;. Then gn=3, and we may choose AB, 
as the typical coordinate R;. The subgroup H becomes 
C,, containing only the identity and the plane of reflec- 
tion through H,; only the a components of our E coordi- 
nates are totally symmetric under C,, so that @ in (2) 
refers to these components only. Under H, Aa; is in- 
variant, while Aa, and Aa; are equivalent: Ra=Aay, 
gah= 1 ; Rzp=Aaz, gp) =2. 

We may now look up the two G elements we shall 
need in Decius’s tables;* in his notation that between 
AB, and Aa, is gy4!(j) and that between AB, and Aa» is 
g0e2(1). So we have 


Ga, aa” = ($)[1(2N a) (—2N a) goo! (1) 
; +2(2Na)(Na)gee?(i) 1] 
= — goo! (1) +g6¢"(1). 
PROOF OF THE THEOREM 


We begin from the basic definition 
ie na— :» | OU aa, i*Gi;; (3) 
i,j 
we shall omit the superscripts 7 when the meaning is 
clear. We may obtain all coordinates R; of the set m by 
letting the symmetry operations C (of C) operate on Rj. 
So we obtain 


Gina, na— (Zm/h) Zz » O we cU na, i*Ge, yy (4) 
Sc ¢ 


where h is the order of C, and the factor (gm/h) takes 
care of repetitions. Now the matrix elements G,; are 
invariant under C, in the sense that Gci,c;=G;,;; 0 we 
may write Gc, ;=Gi,c7'|;=Gi,x, if we take CR,—R;. 
Then we have 


Gina, na— (Zm/h) Z. > Ven ci na, cr*Gi, ke (5) 
C tk 


We now use the relation,® valid because the Sq reduce 


8 See Wilson, reference 2, Eq. (15). It is this relation which 
demands proper choice of S;,:2, as mentioned in footnote 7. 
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C, 


OT ls ca -¥ Cpa*U ma, ky (6) 
B 


where the Cg, are the transformation matrices of the jth 
representation of C. These matrices are orthogonal, 


x (C3) pa*(C*) oe= (h/d;)5j 158056. (7) 


So (5) becomes 


Cw na— (gm/h) = 3 id ah | Oe : # CaaU ng, .*Gi, k 
C be B 


(8) 
= (gm/d;) A > Van, 10 na, -*Gi, ke 
k @ 


For further reduction, we use the elements H of 
group H, which leave R; invariant ; the sum over the R, 
is replaced by a sum over the nonequivalent (under H) 
Ra, Rp, etc., each being transformed under H to cover 
its equivalent coordinates. The steps are analogous to 
thosé in the passage from Eq. (3) to Eq. (8); since the 
Sma reduce H, the analog of Eq. (6) for the group H may 
be used. We write 4“) for the order of H: 


Gina, na— (gm/d;)>. ie (ga (4) /p)) — - U an Ha*Gi, A 
Aa H 
= (2m/d;h) » ZA (H) Zz Uma, 1 
A a 
XD Dd Ung, a*HpaGi,a. (9) 
H 8 


Now using the special case of the orthogonality relation,® 


E (H)p.=C (H)pa(H)yy*¥ =h™ 80661, (10) 
H 


H 


where (H“),, refers to the totally symmetric repre- 
sentation I’, of H, we immediately convert Eq. (9) into 
our theorem, Eq. (2). 


® Reference 2, Eq. (18). 
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Transition Temperatures in some Dihydrogen and 
Dideutero Phosphates and Arsenates and 
their Solid Solutions 


C. C. STEPHENSON, J. M. CORBELLA, AND L. A. RUSSELL 


Department of Chemistry, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


(Received April 9, 1953) 


HE transitions in potassium and ammonium dihydrogen 

phosphates at low temperatures have been investigated 
extensively. These transitions, which are of the order-disorder 
type, are associated with the orientation of the hydrogen bonds in 
the tetragonal lattice. This tetragonal lattice can be maintained 
by replacing the potassium or ammonium ions with rubidium or 
cesium ions, by replacing the phosphate with the arsenate ion, 
or by substituting deuterium for hydrogen. 

The transition temperatures of these various combinations are 
of interest, and Table I summarizes the results of the transition 
temperatures found in a cooling-curve apparatus. The tempera- 
tures reported are those found on cooling and are accurate to 0.3°; 
higher temperatures might be found on warming if hysteresis 
occurs as in the cases of the ammonium dihydrogen phosphate 
and arsenate. 

The deutero-compounds were prepared by recrystallization 
three times from heavy water; although no analysis of the deu- 
terium content was made, the increase in transition temperature 
between the second and third crystallizations was small enough to 
indicate essentially complete conversion. The marked increase in 
transition temperature caused by substitution of deuterium for 
hydrogen is qualitatively proportional to the deuterium content. 


TABLE I. Transition temperatures, °K. 








NH«H2P08 i ND.iD2PO.4 
KH2PO@ ‘ KD2PO4> 
RbH2PO. ‘ RbD2PO,« 
NH«H2AsOe* NDsDe2AsO4 
KHeAsO. KDe2AsO4 
RbHeAsO. RbD2AsO4 
CsHe2AsO4 CsDe2AsO4 


229.7 
213 


298.6 
162.0 
177.8 


143.3 212.4 








@C. C. Stephenson ef al., J. Am. Chem. Soc. 66, 1397, 1402, 1405, 1409 
(1944). 
bW. Bantle, Helv. Phys. Acta 15, 373 (1942). 


The rubidium and cesium compounds were carefully purified 
because the transition temperature is markedly lowered by the 
presence of other cations. For example, K*, Rb*, Cs*, and TI* 
lower the transition temperature of NHyH2PO,, and NH,* and 
Rbt lower the temperature of the transition in KH2PO,. The 
transition was usually not found for mole fractions of a second 
cation exceeding ten or twenty percent. The entropy change 
associated with the transition was also decreased. The cooling 
curves permit a rough estimate of the entropy change by com- 
parison with the known values for the potassium and ammonium 
salts. The entropy change for each of the pure compounds is 
compatible with the theoretical value! of R Inj. 
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TABLE II. Transition temperatures of solid solutions 
of NH4aH2PO and NH«HeAsO.. 








Mole percent NHsH2AsO, 
8.7 





172.5 
183.2 
187.3 
201.3 
210.3 








It is of interest to note that a metastable form of RbH2PO, has 
no hydrogen-bond transition between liquid air and room tem- 
peratures. The failure to observe a transition in RbD2PO, and 
CsH2PO, is no doubt due to the formation of a lattice similar to 
that of the metastable RbH2PO,, and does not preclude the 
existence of these compounds in the tetragonal structure. 

The formation of solid solutions of phosphates and arsenates 
results in a regular change in transition temperature. Table II 
lists these temperatures for solid solution of NH,H2PO, and 
NH,H2AsO, as a function of composition. 

The contrasting behavior of solid solutions formed by cation 
substitution with those formed by anion or deuterium substitution 
is related to the ideality of the solid solutions in a thermodynamic 
sense. Solid solutions of the deuterium and hydrogen compounds 
would approach ideal solutions. Rough measurements indicate 
that the phosphate-arsenate solutions are also nearly ideal, 
whereas those formed by cation substitution deviate considerably 
from ideality. 


1J. C. Slater, J. Chem. Phys. 9, 16 (1941). 
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The Statistical Interpretation of Polarization Data 
in Raman Spectra 
Marvin C. TOBIN 


Arthur D. Little, Inc., Cambridge, Massachusetts 
(Received March 31, 1953) 


LTHOUGH the use of statistical techniques! is becoming 
widespread in the interpretation of chemical and physical 
experimental data, to the writer’s knowledge no application of 
such techniques has been made to the thorny problems connected 
with polarization measurements on Raman lines. 

Cleveland‘ has made a quite thorough study of polarization 
measurements. The data in Table I of his paper will be analyzed 
as an illustration of what can be done in this connection. This 
table gives depolarization factors for the five lines of CCl, as 
measured on five different plates. Part of the variance in the 
measurements has been averaged out, since each entry in the table 
represents the mean of two independent determinations of the 
same line on the same plate, five microdensitometer readings being 
made for each determination. 

One may now ask the following questions of the data: 


1. Is there a systematic variation of the observed depolarization 
factors in going from plate to plate? 

2. Is there a systematic variation of the observed depolarization 
factors, for the depolarized lines, in going from line to line? 


TABLE I, 








Degrees of 

freedom Variance 
0.001039 
0.002021 
0.001146 





Lines 3 
Plates 4 
Residual 12 


Total 19 


Critical F =3.26 
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3. Have constant errors been eliminated so that for a large 
number of measurements on a depolarized line, p will average 
0.855? 

4. If a single measurement is now made using a different com- 
pound and a different plate, what criterion can be set up for 
deciding if a given line is polarized or depolarized? 


Questions 1 and 2 may be answered by an analysis of variance! 
for the four depolarized lines on the five plates. The results 
are given in Table I. It is seen that the F ratios’? for both 
lines and plates are well below the critical 5 percent probability 
level. The answer to these questions is, then, that the error in 
the measurements is purely random, and that the error in measure- 
ment is not increased by using different plates, nor does it vary 
significantly in going from line to line. 

To answer the third question, the twenty entries in Cleveland’s 
table are averaged to give 0.850, and the standard deviation 
s=0.036 calculated. Application of the ¢ test' to test the 
hypothesis that this mean is not significantly different from 0.855 
gives a value of ¢=0.621. Since this is well below the critical 
5 percent value of ¢=2.09 (19 degrees of freedom) it may be con- 
cluded that the mean of the twenty entries is not significantly 
different from 0.855, and that constant errors (such as those due 
to nonconvergence of the illuminating beam) have been elimi- 
nated. 

Question 4 is more complex. It is a good rule of thumb that 
only one measurement out of twenty will differ from the mean of a 
large series by an amount greater than twice the standard devia- 
tion of the series. For the data being analyzed here, s=0.036, so 
that there is only one chance in twenty that a depolarized Raman 
line measured under the conditions used by Cleveland (five 
readings on each of two determinations made on the same plate) 
will have an observed depolarization of p<0.78 or p>0.93. It may 
then be concluded with a 98 percent probability that a line giving 
a reading of p<0.78 is polarized. The analysis for lines with 
observed p>0.78 is rather complicated. If it is assumed that the 
depolarization factor for a polarized line may lie anywhere in the 
range 0.0-0.855 with equal probability, a polarized line chosen at 
random has one chance in seven of having a “true” p in the 
range 0.70-0.855. On the basis of a rule that lines with p>0.78 
are to be taken as depolarized, a line with a “true” p=0.70 has 
one chance in forty of being taken as depolarized on the basis of a 
single reading, a line with a “true” p=0.850 has one chance in 
forty of being taken as polarized. A line with “true” p=0.78 has 
one chance in two of being taken as polarized on the basis of a 
single reading. Assuming, then, that a line chosen at random in 
the range p=0.70-0.855 has on the average one chance in two of 
incorrectly being taken as depolarized, there is one chance in 
fourteen of a polarized line chosen at random in the range 
p=0.00-0.855 giving a reading in the range p=0.78-0.86. 

If half the lines in a spectrum are assumed to be polarized, 
there is only one chance in twenty-eight that a line with observed 
p>0.78 is polarized. It is therefore a reasonable working rule that 
a line with observed p>0.78 is depolarized. 

If the question of the polarization of a Raman line is critical, 
it is best to make replicate measurements and apply the # test 
as before, the null hypothesis? being that the mean of the 
measurements is not significantly different from 0.855. An illustra- 
tion of this use of the ¢ test may be given for the polarized line of 
CCl, using Cleveland’s data. The mean of the five entries is 
0.072, with a standard deviation of 0.067. ¢ turns out to be 26.8, 
which very greatly exceeds the 5 percent critical value of t= 2.78 
(four degrees of freedom). The null hypothesis is thus not borne 
out, the statistical analysis showing that the line is indeed 
polarized. 

1W. J. Youden, Statistical Methods for Chemists (John Wiley and Sons, 
Inc., New York, 1951). 

2W. L. Gore, Statistical Methods for Chemical Experimentation (Inter- 
Science Publishers, New York, 1952). 

3 “Statistical Methods in Chemical Production,’’ Symposium, Ind. Eng. 


Chem. 43, 2053 (1951). 
4F, F. Cleveland, J. Chem. Phys. 13, 101 (1945). 
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Macroscopic Spirals and the Dislocation Theory of 
Crystal Growth* 


N. CABRERA 
University of Virginia, Charlottesville, Virginia 
(Received March 27, 1953) 


HERE is now overwhelming experimental evidence in favor 
of the dislocation theory of crystal growth;! however, there 
are a few points which still require further clarification. One of 
them is the possibility for the dislocation theory to interpret the 
observation of macroscopic spirals centered on dislocations of 
very large Burgers vector. Concerning the dislocation itself, 
Frank? has shown that there must be an empty tube at the center 
or the dislocation, thus avoiding the high concentration of elastic 
energy which would otherwise be there; but we still need to 
understand the stabilization of the macroscopic step forming the 
spiral. Particularly in the case of growth from the vapor (for 
instance, growth of SiC crystals, Verma,’ Amelinckx*) no reason 
has yet been proposed which would maintain the step as a multiple 
one, instead of being decomposed into elementary steps, forming 
a spiral of many branches. 

The purpose of this letter is to suggest a possible explanation 
of this fact, applicable to those cases for which the crystal is 
growing in layers of thickness 6, separated by stacking changes, 
twin boundaries, etc., having a surface energy 7’ per unit surface 
(for instance SiC crystals, see below). It is easy to show that such 
a crystal will grow on a dislocation (or group of them) having a 
Burgers vector 6 (or resultant Burgers vector 6), only if the super- 
saturation o of the vapor satisfies the condition 


o=Ina>o.=y'Q/kT), (1) 


where a= //po is the ratio of the actual vapor pressure p to the 
equilibrium vapor pressure fo, and Q is the volume per molecule. 
This is the necessary condition for the advance of the multiple 
step of height 6 to cause a decrease in the free energy of the crystal. 
It is also clear that the step will remain of height b, for any super- 
saturation o>o, because although a step of height smaller than b 
could then advance, it will be overtaken by the rest of the layer, 
which will move faster. 

The critical radius of curvature p, of the step of height b under 
a supersaturation o will then be 


pe= yQ/kT (o—<a-), (2) 


where y is now the surface energy per unit surface of the edge of 
the step. The distance between successive turns of the spiral is 
of the order! 4zp,, and therefore may become very large if o is 
sufficiently near o,. This explains the usual fact that whenever a 
macroscopic spiral is observed, the distance between successive 
turns is also macroscopic. To explain this fact neglecting o, in (2) 
would require an extremely small value of the supersaturation, 
which is not likely to occur. 

The structures of SiC crystals are known‘ to consist of groups 
of close-packed molecular layers separated by stacking changes. 
The most common structure is the Z(33), having macroscopic 
hexagonal symmetry and consisting of successive pairs of groups 
of three monomolecular layers each, every group being separated 
from the next by a stacking change. Other macroscopically 
hexagonal structures are possible, for instance Z(22), consisting 
of pairs of groups of two monomolecular layers. Beside those there 
is a number of rombohedral structures, for instance Z[(33),32] 
consisting of three successive groups of 67+5 monomolecular 
layers with stacking changes in between groups, and having 
2n+1 other stacking changes inside every group. Those rombo- 
hedral structures, which can be thought of as having a macro- 
scopic cubic symmetry, have been shown by Frank® to originate 
from the Z(33) structure by the formation of a screw dislocation 
of the required Burgers vector. 

Although there is evidence to suggest, that the surface energies 
of the various possible types of stacking changes are different, 
let us assume for the moment that they are all equal to y’ per 
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unit surface. Then the hexagonal structures Z(33) and Z(32) 
should have, according to (1), a minimum supersaturation 
necessary for growth given, respectively, by o33=(1/3)o1 and 
o22.= (1/2)o1, where o,=7'Q/kTa, a being the height of a mono- 
molecular layer. Also the height of the steps actually occurring on 
the crystal surface should not be larger than 3a or 2a, because a 
multiple step (of height 3a or 2na) will have the same minimum 
supersaturation for growth o33 or o22, and will therefore tend to 
separate into its components. 

However, the situation for the rhombohedral structures 
Z((33),32] is different. A multiple step of height (6n+5)qa will 
have a minimum supersaturation equal to [2(n+1)/(6n+5) Joi, 
which is somewhere between o33 and o22. For higher supersatura- 
tion, the 2n+1 layers of height 3a will have, wien separated, 
a minimum supersaturation o33 and the layer of height 2a, a mini- 
mum supersaturation o22. Using velocities of advance of the form 
033= C(o—o33)/3a and v22=C(e¢—o22)/2a, where C is a constant, 
we see that only for a particular supersaturation o=033+022, the 
elementary steps are able to separate from each other, because 
then v33= 22; at any other supersaturation v33%v22 and therefore 
the multiple step will tend to remain together. We conclude there- 
fore that the macroscopic spirals sometime observed in SiC, 
should correspond according to our puint of view, to a structure of 
the type Z[(33),,32] growing under a supersaturation very near 
the corresponding minimum value. 

A more complete account of chis work will be given later. 

* Supported in part by the U. S. Office of Naval Research. 

iF, C, Frank, Disc. Faraday Soc., No. 5, 48 (1949); We Cabrera, 
and Frank, Trans. Roy. Soc. (London) 243, 299 (1951), . Frank, 
Advances in Physics, London I, 1 (1952). 

2F, C. Frank, Acta Cryst. 4, 497 (1951); F. H. Horn, Phil. Mag. 43, 

1210 (1952). 
2A. R. Verma, Phil. Mag. 42, 1005 (1951); 43, 441 (1952). 


4S. Amelinckx, J. chim. phys. 48, 1 (1951); 49, 411 (1952). 
6 F, C, Frank, Phil. Mag. <2, 1014 (195i). 





Pressure Virial Coefficients in Terms of 
Cluster Integrals 
WILLIAM E. PUTNAM AND JOHN E. KILPATRICK 


Department of Chemistry, The Rice Institute, Houston, Texas 
(Received March 30, 1953) 


VIDENTLY it has been tacitly assumed that it is more 

natural to obtain density virial coefficients, rather than 
pressure virial] coefficients, in terms of cluster integrals. This has 
been done for the general case by one of us.! 

However, the pressure virial coefficients can be obtained for the 
general case by the procedure used by Kilpatrick! in a straight- 
forward manner with slightly simpler mathematics. 

The problem is to eliminate z between the two equations 


P= Te g;2', (1) 


(2) 


1 
ax foal 
=-= & J£i2’, 
j=l 


where z is the absolute activity and g;/gi/ is the jth cluster 
integral. One can either express the pressure as a power series in 
the inverse volume (or molecular density) or the volume as a 
power series in the pressure: 

P=kT 2 ap x", 


n=l 


(3) 


B,P*, 


1 


(4) 


vex t= J 
ve 
Wooley? has given such expressions for 6; through 8, in a slightly 
different notation. 
The general solution for the pressure virial coefficients can be 
found as follows: The equation 


(2 jgjzi) = 2 B,P* 


fa 


(S) 
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is multiplied by P~"*'dP and is integrated around the common 
origin of z and P. By application of Cauchy’s theorem we find, 
after expansion by means of Taylor’s theorem and the multinomial 
theorem, 


nia y(n tt-2)! 1 > gs" 
t=0 (n—2)! ” 


2 r=, 
s=2 


(6) 





Br= kT)- 
( ginté ' (rs) s=2 Ts: 


> srs=n+i—1. 

s=2 
It is not nearly so difficult to clear up this expression as it was in 
the case of the corresponding equation for a,, since there is only 
one running summation to remove. The summation over ¢ in 
Eq. (6) can be eliminated by the introduction of the net powers k,: 


(—)®-*r1(2n—ky— 3)! gy*t 
(n—2)! £12"? sae 
> k,=n—1, 
s=1 
> sk,y=2n—2. 


s=1 


gate 


nr 





B,= (kT)-"? 2 


(ks) 


The procedure for obtaining any given 8,, is illustrated explicitly 
in reference (1). It might be noted that Eq. (7) above and Eq. (24) 
of reference (1) are very similar in form when £,’s are written in 
terms of g;’s and a@,’s are written in terms of p;’s (pj=jg;). 

The first six of these coefficients are 


Bi=kT, 
B2= (—g2)/g1°, 
= (—2gsgit+3g2")/git(RT), 
Ba= (—3gagr?+ 12gsgogi— 10g28) /gi°(RT)?, 
Bs= (—4g5¢13+ 20g4g0¢1?+ 108376? 
— 60g3g2"g1 +35g24) /g18(kT)8, 

Be= (—5gegi*+ 30g5g2¢1°+ 30g4g3¢13— 105g4927¢1? 

+ 280g3g2%g1 — 126g2°)/g1(kT)*. 


1J. E. Kilpatrick, J. Chem. Phys. 21, 274 (1953). 
2H. W. Wooley, J. Chem. Phys. 21, 236 (1953). 


(8a) 
(8b) 
(8c) 
(8d) 





The Charge on Combining Hydrogen Atoms 
R. T. SANDERSON 
Department of Chemistry, State University of Iowa, Iowa City, Iowa 
(Received April 3, 1953) 


N a recent communication! the observation was reported that 
“hydrogen bridge” bonding appears to occur only when the 
hydrogen atoms bear partial negative charge. The relative charge 
on hydrogen was determined as the electronegativity difference 
between compound hydrogen and elementary hydrogen. 

It has now been found that the charges on combined atoms may 
be evaluated quantitatively, if, in addition to the basic postulate 
that atoms adjust to equal electronegativity in a molecule, two 
assumptions are accepted. The first is that in an isolated molecule 
of NaF, the bond is 90 percent ionic. The second is that the 
change in electronegativity of an atom acquiring a partial charge 
is linear with the amount of charge. The partial charge is then 
simply the ratio of the actual electronegativity change under- 
gone by an atom in going from element to compound, to the 
electronegativity change from zero charge to unit charge. 

Partial charges calculated in this way for the individual atoms 
of a number of hydrogen compounds in no way alter the reported 
observation, but give a more realistic description of the nature of 
these molecules. Illustrative examples are given in Table I. Too 
little is known about the nature of both the hydrogen bond and 
the hydrogen bridge bond to justify drawing conclusions about 
the extent of their similarity, but it is interesting to compare 
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TABLE I. Partial charges on combined atoms. 








—0.02 O —0.09 
—0.12 

O —0.13 
O —0.17 


—0.03 


HBr 
(CH3;0)2BH 
NHsz 


Sesssssssss 
SOSH HH BBWBY 


PANE NMOOSUNO 


HI r 

Ga(CHs)s J xé ki > —0.06 
B(CHsa)3 J B : > —0.08 
Al2(CHa)6 id J —0.11 
GazHs E 3 


2He B ‘ 
Al(BHa)s ; ! : 0.15 
(AlHa)z 
CaH2 
CsH 








them. The hydrogen bond appears to be a bond formed between 
a combined hydrogen atom with partial positive charge and a 
atom with partial negative charge which has available an orbital 
with an unshared pair of electrons. The hydrogen bridge bond 
appears to be a bond formed between a combined hydrogen atom 
with partial negative charge and an atom with partial positive 
charge which has available an orbital with no electrons. 

From data of the type given in Table I, the following tentative 
conclusions appear reasonable. (1) In combination with other 
elements, hydrogen appears to vary in partial charge between the 
two extremes of 0.39 and —0.69. (2) Hydrogen bridging appears 
to occur only when the charge on hydrogen is negative. Known 
compounds whose hydrogens have greater negative charge than 
O —0.10 are solids. (3) Stable borohydrides appear to form only 
when the hydrogen, with which a borine group may be considered 
to combine, bears a higher negative charge than that of borine 
hydrogen (—0.06). (4) The partial charges in the boron hydrides, 
although small, are sufficient to suggest that electrostatic inter- 
action among atoms not bonded to each other may have a very 
significant influence on the molecular structures. 


1R. T. Sanderson, J. Chem. Phys. 21, 571 (1953). 





Evidence for One-Dimensional Rotation in NH,I 


R. C. PLums AND D. F. HorniGc 


Metcalf Chemical Laboratories, Brown University, 
vovidence, Rhode Island 


(Received April 1, 1953) 


N a previous communication under this same title! it was 
pointed out that in the NaCl-like phase of NH,I which exists 
at room temperature the only reasonable interpretation of the 
infrared absorption spectrum in the 7 region led to a model in 
which the ammonium ion underwent one-dimensional free rota- 
tion. It was further concluded that the rotation took place about 
the hydrogen bond formed from one apex of the NH,* tetrahedron 
to an adjacent I~ ion 
At the time that note was written we had, unfortunately, over- 
looked the beautiful investigations of the Raman spectrum of 
single crystals of NHI which had previously been published by 
L. C. Mathieu and J. P. Mathieu.2 From measurements of the 
polarization of the Raman radiation they showed quite definitely 
that the threefold axis of the NH,* ion coincided with the four- 
fold axis of the crystal. They did not reach any conclusions re- 
garding rotation of the ion, but their prior evidence is probably 
less ambiguous than either the infrared spectrum or the neutron 
diffraction results? in demonstrating the one-bond model. Taken 
together the three investigations make this structure nearly 
certain. 
R. C. Plumb and D. F. Hornig, J. Chem. Phys. 21, 366 (1953). 


1, Couture-Mathieu and J. P. Mathieu, J. chim. phys. 49, = (1952). 
H. A. Levy and S. W. Peterson, J. Chem. Phys. 21, 366 (1953). 


The Correlation of Solid Metal and 
Nonelectrolyte Solubilities* 


PETER L, AUER 


Research Division, Livermore Research Laboratory, California Research and 
Development Company, Livermore, California 


(Received March 26, 1953) 


WO methods for correlating the solubilities of pure solid 
metals and nonelectrolytes have recently been discussed. 
Hildebrand has shown! that when the logarithm of mole fraction 
at saturation is plotted against the logarithm of absolute tem- 
perature, curves with constant slopes are obtained over extended 
temperature ranges for many systems forming regular solutions. 
On the other hand, Kleppa? has proposed that curves obtained by 
plotting logarithm mole fraction at saturation against reciprocal 
of absolute temperature can yield useful thermodynamic informa- 
tion and furthermore, indicate the extent of deviation from 
regularity. 

Hildebrand’s discussion for regular solutions can be extended 
readily to nonregular solutions in the following manner. An ex- 
pression for the mole fraction of solute along the equilibrium 
liquidus line may be written formally as 


(AH eat” , ASs'+(AS)'* 
_— R : (1) 


Equation (1) serves to define the excess partial molar entropy of 
solution, (AS)’*. Differentiation of Eq. (1) along the equilibrium 


line results in 
¢ =) a _ (AM) sat’/R 
01/T/st =: 14+8/T ’ 


(2 im) - E ( In: =). 
dinT/st—— T\91/T/ sa? 
sa 1{ (AoDa! )- (225) 
~R Olnx /T d Inx I 2) 
The first relation in Eq. (2) is equivalent to Eq. (2) of reference 1. 
In order to compare the merits of the-feciprocal temperature 


and logarithm temperature plots, it will be useful to expand the 
heat of saturation term in Eq. (2) as follows: 


(AH) sat’ = AH’ +(AH) a’, 
AH s' = AH s'{To} — AC,/{T 0} [To— TI, 
(AH) m’=(AH) u'{T.} —(AC)p"{T.)[T.—T], (3) 


where 7» is the fusion temperature of pure solute, 7, is the 
minimum temperature along the equilibrium liquidus line, and 
{ } indicates the temperature at which the constant quantities 
are evaluated. If deviations from either Raoult’s Law or Henry’s 
Law are small, the quantity (1+6/7) may also be expanded. 
The expansion in Eq. (3) assumes that the series converges 
rapidly enough so that only the first two terms need be retained. 
Examination of Eqs. (2) and (3) indicate that a reciprocal tem- 
perature type of plot may be linear only if both the heat capacity 
terms and 6 are negligibly small. However, a logarithm tem- 
perature type of plot will remain linear as long as 6 is small and 
(AH)sat’ is nearly linear in temperature, or if (AH)sat’ is linear 
in (T+4). 

The criteria for linearity for the two different methods of 
plotting appear to be mutually exclusive. Obviously the ratio of 
slopes derived from the two plots is a function of temperature, and 
this ratio should vary directly as 1/7. Experimentally, however, 
it is found that both methods of plotting yield straight lines in 
the low temperature regions. Such an apparent behavior may be 
observed as long as (AH)sat’ is a slowly varying function of tem- 
perature, and 6 is inappreciable at these temperatures. Experi- 
mental evidence indicates that for many systems (AH)sat’ is 
nearly linear in temperature over a considerable range;! if the 
fusion and eutectoid temperatures are high for these systems, 
the above-mentioned slow variation condition will be fulfilled. 


Inx=— 
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It is also to be expected that the 6-term will decrease as the 
solubility decreases. A comparison in the slopes of the two types 
of plots should then be made most profitably at 7.. 

The application of Kleppa’s method to deriving useful thermo- 
dynamic quantities characterizing nonregularity must be made 
with caution. In the absence of adequate heat capacity data, the 
assignment of simple interpretations to limiting slopes and inter- 
cepts can be made only with some uncertainty. The optimum 
information from a set of solubility measurements should be 
derivable when Kleppa’s method is augmented by Hildebrand’s 
recent proposal. 

* Work performed under auspices of the U. S. Atomic Energy Commission 
Contract No. AT (11-1)-74. 


1J. H. Hildebrand, J. Chem. Phys. 20, 190 (1952). 
20. J. Kleppa, J. Am. Chem. Soc. 74, 6047 (1952). 





The Crystal Structure of KVO;-H.O} 


C. L. Curist, JOAN R. CLARK, AND H. T. Evans, Jr. 
U.S. Geological Survey, Washington, D.C. 
(Received March 23, 1953) 


RYSTALS of KVO;-H20 were prepared by cooling a hot 

water solution containing roughly 2:1 mole ratio of KOH 
and V20;, maintained at a pH between 7 and 8. Crystals thus 
obtained are colorless, transparent, prismatic elongated along 
[001], and of roughly equidimensional cross section. Precession 
and Weissenberg patterns yield the following data: 


Orthorhombic: Space group—Pnam (D2'*) or Pna (C2,°) 
a= 8.15;+0.008A Cell contents 4(KVO;-H.O) 

b= 13.58,.+0.010 Density (eatc) = 2.53 g cm 

c= 3.697+0.004 (Mo A: Ka=0.71069A, Ko1=0.70926A) 


Visual examination of the reflections obtained on patterns made 
by rotation of the crystal around [001] shows that corresponding 
reflections on all even layer lines are similar, as are those on all 
odd layer lines. It follows that in this structure all atoms are 
situated on planes parallel to (001) and c/2 apart. This fact 
suggests that all the atoms lie on the mirror planes in the space 
group Pnam, on the basis of which a satisfactory structure has 
been developed. 

From the measured intensity data the Patterson projection on 
(001) was prepared. It was found possible to interpret the Pat- 
terson map in a straightforward fashion using a vector shift 


Le 


Angstrom units 


Ox Qro Oo 


Fic. 1. Structure of KVO3-H:0. 


ev 
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evaluated by the minimum function method of Buerger.! This 
procedure yielded a trial structure having a reliability index 
R=0.45, where, as usual, R= Z| | Fovs| — | Featc| | /Z| Fons|. Start- 
ing with this trial structure the customary method of refinement 
by successive electron density computations was followed. This 
has given the structure shown in Fig. 1, for which R=0.20, based 


Fic. 2. Details of the oxygen-vanadium coordination. 


on 153 observed reflections (calculated values for absent reflections 
were not included). The structure contains double, or linked, 
vanadium-oxygen chains in which the vanadium is fivefold 
coordinated by the oxygen atoms. The distorted trigonal di- 
pyramidal polyhedra share edges, as shown, to form continuous 
chains parallel to the c axis. The departure from trigonal sym- 
metry of the polyhedra may be due mostly to the mutual 
Coulombic repulsion of the vanadium atoms. The potassium ion 
has as nearest neighbors six oxygen atoms and two water molecules 
in approximately cubic coordination. 

Figure 2 shows in detail the coordination of the oxygen atoms 
around a vanadium atom; the corresponding vanadium-oxygen 
bond lengths and bond angles are listed in Table I. The same kind 


TABLE I. Vanadium-oxygen bond lengths and bond angles. 
The estimated maximum average error =0.05A. 








Bond lengths (A) 


V -—Or1 
V-O1 
V -—O'111 
V—-On1 


Bond angles (°) 


O1-V —O1 
On —V —Onr 
O'1n1 —V —O'1nL 
O;1-V—-O1l 











® See reference 2. 


of distorted trigonal dipyramidal polyhedral linkage, with roughly 
the same V—O distances, has been found for V2.0; by Bystrém 
et al It is interesting that V2O; is yellow red and KVO;-H:0 is 
colorless. 

The overlapping of the O11: and V peaks in the electron density 
projection on (001) does not permit the precise fixing of the 
parameters of these two atoms that is desirable. Electron density 
sections at («y}) are to be prepared to resolve this difficulty. The 
detailed investigation of the atomic parameters of KVO;-H:,0 
will be presented in a later paper. 

t Publication authorized by the Director, U. S. Geological Survey. 


M. J. Buerger, Acta Cryst. 4, 531 (1951). 
2 Bystrém, Wilhelmi, and Brotzen, Acta Chem. Scand. 4, 1119 (1950). 
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Specific Influence of Solvents on the Infrared 
Spectra of Alcohols 
ALEXANDER VERRIJN STUART* 


Physics Department, University of Michigan, Ann Arbor, Michigan 
(Received March 17, 1953) 


HE general influence of dilution on a hydrogen bonding 

substance is well known to consist of a drastic decrease in 
intensity of the absorption band connected with the stretching 
vibration of the bonded group, and the simultaneous appearance 
and increase in intensity of a band corresponding to the same 
vibration in the unbonded molecule.! The solvents chosen are 
always nonpolar, and considered to be inert, but specific differ- 
ences must, of course, exist between them. Few studies have 
been made of these specific interactions,? and these were made 
under conditions where interaction occurs only between solute 
and solvent molecules, but not between solute molecules mutually. 
In inert solvents this requires very low concentrations. At higher 
concentrations both associated and free molecules are present, 
and the intensity of the “monomer” band can be taken as a 
quantitative measure for the amount of monomers, using the 
intensity in the very dilute solution as a standard.! During the 
course of an investigation of a series of alcohols it became apparent 
that the solvent-solute interaction cannot be entirely neglected. 
In order to establish the extent of such specific effects a semi- 
quantitative study has been made. 

As a representative alcohol propanol-1 was chosen. Spectra of 
the OH stretching frequency have been obtained at various con- 
centrations in three nonpolar and three polar solvents, using a 
Perkin-Elmer Model 21 spectrometer equipped with a rocksalt 
prism, and a spectrometer designed and built in this laboratory, 
which was equipped with a LiF prism. The slight absorption of 
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Fic. 1. Propanol-1 in six solvents. — -- 2.0 mole/liter, - —- - 1.0 mole/liter, 
sg “ 0.25 mole/liter. Extinction coefficients « are given in units 103 cm?/ 
mole, 
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TABLE I. Solvent dependence of the OH stretching frequency. The fre- 
quencies are given in cm~; IJmon is given in units 10% cm?/mole for a con- 
centration of 0.25 mole /liter ; the intensity ratios are given for: A 0.25 
mole/liter, B 1.0 mole/liter. 








Tasn/I mon 
Nonpolar solvents D Yasn B 


CCl, 2.24 
CCl, 2.29 
CS2 2.64 





doublet 
doublet 
doublet 


Polar solvents 


3.83 
4.8 
CH2Cle 8.3 








the polar solvents in the spectral region studied was compensated 
for by placing in the reference beam of the spectrometer a cell of 
variable thickness* containing the pure solvent. The temperature 
was not controlled, but observed to change less than 1°C during 
the measurements. 

The results, which are illustrated in Fig. 1, show four distinct 
features: 


(a) The frequency of the monomer band depends on the 
solvent used, in all cases. 

(b) The association band shows two components in nonpolar 
solvents (at about 3300 and 3500 cm™), but in the polar solvents 
only a single peak appears, the position of which varies as a 
function of the concentration; in nonpolar solvents the 3300 cm™ 
peak prevails at high concentrations, the other component at 
low concentrations. 

(c) The intensity of the monomer band is higher in the polar 
solvents than in the nonpolar solvents, where a peak intensity of 
25 10* cm?/mole is never exceeded at any dilution (very dilute 
solutions are not shown in Fig. 1). 

(d) The intensity ratio of association and monomer bands, 
which is a measure of what might be called the “hydrogen bond 
breaking power’”’ is different at identical concentrations. 


The quantitative aspects of these results are listed in Table I. 
They indicate that differences exist, not only between the two 
classes of solvents, but also between the individual members of 
one class. A correlation with the dielectric constant suggests 
itself?” and this quantity is listed with the results in Table I. 
In all cases the frequency of the monomer band is shifted to a 
value lower than the value 3680 cm™ observed in the vapor 
spectrum. The assumption that such a shift would indicate hydro- 
gen bonding between solute and solvent®* seems too general, but 
the conclusion seems warranted that the interaction is never 
negligible. The correlation with the dielectric constant, which is 
qualitatively perfect for the sequence of these shifts, holds only 
partially if applied to the bond breaking power. Only for the polar 
solvents does one find the same sequence of intensity ratios of 
association and monomer bands (here also the progression of the 
peak frequencies of the association band is indicative). For the 
nonpolar solvents the considerably smaller and irregular effect 
suggests that other factors, such as the individual bond moments 
of the groups closest to the solute molecule, and the size of the 
“hole” in the solvent “cage,” may also play a part in the mecha- 
nism. Unexplained must remain the doubling of the association 
band in the nonpolar solvents. It seems unlikely that one deals 
with two different configurations (e.g., dimer and chain polymer) 
since a similar doubling is not observed for the OH deformation 
vibration. Results of an investigation of this motion will be 
published shortly. 

The author is indebted to the Dow Chemical Company for a 
fellowship in support of this work. 

* Now with Koninklijke/Shell <apemaeenm, / Amsterdam, Netherlands. 

1 Studies of these effects are reviewed by: M. M. Davies, Ann. Rep. 
XLII, 3 (1946) and L. Kellner, Rep. Prog. Binyen XV, 1 (1952). 

2 W. Gordy, J. Chem. Phys. 7, 93 (1939); R. Mecke, and W. Liittke, Z. 


Elektrochem. 53, 241 (1949). 
3A. V. Stuart, J. Opt. Soc. Am., 43, 212 1953. 





LETTERS TO 


Infrared Absorption of Solid N.O;t+,t 


Roy TERANISHI AND J. C. DeEcius 
Department of Chemistry, Oregon State College, Corvallis, Oregon 
(Received April 6, 1953) 


ITROGEN pentoxide in the solid state is known from x-ray 
diffraction data! to exist in the ionic form NO2+NO;—; the 
space group is De‘, with two molecules per unit cell. The Raman 
spectra? of the crystal, and of concentrated aqueous solutions, are 
different from those of solutions in nonpolar solvents, with two 
intense lines at 1050 and 1400 cm™, which have been assigned to 
the totally symmetric vibrations of the nitrate and nitronium 
ions, respectively. 

The infrared absorption of sublimed films of N2O; has been 
studied with a Perkin-Elmer Model 12-C spectrometer using 
NaCl and KBr prisms. The films were maintained at temperatures 
in the neighborhood of the boiling point of liquid nitrogen with a 
cell similar in design to that first described by Wagner and 
Hornig.’ Films were condensed on AgCl and on KBr windows 
which were incompletely cooled with no apparent difference in the 
absorption, although on warming to room temperature, the KBr 
windows were apparently attacked, since a weak KNO; spectrum 
was observed. When the films were condensed on completely 
cooled windows a spectrum characteristic of gaseous NO; was 
observed. 

The N:2O; was prepared by the ozonization of NO» obtained 
either by the pyrolysis of Pb(NO3)s or from a cylinder (Matheson 
Company). The oxygen stream to the ozonizer was dried with 
concentrated HsSO;, KOH pellets, and CaCl. The product was 
trapped with a dry-ice acetone bath, and in some cases resublimed 
in the ozone stream before final sublimation onto the cell window. 

Although the films of N.O; scattered visible light strongly, the 
background transmission from about 3.5 to 4 microns out to 
25 microns was sufficiently high, so that the strong absorption 
bands could be clearly identified. These were found at the positions 
indicated in Table I. 

According to the selection rule theory for crystals as developed 
by Halford‘ and Hornig,® in the harmonic approximation the fre- 
quencies v2, vs, and vg are permitted for the NO;~ ion, while 
vot and vst are allowed for the NO2* ion, for which the site group 
symmetries are each D3,. Hornig,® using a treatment of the Born- 
Oppenheimer type, has pointed out that molecular modes such 
as the degenerate frequencies v3t, and v3~, and vs may be split 
by interaction with lattice modes. It seems possible that this 
effect is responsible for the breadth of the very strong degenerate 
NO;> stretching mode in the vicinity of 1400 cm™ and the com- 
ponents of the degenerate NO;~ bending mode at 740-772 cm“. 
All the frequencies assigned to NO;~ lie within about 20 cm™ of 
the positions in which they appear in simple salts. 

The frequencies of NO.* are readily assigned by analogy with 
the isoelectronic COz molecule. The bending frequency at 537 
cm seems quite low, but according to the Dg, unit cell symmetry 
it is permitted to interact with the degenerate frequencies v;— 


TABLE I. Infrared absorption of crystalline N2Os. 











Assignment 


vst (E’) 


Frequency (cm™) Relative strength 





§37 strong 


ao medium va (E’) 


819 medium v2 (Ao’’) 


930-964 weak 
1308 weak 
1408 very strong, broad 
1680 medium 


2390 strong 
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and v4 of the nitrate ion, both of which are found at higher values 
than they exhibit in simple nitrates; for this reason, and since no 
fundamental other than the lattice modes can be expected to 
occur this low, the assignment seems reasonably certain. 

The unassigned frequencies may possibly be combinations in- 
volving lattice modes or may be due to HNO; as an impurity. 
Further studies are in progress, involving efforts to obtain less 
scattering films by control of the sublimation conditions and also 
involving enriched N', so as to confirm the assignments and 
permit a complete calculation of force constants. 

6 | an geae by a grant-in-aid from the Graduate School of Oregon State 
ollege. 

t Published with the approval of the Monographs Publication Com- 
mittee, Oregon State College as Research Paper No. 222, School of Science, 
Department of Chemistry. 

1 Grison, Eriks, and deVries, Acta Cryst. 3, 290 (1950). 

2 J. Chedin, thése, Paris, 1937; D. J. Millen, J. Chem. Soc. 1950, 2606. 

3 E. L. Wagner and D. F. Hornig, J. Chem. Phys. 18, 296 (1950). 

4R. S. Halford, J. Chem. Phys. 14, 8 (1946); H. Winston and R. S. 


Halford, J. Chem. Phys. 17, 607 (1949). 
5D. F. Hornig, J. Chem. Phys. 16, 1063 (1948). 





Erratum: Diffusional Processes in the Growth of 
Aerosol Particles 
[J. Chem. Phys. 20, 1797-1803 (1952) ] 


F. C. CoL_tins AND H. L. FrRiscu 


Department of Chemistry, Polytechnic Institute of Brooklyn, 
Brooklyn, New York 


—- (37) should read 


c(r, t) 


a—m fo ear 





f=m®(i) (37’) 


because the probability f must be taken relative to the mean bulk 
concentration at the time ¢, which is 


a—m fear 


instead of a as previously given. Equation (41) then becomes 
m®(r)dr 


q (41’) 
a—m f &(s)ds 





(1) =4)() exp - f" 


The integral in Eq. (41’) is readily evaluated in terms of 
Q=f'e(rdr, de=0). 


Integration of Eq. (41’) as a whole then leads to 


x) a Oe \ 
iat exp| m ff eo(nar] t. 


Thus we have in place of Eq. (43) 
dO m ft 
Ys (t) =@po exp[—™ f° o(z)dr] 


for the flux to a given particle in the presence of a concentration 
m of other competing sinks. 


(43’) 





The vy Fundamental of C.F,* 


D. E. MANN AND EARLE K. PLYLER 
National Bureau of Standards, Washington, D.C. 
(Received March 23, 1953) 


N connection with another investigation, it was necessary to 
review the assignment of the fundamentals of perfluoroethane 
given by Nielsen, Richards, and McMurry.! Apart from the 
torsional mode only vs, to which the value 216 cm™ had been 
assigned on the basis of the plausible identification of several 
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binary combinations, could be regarded as uncertain. Since this 
vibration is infrared active, an attempt was made to observe it 
directly with the aid of a CsI prism. A strong band with an in- 
distinct contour was found at 220 cm™, in very good agreement 
with the predicted value. 

The change of v9 from 216 to 220 cm™ would affect only very 
slightly the value of the barrier to internal rotation calculated by 
Pace and Aston.? Nevertheless, since recent electron diffraction 
and microwave studies of related molecules have made plausible 
structural parameters somewhat different from those used by 
Pace and Aston, it was considered desirable to incorporate these 
changes in a recalculation of the barrier. The assumption of 
tetrahedral bond angles, and the distances C—F:1.33A and 
C—C:1.48A, leads to the moments I4=Ig=436X10™, Ic = 298 
X10-” g cm?. A barrier of 3920 cal mole“ gives the best fit of the 
calculated with experimental entropy values. The value deter- 
mined by Pace and Aston is 4350 cal mole“. 

* This work has been supported in part by the U. S. Office of Naval 
Research under contract NAonr 112-51. 


1 Nielsen, Richards, and McMurry, J. Chem. Phys. 16, 67 (1948). 
2 E. L. Pace and J. G. Aston, J. Am. Chem. Soc. 70, 566 (1948). 





Flow of Oxide Layer During Oxidation of Copper 
WALTER J. MOORE 
Department of Chemistry, Indiana University, Bloomington, Indiana 
(Received March 23, 1953) 


T has been shown! that the growth of cuprous oxide on copper 
exposed to oxygen at 800-1050° follows the rate equation 
dy/dt=k/y, where y is the thickness of oxide layer and k=2D, 


D being the diffusion coefficient of radioactive copper in cuprous . 


oxide. Further experiments on the oxidation of copper have now 
been made. 

Spheres of polycrystalline copper, 0.5 to 2.0 cm in diameter, 
were heated in air at 1000° until the oxide layer was 1 to 3 mm. 
After removal of the oxide, the density of the copper core was 
normal. This result indicates that no detectable porosity was 
created in the copper.? The oxide coat must uniformly shrink 
inwards as the diameter of the unoxidized copper decreases. The 
oxide layer is polycrystalline but free from cracks, and the plastic 
flow of the oxide would seem to be caused by the excess free energy 
produced as vacancies coalesce at the metal-to-oxide interface. 

A 0.1-mm nichrome wire was tightly wound in an equatorial 
groove around a 2.0-cm copper sphere. After oxidation for 50 hr 
at 1000°, the wire was completely covered by 1.1 mm of cuprous 
oxide, and only 0.1 mm of oxide separated the wire girdle from 
the unoxidized sphere. The circumference of the wire must have 
decreased about 3 percent to account for its new position. 

Through a copper tube 9.6 mm od with 0.58-mm wall was 
passed a current of pure argon, while the outside of the tube was 
exposed to air at 1000°. After 20 hr the inside diameter of the tube 
had decreased slightly from 8.4 to 8.3 mm, while 0.9 mm of oxide 
was formed. The copper under the oxide was hard and brittle 
and contained numerous cracks. In this case also, there must 
have been an inward flow of oxide. Evidently the vacancy current 
responsible for film growth cannot continue through the under- 
lying copper, the self-diffusion coefficient of copper being much 
lower than the D for copper in cuprous oxide. 

These results may have a bearing on the question of the sintering 
mechanism in oxide compacts, for a similar plastic flow of oxide 
may be associated with diffusion of the copper ion even in the 
absence of the underlying copper. Experiments on this point are 
in progress. This work is part of Contract AT-(11-1)-250 with the 
U. S. Atomic Energy Commission. 

(19805 J. Moore and B. Selikson, J. Chem. Phys. 19, 1539 (1951); 20, 927 

2 Contrast this result with that of H. H. Uhlig (U. S. Office of Naval 
Research Forum on Corrosion Research, Washington, D. C., November 9, 


1949) who oxidized a sphere of 2 percent Si—2 percent Al iron alloy for 24 
hr at 1165° and found a large hole in the center. 
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On an Application of the Fermi-Thomas Method 
to Molecules 


W. A. Bowers 


Physics Department, University of North Carolina, 
Chapel Hill, North Carolina 


(Received April 7, 1953) 


ECENTLY March! has applied the Thomas-Fermi method 

to molecules of tetrahedral and octahedral symmetry, using 
the “smoothing approximation” of Buckingham ¢ al.,? in which 
the nuclear charge of the outer atoms is regarded as averaged over 
the surface of a sphere. This averaging makes the problem 
spherically symmetric and allows the application of the Thomas- 
Fermi method in the way familiar from the treatment of atoms. 
The only modification is the discontinuity in potential gradient 
at the sphere, proportional in magnitude to the total nuclear 
charge N of the outer atoms, which must be imposed on the 
solution. Using March’s tables, one can construct appropriate 
solutions of the T-F equation corresponding to various values of R 
(radius of “smoothing” sphere) and N/Z (Z=nuclear charge of 
central atom); then the total energy E and also dE/dR can be 
calculated from March’s formulas. 

The purpose of this note is to give the results obtained in 
this way for the equilibrium sphere radius D [defined by 
(dE/dR)r.v=0] and the force constant for the totally sym- 
metric vibration k [defined by k= (@E/dR?*) rp], of tetrahedral 
molecules. March gave D graphically,* but did not calculate k. 
Of course one would hardly expect this treatment to give accurate 
results for any particular molecule; however, one might hope 
that some general trends, such as variation with Z or with N, 
would be given correctly. In any event, calculations of force 
constants from first principles scarcely exist for any but the 
simplest molecules, so that any efforts along these lines may be 
of some interest. 

The results may be summarized as follows: 


D=Z"',(N/Z), (1a) 
k=Z5f(N/Z), (1b) 
where the functions f and g are given approximately by 
f(x) = 1980x3-*! dyne/cm, (2a) 
g(x) =3.12x-0-6A, (2b) 


for the range of values 0.8<«*<3.0. This limitation is owing to 
the small number of solutions of the T-F equation available; 
we did not perform further numerical integrations, but simply 
used March’s tabulated solutions. The discussion below is based 
on these approximate formulas; occasionally we have had to 
extrapolate them in an unwarranted fashion. 

Comparison with the data for several tetrachlorides and tetra- 
bromides yields the following results: 


(1) The numbers predicted by Eqs. (1) and (2), using the 
actual values of N and Z, are in bad disagreement with the data. 
The internuclear distances predicted are too small by a factor 
which varies from 4 to 3 as one goes from CCl, to PbCl, and from 
7 to 5 as one goes from CBr, to PbBr,, while the force constants 
predicted are too high by a factor of the order 1000, which, how- 
ever, decreases as one goes from CCl, to PbCly. 

(2) Ignoring the magnitude and looking at the Z dependence 
of D for the series of chlorides and bromides, one finds an increase 
with Z predicted which is however somewhat more rapid than 
observed, namely Z°2? (predicted), and Z°-” (observed). The 
Z dependence of k predicted is a decrease as Z~*; the data show 
likewise a decrease with Z which cannot, however, be represented 
over the whole range of Z by a constant exponent. For the heavier 
chlorides (Ge, Sn, Pb) it is about —0.45. 


Although these results are not very encouraging, there is 
perhaps a little more to be said. March found that a more reason- 
able charge distribution could be obtained for CCl, by treating 
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TABLE I. Force constants of tetrachlorides. 








X Si Ge 





c 
6. 6. 9. 
5. 4. ie 
7. 15. 13. 


Neff 
k (calc) (105 dyne/cm) 


4 
4 
k (exp)* (105 dyne/cm) 17.6 








4 Data from Herzberg, Infrared and Raman Spectra. 


the outer atoms as having their inner shells compressed into the 
nucleus—i.e., using an effective charge in place of N. If we adopt 
this idea, one possible way of proceeding is to use the experi- 
mental bond lengths D together with Eq. (1a) to determine a 
value of Ness; with this Ner¢ and the actual Z one can then calcu- 
late the force constant k and compare with experiment. The 
results of this sort of calculation are shown in Table I for the 
series of chlorides XClj. 

The agreement is scarcely impressive; but considering that 
previously (i.e., using the actual V) the values of k were wrong 
by a factor of about 10%, the agreement as to order of magnitude is 
interesting. Further, there is a clear trend toward better agree- 
ment for the heavier molecules, which is probably to be expected, 
as in the atomic case, when using the statistical method. 

In conclusion, one may point out that since the T-F equation 
neglects exchange (which is certainly an important effect in 
molecular binding!), it would be of interest to see whether the 
modified equation due to Dirac, which includes approximately 
the effect of exchange, improves these results at all. Unfortunately 
the Thomas-Fermi-Dirac equation is considerably harder to work 
with, and considering the rather violent nature of the “smoothing 
approximation” itself, the value of the results is not likely to be 
worth the effort involved. 


1N.H. March, Proc. Cambridge Phil. Soc. 48, 665 (1952). 
2 Buckingham, Massey, and Tibbs, Proc. Roy. Soc. (London) A178, 119 
941). 


(a 

3 The scale of abscissas in Fig. 2 of March's paper should run from 2 to 10 
rather than from 0 to 8. 

4P. A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 376 (1930). 





Hydrogen-Fluorine Flame Temperatures* 


Davip ALTMAN AND MILTON FARBER 


Jet Propulsion Laboratory, California Institute of Technology, 
Pasadena, California 


(Received March 23, 1953) 


ECENT measurements on the heat of dissociation of fluo- 
rine'? have yielded a value of about 37 kcal/mole, which is 
considerably lower than the previously accepted value of about 
63 kcal/mole.* A short while ago Wilson et al.4 reported a flame- 
temperature measurement of the stoichiometric H2(g)—F2(g) 
system employing the lithium line-reversal technique with the 
sun as the comparison radiator. A value of 4300°K+150°K was 
measured which was considered in fortuitous agreement with their 
calculated value of 4300°K employing a heat of dissociation of 
63 kcal/mole. 
In view of the more recent lower value for Do(F2), we wondered 
whether this temperature measurement was compatible with the 
new Do(F2) and have therefore calculated flame temperatures at 


TABLE I. Calculated flame temperature for hydrogen-fluorine. 








Calculated flame temperature (1 atmos) in °K 
AH os =63.5 kcal/mole AHoos =37 kcal/mole 


3545 3508 
3956 
3907 
3596 
2684 
1867 
1369 
1268 


Mole ratio r 
(F2/He) 
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Fic. 1. Flame temperatures of the H2—F2 system at 1 atmosphere. 


atmospheric pressure over a range of mole ratios for the two 
assumed heats of dissociation of 63.5 and 37 kcal/mole. The 
enthalpy and entropy tables employed were taken from the recent 
paper of Cole, Farber, and Elverum.® The results of these calcu- 
lations are shown in Table I and are plotted in Fig. 1 to show the 
relative trends with mole ratio. 

At the stoichiometric ratio, the flame temperatures for AHo9s of 
63.5 and 37 kcal/mole are 4252°K and 3956°K, respectively. It is 
clear, therefore, that the value measured by Wilson ef al.‘ of 
4300+ 150°K is incompatible within their admitted limit of error 
with the recently measured low value of Do(F2). 

We should like to point out that, if flame temperature measure- 
ments were to be made in order to decide between the two re- 
ported values for Do(F2), a more reliable conclusion can be drawn 
from experiments at the higher mole ratios. Not only are the tem- 
peratures lower, permitting the use of more conventional line- 
reversal equipment, but also the temperature differences are 
larger; thus at r=1, AT is only 296°K; whereas at r=2, it is 
725°K; and at r=4, it is 604°K. Furthermore, it would be de- 
sirable to make temperature measurements at two 7 values, 
perhaps r=2.5 and 4, since the calculated temperature ratio for 
AHoos(F2) of 63.5 is 1.15, whereas that for AHoos(F2) of 37 is 1.97. 
Measurements of this type which accentuate the difference also 
have the advantage of partially cancelling instrumental errors 
inherent in obtaining absolute temperature values. 

* This paper presents the results of one phase of research carried out at 
the Jet Propulsion Laboratory under Contract No. DA-04-495-Ord 18, 
sponsored by the Department of the Army, Ordnance Corps. 

1R. N. Doescher, J. Chem. Phys. 19, 1070 (1951). * 

2H. Wise, J. Chem. Phys. 20, 927 (1952). 

3 Wartenberg, Springer, and Taylor, Z. physik. Chem., 61 (1931). 

4 Wilson, Conway, Engelbrecht, and Grosse, J. Am. Chem. Soc. 73, 5514 


(1951). 
5 Cole, Farber, and Elverum, J. Chem. Phys. 20, 586 (1952). 





Erratum: On the Stability of Metallo-Organic 
Compounds 
[J. Chem. Phys. 21, 196 (1953) ] 


H. H. JAFFE AND G. O. Doak 


Venereal Disease Experimental Laboratory, U. S. Public Health Service, 
School of Public Health, University of North Carolina, 
Chapel Hill, North Carolina 


ABLE I of the above paper contains an error. The entry 

under X;;/A for Al should read 3.62. The last reference 
under note added in proof should read J. Chem. Phys. 21, 156 
(1953). Reference 18 should read H. H. Jaffé, J. Chem. Phys. 21, 
258 (1953). 
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Van der Waals’ a and Ionization Potential 
of Inert Gases 
YATENDRA PAL VARSHNI 


Department of Physics, Allahabad University, Allahabad, India 
(Received April 3, 1953) 


Fae der Waals’ a depends on the polarizability of the mole- 
cules. In case of atoms, the polarizability is dependent on 
the ionization potential. Thus, it is expected that a relation may 
hold between a and ionization potential (to be denoted by V) for 
similar atomic gases. For inert gases, a graph of a against 1/V‘ is 
found to give a straight line. The relationship may be expressed by 


a= ~ 0.004478 =>, (1) 


where a is in atmosXcm/‘ and V is in volts. 
The observed and calculated values of a are recorded in Table I. 


TABLE I. a of inert gases. 











a a Percentage 

Inert gas V calc obs error 
Helium 24.581 0.000068 0.000068 0 
Neon 21.559 0.000424 0.00042 —1 
Argon 15.756 0.00261 0.00268 +2.5 
Krypton 13.996 0.00446 0.00462 +3.5 
Xenon 12.127 0.00826 0.00816 —1,2 
Radon 10.746 0.01367 tee 








* Data from G. Herzberg, Atomic Spectra and Atomic Structure, and 
Hodgman, Handbook of Chemistry and Physics. 


Considering the fact that a has no absolute value and depends 
on the temperature, the agreement between the observed and 
calculated values is fairly good. 

No experimental determination of a for Radon seems to have 
been made. The estimated value from Eq. (1) is 0.01367. 

The author is grateful to Dr. K. Majumdar for his interest in 
the work. 





The v3; Raman Band of Ammonia 


C. CumMMiInG* AND H. L. WELSH 
McLennan Laboratory, University of Toronto, Toronto, Canada 
(Received March 31, 1953) 


N outstanding problem associated with the ammonia mole- 

cule has been the determination of the fundamental fre- 
quency v3 corresponding to the doubly degenerate N—H bond- 
stretching vibration. The infrared band is strongly overlaid by 
the »; band and has so far defied analysis. Barker! assigned the 
infrared band at 4u to the v3— v2 transition and deduced the value 
3414 cm™ for v3. In a discussion of the overtone and combination 
bands Sutherland? suggested the value 3450 cm™ for v3, which 
fits the isotopic relations with ND; much better. The Raman band 
at 3382 cm™ in liquid ammonia’ is probably v3, but the frequency 
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is presumably shifted by the strong dipole interaction in the 
condensed phase. The band has apparently not been observed in 
the gas.‘ 

In the present investigation the Raman spectrum of the gas was 
excited by Hg 2537 in a Raman tube with a four-mirror system for 
multiple reflections. The spectrum was photographed using a 
quartz Littrow spectrograph with a reciprocal linear dispersion 
of 27.0 cm/mm at 2537A. Exposures of 12 to 48 hours were 
made with Eastman 103a-O plates and gas pressures in the range 
3 to 5 atmospheres. A microphotometer tracing of the spectrum 
in the region Av=3200-3750 cm™ is shown in Fig. 1. The fre- 
quencies of 37 maxima attributable to the v; band were measured, 
and a partial analysis of the band was achieved. 

The fundamental Raman band of a doubly degenerate vibration 
of a C3, molecule has a very complex rotational structure, since 
for each initial rotational level (J, K), there are in general 20 
permitted transitions according to the selection rules AJ =0, +1, 
+2, and AK= +1, +2.5 If the rotational constants, A; and By, of 
the upper vibrational state were very nearly equal to the ground- 
state values, Ao and Bo, respectively, the most prominent features 
of the band would be the two series of Qx sub-branches, corre- 
sponding to AJ=0, AK=+1, +2, since each Qx sub-branch 
represents the superposition of many single transitions. However, 
it was immediately apparent that the strong maxima in the v3; 
band of ammonia could not be assigned to Qx sub-branches. 
It was therefore concluded that at least one of the convergence 
factors, Byo—B, and Ao— Aj, has an appreciable value. 

The analysis of the band was carried out in the following way. 
The relative intensities of the most probable Raman transitions 
originating in the most highly populated rotational levels were 
found using the transition probabilities calculated by Placzek and 
Teller.6 When the frequencies of these transitions, relative to the 
band origin vo, were calculated from the rotational constants as 
at present known, assignments of the strongest lines in the ob- 
served band could be made immediately. Eight lines of the series 
SS(J, K=J), for which AJ = AK=-+2, were identified (Fig. 1). 
The frequencies of these lines, corrected for centrifugal stretching 
according to the data of Slawsky and Dennison,’ gave a straight 
line when plotted against J+1. Since the frequencies follow the 
formula 


SS, K=zJ) = yo t+B,+Bo+2A if 
+ (J+1)(B, +44 1424 f— Bo) 4+-J?(A1—Ao), 


it is evident that A1— Apo is small and that two relations between 
the constants vo, Bo, B;, Ao, A1, and Ai¢ can be obtained from 
the graph. The value of Bo was taken as 9.94 cm™, as determined 
by us from an analysis of the rotational Raman spectrum at high 
dispersion. Other rotational transitions in the band were identified 
to give three further relationships to determine the remaining 
constants. The calculated values of the rotational constants vary 
somewhat when different lines are used in the analysis; this lack 
of consistency undoubtedly comes about because some of the 
measured lines are blended with weaker lines. When the fre- 
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Fic. 1. Microphotometer tracing of the Raman spectrum of gaseous ammonia in the region Av =3200-3750 cm™. 


The assignments (J’, K’—J’’, K’’) of the lines used in the analysis are indicated. 
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quencies of the transitions (7,7—6,6), (6,5—4,3), and (4,4—6,6), 
along with the series “S(J, K=J) are used, the values of the 
constants are: vo= 3444, B,=9.78, Ap=Ai1=6.24, and A:¢=0.28 
cm, The value of vo, the frequency of the v; fundamental, is 
probably accurate to within one cm. 


* Holder of the Nadine ee Fellowship, School of Graduate Studies, 

erg & of Toronto, 1951-19 
1, F. Barker, Phys. Rev. ss 457 (1939). 

2G. B. B. M. Sutherland, Phys. Rev. 56, 836 (1939). 

3K. W. F. Kohlrausch, Ramanspektren (Akademische Verlagsgesellschaft 
Becker und Erler, Leipzig, 1943). 

4 Dickinson, Dillon, and Rasetti, Phys. oe 34, 582 eh E. Amaldi 
and G. Placzek, Z. Physik 81, 259 (1933); C. M. Lewis and W. V. Houston, 
Phys. Rev. 44, 903 (1933). 

5 Welsh, Cumming, and Stansbury, J. Opt. Soc. Am. 41, 712 (1951). 

6G. Placzek and E. Teller, Z. Physik 81 209 (1933). 

7Z. I. Slawsky and D. M. Dennison, 5. Chem. Phys. 7, 509 (1939). 





Table of Bessel Functions — 


C. W. JONES 


The University of Liverpool, Mathematical Institule, Department of 
Applied Mathematics, Liverpool, England 


(Received February 24, 1953) 


T may be of interest to those working in theoretical chemistry 

and physics, in particular in calculating molecular integrals, 

to know of the recent publication of A Short Table for the Bessel 

Functions In4y(x), (2/r)Kn44(x) (Cambridge University Press, 
Cambridge, 1952). 

This is a pamphlet of 20 pages giving the functions to 7 or 8 
figures in the ranges x=0(.1)10, n»=0(1)10, with full provision 
for interpolation and extension of the range of x. It is published 
for the Royal Society Committee on Mathematical Tables, under 
my name. 





Acoustic Wave Velocities, Elastic Constants, and 
Debye Characteristic Temperature for 
Polycrystalline MgCdt 


CHARLES S. SMITH, Physics Department, Case Institute of Technology, 
Cleveland, Ohio 


AND 


W. E. WALLACE, Chemistry Department, University of Pittsburgh, 
Pittsburgh, Pennsylvania 


(Received April 6, 1953) 


HE longitudinal and transverse acoustic wave velocities in a 

polycrystalline magnesium-cadmium alloy containing 50.6 
atomic percent cadmium were measured using the pulsed ultra- 
sonic method. The alloy was prepared by fusing together spectro- 
scopically pure magnesium and cadmium under a blanket of 
helium purified by evaporation. Experimental details concerning 
preparation and analysis of the alloy and the method employed 
in measuring the sound velocities are given elsewhere.!? 

Transit times were measured for a rod about 1 cm in diameter 
and 0.6224 cm long. The observed times were 3.60+0.02 and 
7.00+0.02 usec for the longitudinal and transverse waves, re- 
spectively. From the observed transit times 0.020.05 usec was 
subtracted to allow for end effects.2 The magnitude of this cor- 
rection was established mostly from experience, although it could 
be ascertained reasonably well for the longitudinal waves. More 
elaborate evaluation and control of uncertainties resulting from 
end effects, temperature, etc., were not warranted, since the 
measurements were intended merely to lead to a value of the com- 
pressibility of sufficient reliability to be used to calculate con- 
stant volume heat capacities from those determined at constant 
pressure. 

From the corrected transit times one obtains Vz,=3.66X 105 
and V,=1.83X105 cm/sec. Employing a density? of 5.36 g/cm’, 
Cu=pV 1?=7.18X 10", and Ca4s=pV2=1.80X 10" dynes/cm?. For 
an isotropic medium 8,1! = Ci,—4/3C44=4.78 X10" dynes/cm? or 
4.72X105 atmos, where §, is the adiabatic compressibility. 
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Br, the isothermal compressibility, is related to 8, by the thermo- 
dynamic expression Br—§,=a?7TV/C>». Br is evaluated from pub- 
lished densities? and thermal expansivities‘ of magnesium-cad- 
mium alloys, together with unpublished measurements of C, for 
this alloy.® The result is Br =2.18X10~* atmos". This value may 
be compared with corresponding quantities determined by Bridge- 
man for the pure metals*—67 for Mg= 2.96 X 10-6, Br for Cd= 2.07 
X10-* atmos“. Thus, the alloy has, as expected, an intermediate 
compressibility, although it is somewhat less compressible than 
would have been anticipated from a linear interpolation between 
the compressibilities of the components. Such a deviation is not 
surprising in view of the exothermal formation of the alloy.?:7 
The Debye characteristic temperature 6p computed from the 
sound velocities is 220°K. This value compares favorably with 
245°K, the value of @p from specific heats between 100 and 200°K.® 


Tt This work was assisted by the U. S. Office of Naval Research at Case 
Institute of Technology and the U. S. “Atomic Energy Commission at the 
University of Pittsburgh. 

1 Trumbore, Wallace, and Craig, J. Am. Chem. Soc. 74, 132 (1952). 

2 Neighbors, Bratten, and Smith, J. Appl. Phys. 23, 389 (1952). 

3J. M. Singer and W. E. Wallace, J. Phys. Colloid Chem. 52, 999 (1948). 

4 Hirabayashi, Nagasaki, and Nagasu, J. Jap. Inst. Metals (Sendai) 13, 
No. 6 (1949). 

5 Satterthwaite, Craig, and Wallace (to be published in J. Am. Chem. 


oc.). 
Bd x: W. Bridgeman, Proc. Am. Acad. Art Sci. 58, 209 (1922); 76, 9 
45). 

7 Buck, Wallace, and Rulon, J. Am. Chem. Soc. 74, 136 (1952). 

8C, values above 200°K are not appropriate in evaluating @p, since 
they contain a small configurational contribution due to the beginnings of 
the order-disorder transition which culminates at 528°K. The configura- 
tional contribution at 300°K is sufficiently large to make @p negative at 
that temperature. 





Investigation of Rotational Isomers with 
Ultrasound 


JOHN KARPOVICH* 


Electrical Engineering Department, Imperial College of Science 
and Technology, London, England 


(Received March 30, 1953) 


MODIFIED resonance-reverberation technique for sound 

absorption measurements below 600 kilocycles per second 
has been developed. Over 50 organic liquids and three solids have 
been studied. Relaxation processes have been observed in some 
cyclohexane derivatives, cyclohexene, methyl formate, ethyl 
acetoacetate, acetic anhydride, and methyl] benzoate. Additional 
absorption measurements have been made in the relaxation re- 
gions of formic acid, ethyl formate, methyl acetate, and ethy| 
acetate. 

A study of the cyclohexane derivatives and other similar 
molecules has led to the identification of the mechanism re- 
sponsible for the relaxation processes in these liquids. The relaxa- 
tion phenomena are attributed to the disturbance by the sound 
wave of equilibria between rotational isomers. The isomers in 
the cyclohexane derivatives result from the polar and equatorial 
positic is assumed by the substituent groups owing to inter- 
convcision of the two chair configurations. 

In cyclohexene, the equilibrium disturbed by the sound wave 
is that between pseudo-boat and chair configurations. 

The relaxation processes in the carboxylic acids and esters, 
and other molecules with the 


ff 
C 


No” 


group are attributed to the disturbance of equilibria between 
rotational isomers which arise from rotation about the C—O 
bond. 

Infrared absorption bands at about 1160 and 1185 cm™ in the 
esters of carboxylic acids! are identified with rotational isomerism 
of the type postulated for the relaxation processes in these liquids. 
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A detailed report on these findings is now in preparation. 
The author is grateful to Professor Willis Jackson for offering 
facilities for carrying out this program of research. 
* This research was done as partial requirement for a Ph.D. degree from 


the University of London, 
iH. W. Thompson and P. Torkington, J. Chem. Soc. 1945, 640. 





Green’s “‘Correction’”’ of Yvon’s Dielectric 
Constant Formula 


WILLIAM FULLER Brown, Jr. 
Sun Physical Laboratory, Newtown Square, Pennsylvania 
(Received February 3, 1953) 


N his new book on fluids,! H. S. Green derives a formula for 
the dielectric constant of a nonpolar fluid. He then comments: 
“This corrects the formula given by Yvon (1937), who did not 
discuss sufficiently the effect of the induced charge distribution.” 
Recently, I published a calculation’ that verified Yvon’s 
formula. Thus, Green’s result and mine are in apparent contra- 
diction. Upon study of Green’s calculation, however, I conclude 
that his result is only superficially different from mine, and that 
the two results are actually equivalent. 
Green’s formula [his Eq. (6.13) ] is 


(x—1)(1— (4/3) na) = 44na(1+)a?), (1) 


where x=dielectric constant, m=number density of molecules, 
a=polarizability, and [Eq. (6.11) ] 
m=2fr'no(r)dr+S S (rs)*{3(r-s)?—r?s?} 

X {n3(r, 8) —nn2(r)—nn2(s)+n'}drds; (2) 
n, is the molecular distribution function for & molecules. I have 
restored to the first term a lost factor 2, which was present in the 
step immediately preceding this equation. 


In Eq. (1), terms of order a‘ have been neglected. Expansion 
of 1/(x—1) to as many terms as are significant, therefore, gives 


ct+2_,, 3 3 3d 


1 —, 
x—1 en 4rna 4nn 











(3) 


This is of the same form as my Eq. (3-10), except that C is re- 
placed by 3A\a/8xn=nxX: (3a/82n?). 

From my Egs. (4-8) and (4-6), C to the present approxi- 
mation, and in Green’s notation, is 


C= (3ax/8an®) {2S r-*na(r)dr+2S S (rs) 
X[ns—n2(r)n2(s)/n ]P2(cosd)drds}, (4) 


where @ is the angle between r and s. Since 3(r-s)?—r*s? 
= 2r*s?P2(cos@), the only difference between C and nX- (3a/8rn?) 
is that ms—m2(r)n2(s)/n in the former is replaced by ms—mnnge(r) 
—nn2(s)-+-n in the latter. 

In the integrals containing these quantities, let the integration 
over r be performed first. The integral that occurs in C is con- 
vergent at r= © and at r=0. The integral that occurs in md) is 
convergent at r= © but only semiconvergent at r=0; from Green’s 
derivation, the reader can deduce that the order of operations 
must be: first, integrate over the region r>ro9; second, let ro—0. 
In the difference C—nd- (3a/8rn*), we may (for given s) safely 
integrate first over spherical shells r=const, then from r=0 to 
r=. In this difference, m3; no longer appears, and the integrand 
(for given s) is of the form f/(r)P2(cos@) ; the first step of integra- 
tion, therefore, gives the result zero. 

Thus Green’s formula is equivalent to mine and so to Yvon’s. 

Green’s derivation is essentially the same as mine up to his 
Eq. (6.6), which is my Eq. (3-2). The difference from that point 
ons lies in the method used to improve the convergence of the 
integrals. My expression n3—2(r)n2(s)/n vanishes both at r= 
and at r=0. Green’s expression m;—nn2(r)—nne(s)+n* remains 
finite at r=0; hence the semiconvergence. 
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In this discussion I have cited my own paper rather than 
Yvon’s, because the former is more generally available to readers 
of this journal. With regard to Yvon’s monographs, the following 
information may be useful. (1) In 1949 I obtained copies within 
less than three weeks, by ordering directly from the publishers by 
airmail letter. (2) The dielectric constant formula, Eq. (220) of 
reference 2, is quoted (with a few obvious misprints) in Science 
Abstracts A39, 300, Abstract 1318 (1936). (3) For still another 
derivation of Green’s Eq. (2.9), p. 129, see Yvon’s 1935 mono- 
graph,‘ pp. 17-19. 

1H. S. Green, Molecular Theory of Fluids (Interscience Publishers, Inc., 
New York, 1952), pp. 207-211. 

2 J. Yvon, Recherches sur la Théorie Cinétique des Liquides: I, Fluctuations 


en Densité; II, La Propagation et la Diffusion de la Lumiére. Actualités 
ewe et Industrielles, Nos. 542 and 543 (Hermann et Cie., Paris, 
193 


3 William Fuller Brown, Jr., J. Chem. Phys. 18, 1193-1200 (1950). 

4J. Yvon, La Théorie Statistique des Fluides et l'Equation d’ Etat. 
a Scientifiques et Industrielles, No. 203 (Hermann et Cie., Paris, 
1 ° 





Classical Limit of Mean Thermal Vibration 
Amplitudes 
J. C. Decius 


Department of Chemistry, Oregon State College, Corvallis, Oregon 
(Received April 6, 1953) 


ECENT refinements! in electron diffraction studies have 
made possible the evaluation of the vibration amplitudes 
resolved along the equilibrium interatomic directions. A detailed 
theory? correlating such measurements with the analysis of the 
vibrational spectrum has appeared. In this theory, the vibrational 
frequencies and amplitudes both appear explicitly. 

It is the purpose of this note to call attention to the high tem- 
perature, or classical limit of the relations developed by Morino, 
Kuchitsu, and Shimanouchi. 

Combining their Eqs. (3) and (4), the following expression is 
obtained for the mean amplitude of the ith interatomic distance : 

h 1 hyt 
2) — —_. og am wet hs 
(Ri =3n Lik (= cotn37#), (1) 
If kT is large compared with /, for all yx, or at any rate, for all yx 
such that Lix is large, this expression becomes approximately 


Li? 
R?)=kT = —, 2 
(R?)=k oh (2) 
where 
e=4r*y22. 

The summation remaining in Eq. (2) can be simplified by the 
following arguments. It is part of the definition of the Lj, that in 
matrix form 

A=L'FL 
or taking the inverse 
Ate=LIF UL), (4) 
Matrix multiplying Eq. (4) on the left by L and on the right by L’, 
one obtains 
LA“L’=F". (5) 
The ith diagonal element of Eq. (5) is 

Li? 

—=F;-, 

Ak (©) 
since A and therefore A~ are diagonal. 

Thus, Eq. (2) can be written 

(Ri*)=kT Fi. (7) 


The physical significance of F;;~' is the following: just as the 
potential energy can be written as a quadratic form in the internal 
coordinates, so it can also be written as a quadratic form in terms 


2D LitAn Ly’ = 
kl 
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of generalized forces. When it is expressed in the latter way, the 
proportionality constants are precisely the elements of the 
matrix F“. 

The usefulness of Eq. (7) as a parameter of molecular structure 
must certainly depend upon the possibility of finding molecules 
with sufficiently low fundamentals, so that the condition hy,<«<kT 
can be satisfied under the conditions of the diffraction experiment. 
An interesting example might be SnBry. 


1T. Karle and J. Karle, J. Chem. Phys. 18, 963 (1950). 
2 Morino, Kuchitsu, and Shimanouchi, J. Chem. Phys. 20, 726 (1952). 





Note on the Vibrational Spectra of SiHC1;, SiH;Cl., 
and SiH.Br ” 


JANET A. HAwWKINS,t SANTIAGO R. POLO, AND M. KENT WILSON 


Mallinckrodt Chemical Laboratory, Harvard University, 
Cambridge, Massachusetts 


(Received March 27, 1953) 


HE Raman Spectrum of liquid SiHCl; has been reported,! 

and the infrared spectrum of the gas has been examined 
with a NaCl prism. In relation to some work being done in 
this laboratory, it was of interest to measure the gas frequencies 
of the two fundamentals, vz and »;, and complete the study of 
the spectrum in the KBr region. 

Measurements of the spectrum of gaseous SiHCl; were made 
with a Perkin-Elmer 12C Spectrograph modified for double-pass 
operation on a commercial sampleft which had undergone no 
further purification. Gas pressures varying from 400 mm to less 
than 1 mm were used in a 10-cm cell. The spectrum between 
450 cm™ and 700 cm~ is plotted in Fig. 1, and the observed fre- 
quencies and their assignments are listed in Table I. 

The observed frequencies agree very well with the Raman data 
for the liquid.! The fundamental at 497 cm“ is a parallel band and 
is identified with ve(a@,), while the extremely intense band at 
600 cm™ has no Q-branch and is assigned as the fundamental 
vs(e), in agreement with previous work. 

While working with SiHCl; a resemblance was noted between 
the 810 cm™ band of this compound and the band at the same 
frequency which had previously been assigned to SiH2Cl2.* 
Accordingly the sample of SiH2Cl. was subjected to bulb-to-bulb 
distillation at temperatures near —100°C, and the spectrum of 
the resulting fraction was re-examined. After such treatment the 
810 cm™ band had decreased in intensity relative to the funda- 
mentals of SiH2Slz and therefore, must be due to an impurity of 
SiHCl;. Upon reinvestigation of SiH2Cl, in the KBr region a 
shoulder at 605-620 cm™ was observed on the 592 cm™ band of 
SiH2Cl.. Although some of this absorption is the result of the 
presence of the strong 600 cm™ band of the SiHCl; impurity, 
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Fic. 1. The absorption spectrum of gaseous SiHCls from 
450 cm™ to 700 cm™. 
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TABLE I. The infrared spectrum of gaseous SiHCls. 








vy (cm™) Assignment 
810 
674 
600 
497 





va(e) 
ve+v2(E) 
vs(e) 
v2(a1) 








TABLE II. Thermodynamic functions for SiH2Clz (cal deg™! mole) 








(H® —Ho®) — (F° —Ho®) 














TABLE III. Fundamental frequencies of SiH2Cl2 and SiH2Brze. 








SiH2Bre 
(cm~!)> 


122 


SiH2Cl. 


(cm7)4 Assignment 





va(ai) 
v3(a1) 
v9(be) 
v7(bi) 
v5 (a2) 
vs (b2) 
v2(a1) 
vi(ai) 
v6(b1) 


456 








® See reference 3. 
b See reference 5. 
¢ See text. 


there is some additional absorption near 620 cm™ which clearly 
cannot be due to the impurity. 

Comparison with the related methane derivatives indicates that 
the missing rocking fundamental, v7(b1), should occur at a lower 
frequency than the torsional mode, v5(a2), which in SiH2Cl, has 
been assigned as the 710 cm™ Raman line.’ An upper limit of the 
v7(b,) frequency may be estimated from the corresponding carbon 
compounds. Since in XH2Z2 molecules of C2, symmetry the other 
b; normal mode is essentially a X—H stretching motion, the 
secular equation can be reduced by splitting out the high fre- 
quency by the method of Wilson.‘ If the corresponding F-element 
for CH2Cl.3 is carried over to SiH2Clz, a value of 615 cm” is 
calculated for the v7(b:) mode. We, therefore, interpret the ab- 
sorption near 610 cm™ in SiH2Cl, to be the fundamental », 
although the agreement between the observed and calculated 
values may be regarded as fortuitous. Thermodynamic functions 
calculated on the basis of the new assignment for SiH2Cl, are 
given in Table IT. 

Francois and Buisset® have reported the Raman spectrum of 
SiH.Br, and SiHBrs. They assign as the torsional mode in SiH2Br: 
the band at 761 cm™ whose frequency seems to be too high when 
compared with the value of 710 cm~ as found for this mode in 
SiH2Cle. It appears more likely that the line at 688 cm™, assigned 
by Francois and Buisset to v7, corresponds to the torsional vibra- 
tion, vs. A calculation similar to that made for SiH2Cl, gives a 
value of 535 cm™ which may be considered as an upper frequency 
limit for v7 of SiH:Br2. No Raman band has been reported in this 
region that might be assigned to v7. This is probably due to the 
fact that this band is rather weak in the Raman effect, as happens 
in the cases of SiH2Cl, CH2Cle, and CH2Bre. The assignments 
for SiH2Cl, and SiH2Bre are given in Table III. 

* This work was supported in part by the U. S. Air Force under Contract 
AF 18 (600)-590. 

+ Socony-Vacuum Predoctoral Fellow in Chemical Physics. 

t Anderson Laboratories, Inc., Adrian, Michigan. 

1C, A. Bradley, Phys. Rev. 40; 908 (1932). 

2 T. G. Gibian and D. S. McKinney, J. Am. Chem. Soc. 73, 1431 (1951). 

3 J. A. Hawkins and M. K. Wilson, J. Chem. Phys. 21, 360 (1953). 


4E. B. Wilson, Jr., J. Chem. Phys. 9, 76 (1941). 
6’ F, Francois and M. Buisset, Compt. rend. 230, 1946 (1950). 
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